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Two principal differences between the theories of rubber elasticity advanced by James and Guth and by 
other authors are examined in the light of certain fundamental concepts. First the distribution functions for 
molecular chain lengths in vulcanized rubber networks are considered from the point of view of symmetry. 
Assuming a relaxed network to be isotropic and a network subject to uniform stress in one direction to be 
transversely isotropic, it is possible to formulate very general mathematical forms with respect to which the 
actual distribution functions must be compatible. It is shown that the functions employed by Wall and by 
Flory and Rehner are consistent with the required genera) forms; those of James and Guth are incompatible 
with any degree of isotropy and suggest an aeolotropic structure for vulcanized rubber. 

It is also shown that the configurational entropy of vulcanization must be zero and quite independent of 
the statistical nature of the chains comprising the network, providing the network is not deformed macro- 
scopically. The negative entropy of vulcanization derived by James and Guth arises from their erroneous 
identification of the configurational probability with the number of configurations which a microscopically 
specified network structure could assume, rather than with the total number of configurations for all network 
structures which are consistent with the requirements of the vulcanization process. The assertion of James 
and Guth that the configurations of the polymer chains are altered in some systematic manner by the intro- 
duction of cross-linkages and their concept of “internal pressure” originate in this error. The present article 
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attempts to clarify the currently prevalent confusion with respect to rubber elasticity theory. 





URING recent years, a number of theories of 

rubber-like elasticity have been published by 
various authors. Although all of the theories have much 
in common, and most of the theories are in essential 
agreement, James and Guth'* have expressed dis- 
satisfaction on various grounds with the contributions 
of Kuhn,**® Wall,® Flory and Rehner,’ and others.® ® The 
latter group of investigators are in close agreement, both 
with respect to methods employed and the final results 
obtained. James and Guth likewise obtain a sub- 





'H. M. James and E. Guth, J. Chem. Phys. 11, 455 (1943); J. 
Appl. Phys. 15, 294 (1944); Advances in Colloid Science, Vol. IT, 
edited by H. Mark and G. S. Whitby (Interscience Publishers, 
Inc., New York, 1946), chapter by E. Guth, H. M. James and H. 
Mark, p. 253. 

*H. M. James and E. Guth, J. Chem. Phys. 15, 669 (1947). 

*H. M. James and E. Guth, J. Polymer Sci. 4, 153 (1949). 

*W. Kuhn, Kolloid-Z. 76, 258 (1936) ; 87, 3 (1939). 

*W. Kuhn and F. Griin, Kolloid-Z. 101, 248 (1942) ; J. Polymer 
Sci. 1, 183 (1946). 

°F. T. Wall, J. Chem. Phys. 10, 132, 485 (1942) ; 11, 527 (1943). 

iP. J. Flory and J. Rehner, Jr., J. Chem. Phys. 11, 512 (1943). 

L. R. G. Treloar, Trans. Faraday Soc. 39, 36, 241 (1943). 

*J. J. Hermans, Trans. Faraday Soc. 43, 591 (1947). 
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stantially equivalent stress-strain relationship, except 
that their expression is less explicit in regard to the 
modulus of elasticity in relation to structure. They 
contend, however, that the methods used by the other 
workers are “unrealistic,” ‘‘not consistent with the 
network structure of rubber,” etc. We cannot agree that 
their criticisms of the other theories are valid or that 
their alternative hypotheses are justified. We shall 
accordingly restate some of the principles which form 
the basis of the theories so vigorously criticized by 
James and Guth, and will also point out the untenable 
implications of their alternative hypotheses. 

The theories advanced earlier by the present authors®? 
are fully compatible with each other, for they differ only 
in points of emphasis and in minor details. Wall® was 
particularly concerned with the relationship between 
macroscopic dimensions of a piece of rubber and the 
distribution of molecular chain lengths in the rubber. He 
implied, but did not emphasize, the network aspect of 
the problem. Flory and Rehner,’ on the other hand, took 
full cognizance of the network model and showed clearly 
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how the modulus should depend on structure.!® Ac- 
cordingly, these theories can be considered to some 
extent complementary, and a combination of them 
provides a coherent theory which we shall compare with 
that of James and Guth. 

There are two principal points with which we shall be 
concerned in this discussion. First we will show that the 
theory of James and Guth is incompatible with funda- 
mental physical principles relating to symmetry. Next 
we shall point out their error in connection with the 
entropy of network formation. 

Let us consider a piece of vulcanized rubber in a 
relaxed state free of stresses and strains. Such a piece of 
rubber can properly be assumed to be isotropic, that is 
to say, it will have’ the same macroscopic properties and 
statistically the same microscopic properties in all 
directions. Let us now cut out of such a piece of rubber 
a right circular cylinder of length Z and radius R and let 
us place this cylinder in a Cartesian coordinate system 
(x, y, 2) with the axis of the cylinder in coincidence with 
the x coordinate axis. Notwithstanding its physical 
shape and its orientation in the coordinate system, the 
cylindrical piece of rubber will still be isotropic when 
free of stresses and strains. 

We shall now suppose that the vulcanized rubber 
consists of a three-dimensional network of ‘“‘chains’”!°"! 
of such a nature that the ends of each chain are joined 
to the ends of at least two other chains at points known 
as junction points. Inactive elements of the structure, 
i.e., chains attached to the network at one end only, are 
excluded from consideration in the discussion immedi- 
ately following. 

The lengths and directions of the several chains 
emanating from a given junction point can be charac- 
terized by vectors drawn from that junction point to the 
ends of the chains, which will of course lie at other 
junction points. The distribution of chain lengths, and 
hence the probability that a chain have a certain length, 
can be ascertained by using as samples the vectors 
originating from a sufficiently large number of junction 
points. If all of the junction points are used for de- 
termining the distribution function, then each chain will 
be counted twice, with opposite vector senses for each 
count. If less than all of the junction points are used in 
providing samples, then some of the chains may be 
counted twice, others counted once and still others may 
not be counted at all. It is, however, possible to pick a 
truly representative sample with the restriction that no 
chain be counted twice. In any event, the subsequent 
arguments will not be altered, for the vector length 
distribution will not depend upon the presence or ab- 
sence of the restriction suggested above. 

We are now in a position to make some very general 
statements regarding the nature of the function de- 


1 P. J. Flory, Chem. Revs. 35, 51 (1944); Ind. Eng. Chem. 38, 
417 (1946). 

4 James and Guth call them “segments,” a term currently used 
in another connection in the polymer field. 
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scribing the distribution of chain lengths. Let x, y, and z 
be the components of a chain vector defined above and 
let p(x, y, z)dxdydz be the probability that a chain will 
have components in the ranges x to x+dx, y to y+dy, 
and z to z+dz. Then in the relaxed isotropic state, we 
can say that p(x, y,z)=p(r) where r=(a?+y?+-27)!. 
This assertion is a necessary consequence of isotropy 
and does not depend in any way upon the particular 
functional form of p(r). 

Let us now subject the previously mentioned cylinder 
of rubber to equal and opposite forces in the x direction 
operating uniformly on, and perpendicular to, the two 
circular ends of the cylinder. As a result of these forces, 
the cylinder will be elongated or compressed ; simultane- 
ously, the cross-sectional area (but not its shape) will 
change, more or less, by amounts determined by the 
poisson ratio. In the resulting strained condition, the 
rubber will no longer be isotropic in three dimensions, 
although it will not be entirely devoid of internal sym- 
metry. The x direction will have become a unique 
direction, but the material will still possess two-dimen- 
sional, or transverse, isotropy in the y, z planes. The 
strain ellipsoid for the rubber will be an ellipsoid of 
revolution with the unique axis lying along the x axis 
and with the other two axes of equal lengths and 
unspecified directions, save that they are mutually 
perpendicular and lie in the y, z plane. From symmetry 
considerations it is clear that the distribution of 
molecular lengths in the previously described strained 
condition must be of such a character that it can be 
expressed in the form p(x, p) where p=(y’+27)?. 

The distribution functions p(7) and p(x, p) have 
further properties which should be noted at this time. 
Both of the functions must be even functions of x, y,-and 
z; i.e., they are both invariant to each or any combina- 
tion of the following transformations: 


yo-y, and z>—z. 


XL — Xt, 


Moreover, the function p(r) is invariant to rotation 
about any axis, although p(x, p), applied to the strained 
state, is invariant to rotation about the x axis only. The 
transformation properties require that the average 
vector length of the molecular chains be zero, whether 
the rubber be relaxed or strained. However, the root- 
mean-square lengths, or components thereof, will be 
different from zero and will generally change with 
changes in the state of strain. This is in good analogy to 
the velocities of gaseous molecules in a stationary con- 
tainer; the average velocity will be zero, but the root- 
mean-square velocity will be variable and different from 
zero. 

The foregoing arguments with respect to molecular 
length distributions are logically compelling ; however, 
they are so general that no theory of rubber-like 
elasticity can be formulated on them alone. Nevertheless 
they do suggest a powerful means for testing the possible 
validity of theories involving the use of molecular length 
distributions. In brief, any theory which is incompatible 
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with them must of necessity be in error; however, com- 
pliance with the symmetry requirements does not, of 
course, assure that a given theory is correct. We shall 
now show that the theories of Wall® and of Flory and 
Rehner’ pass this test, whereas that of James and Guth? 
does not. 

According to the theories of the former authors,®? the 
distribution function for molecular lengths in the 
unstrained state is given by 


p(x, y, 2) = (8°/m!) exp(—BLa’+y’+2]) = (1) 
= (6°/7') exp(—6r"), (1a) 


where 8 is a constant depending upon chain lengths, 
bond angles, etc. When a cylindrical piece of rubber is 
stretched in the x direction from a length Ly to a length 
L, then the distribution function is presumed to become 


p' (x, ¥, 2) = (6°/m}) exp(— BL 2°/a?+ ay?+ az*)) 
= (6°/m') exp(—6?L17/a?+ ap’), 
where a= L/L. 

The detailed arguments regarding the validity of 
Eqs. (1) and (2) need not be repeated here. We wish to 
point out, however, that these equations are fully 
compatible with the forms required by the very powerful 
symmetry arguments. 


According to the theory of James and Guth,’ the 
chain length distribution function in one dimension is 


p(x) =(8/x4) exp(—#[x-L/NP), (3) 


where L is the length of the piece of rubber and N the 
number of molecular chains. It is readily seen that 
Eq. (3) is incompatible with the general symmetry 
arguments previously advanced. In particular, it is not 
invariant to the transformation x—— x, thus implying a 
polar character to the x axis, in violation of one of the 
basic symmetry conditions.” Only if Z were equal to 
zero would the distribution be symmetrical. Such a 
condition for the macroscopic lengths could never be 
realized. 

As a consequence of their use of Eq. (3), James and 
Guth are led to assert that an actual piece of rubber 
exhibits, upon vulcanization, a tendency to shrink to 
zero volume. To account for the fact that rubber does 
not actually so shrink, they postulate the presence 


(2) 


. Within the rubber of a fluid whose pressure serves to 


keep the volume different from zero. The required 
hypothetical fluid does not obey any ordinary equation 
of state, but is endowed with certain bizarre charac- 
teristics. 

At this point we recall that, in the theories of Wall 
and of Flory and Rehner, the average vector length of 
the chains is always zero and that the root-mean-square 
dimensions are different from zero and dependent upon 





. A three-dimeisional equivalent of Eq. (3) would evidently 
Violate all the symmetry conditions set forth earlier. Extended to 
three dimensions, Eq. (3) would suggest an aeolotropic (instead of 
‘Sotropic) system with three mutually perpendicular polar axes. 
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strain. According to James and Guth the average length 
is not zero. Moreover, the exact profile of their distribu- 
tion function for chain lengths is independent of strain 
and only the center of that distribution appears to move 
about. This is as physically unrealistic as would be 
shifting the origin of the maxwellian distribution of 
molecular velocities to accompany changes in tem- 
perature. 

We shall now turn to the second principal point about 
which the two theories are in disagreement. This has to 
do with the configurational entropy of the network 
composed of chains joined at cross-linkage points. James 
and Guth express the number of configurations which a 
representative chain may assume as a gaussian function 
c(r;) of the length of the vector r; from one end of the 
chain to the other.” For each specification of the 
coordinates of every junction point, the number of 
configurations available to the entire network structure 
is taken as the product of gaussian functions, one for 
each chain, thus 


C(n, to, °° ‘=I c(r,). 


The total number of configurations which the given 
network structure may assume is obtained by integrating 
C(t, f2, --+) over the space coordinates of all the 
junctions. James and Guth show that the result is of the 


form, 
C= far, far. -C(n, * -) 
(4) 


=const exp[ —(K/2(a.’+a,?+a,’) |, 


where az, a,, and a, are the ratios of the macroscopic 
dimensions to those. for the undeformed specimen, and 
K is a constant which depends upon the number of 
active chains and, according to James and Guth, upon 
the manner in which the network is formed. They 
proceed to express the configurational entropy of the 
network as 


S=kInC=const—(kK/2)(a2+a,2+a2). (5) 


Two major errors are committed in computing the 
“entropy” in this manner. In the first place, account is 
taken of only one particular network structure out of the 
many which might be formed by the cross-linking 
process. This single structure requires unique specifica- 
tion of the pairs of units which are joined with one 
another by cross-linkages. Although the network which 
is formed in any given case is, to be sure, a unique 
structure, there are no constraints on the cross-linking 
process which favor this particular array of cross-linked 
pairs of units over the many others which are possible. 
Actual cross-linking processes proceed in a random 
manner, as do all other chemical processes unassisted by 
a Maxwell Demon. For the calculation of the entropy of 


18 ¢(r;) equals p(x, y, 2) of Eq. (1) multiplied by the total number 
of configurations for all values of r;. 
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the system, all states consistent with the macroscopic 
restraints must be considered. 

This situation finds close analogy to the ‘frozen in” 
entropy of a glass. As the liquid is cooled below the glass 
transition temperature its molecules no longer are able 
to rearrange to new configurations. Hence, it may be 
said that the molecules of the glass are restricted to a 
single configuration. However, the glass is just as 
disordered as the liquid (although the latter is subject to 
rapid changes of configuration), and their configurational 
entropies are the same (at the glass-type second-order 
transition). Correct computation of the configurational 
entropy of the glass requires counting of all configura- 
tions which might have been frozen in, not merely the 
one which actually happened to exist. Application of the 
James and Guth interpretation to a glass would lead one 
to conclude that its entropy, like that of a crystal, 
should become zero at absolute zero. 

The second major error committed by James and 
Guth in deriving the configurational entropy arises from 
their failure to take account of the dependence of the 
probability of the cross-linked state on the volume.” 
The distribution of v units designated for cross-linking 
over the volume V leads to an entropy term kv InV, 
while the necessity that they meet in pairs diminishes 
this by — (kv/2) InV. We shall discuss the incorporation 
of the resulting term (&v/2) InV in their theory later on. 

An unequivocal derivation of the configurational 
entropy of network formation can be carried out by 
considering the probability that the non-cross-linked 
system will occur spontaneously in a configuration 
equivalent to that of a cross-linked network subject to 
such macroscopic constraints as may apply. These latter 
may include conditions of deformation. To this end:it is 
appropriate to consider first the number of ways of 
selecting v units for cross-linking out of a total of m units 
in the system. The resulting combinatory factor, 
n!/v!(n—v)!, enters as a constant which is of no par- 
ticular interest in the network problem. Next, account 
must be taken of the probability that the chain dis- 
placement vectors (the r,’s) possess a suitable dis- 
tribution of values. Finally, we consider the probability 
that v/2 pairs of the units designated for cross-linking 
occur in suitable juxtaposition. If no restraints are 
imposed on the system, i.e., if the network is to remain 
undeformed, the chains are unrestricted and hence will 
assume their most probable length distribution (gauss- 
ian). The second probability factor above may then be 
disregarded. The first and third would occur in precisely 
the same manner in the computation of the entropy for 
a corresponding chemical combination of analogous 
monomeric species ; the statistical nature of the polymer 
chains is of no consequence whatever insofar as the 
entropy change on cross-linking without deformation is 
concerned. From a statistical point of view, all that is 


“P. J. Flory, J. Chem. Phys. 18, 108, 112 (1950). 
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involved is the random scattering of cross-linkages 
among various acceptable sites in the system. 

The theory of James and Guth is incompatible with 
the inescapable conclusion already drawn. According to 
them, the introduction of cross-linkages, even without 
subsequent macroscopic deformation, decreases the 
entropy associated with the configurational arrangement 
of the chains by an amount which will depend on their 
structural character. This fallacy is a further conse- 
quence of their identification of the configurational 
probability with the number of configurations which the 
specific network structure may assume. The same 
reasoning applied to a gas would lead to the conclusion 
that the mere insertion of a partition dividing the 
volume occupied by the gas would lower its entropy 
since fewer configurations remain possible. They further 
contend that the successive insertion of cross-linkages 
immediately inspires the chains to retract toward their 
most probable states, for which r=0. They consequently 
conclude that the introduction of random cross-linkages 
will displace the system from its initially random ar- 
rangement! It would make equal sense to assert that 
introduction of isotopic atoms into occasional units of 
polymer molecules would cause each molecule to coil up 
tightly to satisfy the postulated retractive force in each 
“chain” between the isotopically tagged units. Due 
regard for statistical fluctuations in the r; would avoid 
such absurdities. 

When the network is deformed, the cross-linkages (or 
their most probable positions) must necessarily be dis- 
placed relative to one another in direct proportion, on 
the average, to the relative changes (az, ay, and az) in 
the macrodimensions. The distribution of the r,’s will be 
correspondingly transformed. Since the structural units 
are selected for cross-linking at random, the sizes of the 
chains will vary widely. However, if it is assumed that 
the end-to-end vectors for chains of each size are 
transformed in accordance with the a’s, no error is 
introduced if all chains are taken to be of the same size. 
We require the probability that these chains occur 
spontaneously with the required end-to-end vector 
distribution. Following a method employed earlier,® let 
the probability of an end-to-end vector r; be expressed 
as a gaussian function of the magnitude of rj, as in 
equation (1a). Moreover, let the number of chains for 
which r=r; in the deformed network be represented by 
v;. The probability that the non-cross-linked chains 
occur spontaneously with the distribution characterized 
by a set of v; values will be given by 


W =v!TICo(r,)}4/r;!=TILp(rs)/ri J? 6) 
J J 
In the undeformed state v;=vp(r;), which gives W=1; 
for the required deformed state 
ai vp(x;/az, yj/ Ay, 23/2), (7) 


where x;/az, y;/a, and z;/a, are the components of the 
vector corresponding to r; before deformation. Taking 
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the logarithm of W and replacing the sum by an integral, 
there is obtained 


InW = —(v/2)(a?+a/+a?—3)+» In(azayaz). 


The requirement that the selected units meet in pairs 
introduces a term —(v/2) InV and an added constant, 
where V is the total volume.“ Replacing V with 
a,@,a2V9 and combining with the above, the entropy 
change for the cross-linking process assumes the form, 


AS,=const—(kv/2)[a/+a,? 
+a/—3—In(aza,az) ]. (8) 


The standard state entropy change associated with the 
pure chemical reaction involved is included in the con- 
stant. The same constant would apply also to the 
equivalent chemical combination of monomeric analogs; 
in fact, it represents precisely the entropy change for 
such a process conducted at the volume Vo. Noting 
further that the term in the a’s (which may be regarded 
as the configurational entropy change) is zero when 
a,=a,=a,=1, it is apparent that the entropy change 
associated with vulcanization reduces, when no de- 
formation is involved, to that for the equivalent chemical 
process. This is in accordance with the preceding dis- 
cussion, although in contradiction with the implications 
of the James and Guth Eq..(5). The entropy change 
relative to the undeformed state a,=a,=a,=1 is, 
according to Eq. (8), 


AS = — (kv/2)[a2+a/+a2—3—In(azaya.) |, (9) 


the last term being zero for a deformation at constant 
volume. The corresponding expression for a network of 
any functionality f is given in reference 14. 

James and Guth have criticized the above procedure 
on the grounds that inclusion of the permutation factor 
in Eq. (7) is unrealistic because the chains are per- 
manently fixed in the network structure. As has been 
discussed above, this permutation factor is included to 
take into account all structures consistent with network 
formation.!® They have asserted also that treatmentssuch 
as the foregoing rest on the assumption that the net- 
work junctions are fixed in space. No such assumption 
has been made for it would, in fact, be quite foreign to 
the treatment. Only the distribution of chain end-to-end 
vectors matters, the exact values for individual chains 
being of no concern. Random fluctuations of the junc- 





‘* The permutation entropy and its significance has been dis- 
cussed in detail by Kuhn and Griin (see reference 5). 
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tions about their mean positions obviously will occur 
but these have no sensible influence on the entropy. 

In defense of the James and Guth treatment it may be 
argued that a hypothetical system capable of being 
cross-linked in only one way may be imagined, and the 
unique network structure formed from it probably 
would be rubber-like. Suppose, for example, that among 
the polymer units there are two of each of v/2 different 
types of reactive groups and that two of the same type 
only may unite to form a cross-linkage. If the random- 
ness associated with the distribution of the reactive 
units over the chains is disregarded, a network structure 
derived therefrom would certainly be unique (if indeed 
it formed at all). All that is required to render the James 
and Guth Eq. (5) acceptable for such a hypothetical 
network is the addition of a term (kv/2) InV (see above) 
expressing the randomness of the distribution of the v/2 
cross-linkages over the volume V. Taking V proportional 
to a,a,a,, and noting further that the K of James and 
Guth would become identical with v, when the random- 
ness of cross-linking is recognized, Eq. (5) with the 
foregoing term added to it assumes the same form as (8). 
Hence, appropriate correction of their theory establishes 
concordance with the work of others. 

James and Guth? have discussed at length the status 
of network imperfections arising from ends of polymer 
chains, a subject dealt with earlier by one of us.!° They 
establish the inequality (expressed in the previous 
notation)!® that 


ve (vo—N), 


where vy is the effective number of chains when v/2 
cross-linkages are introduced into N linear polymer 
chains. They erroneously assert that one of us has 
treated this as an equality. The correct relationship has 
been shown’? to be 


v=Vo~— 2N, 


from which James and Guth’s inequality follows at 
once. Their objections? to the treatment of network 
imperfections in butyl rubber"® arise from their failure to 
transcribe this equation correctly in their notation, and 
hence are without foundation. 

We believe that the foregoing discussion disposes of the 
major points of disagreement between the theoretical 
interpretations of James and Guth and those of other 
authors. 


16 P, J. Flory, Ind. Eng. Chem. 38, 417 (1946). 
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In the graphs of the molecular susceptibilities x» of some salts of As, Sb, and Bi, containing the same an- 
ions against Z, the total number of electrons in them are nonlinear in each case if all the salts are taken 
into consideration. These graphs are, however, similar in nature and bring out the family relationship of 
these cations. Ikenmeyer’s relation is seen to hold true only in the case of the halides of As, Sb, and Bi and 
the salts of these cations in combination with the same anion. 

The linear relation observed between xm of the salts of As, Sb, and Bi containing the same anion and the 
number of electrons NW in the cations has been used to evaluate the susceptibilities of the cations and the 
anions in combination with them. The significance of this relation and its advantages over other methods 
of determining ionic susceptibilities have been discussed. The experimental susceptibilities of these cations 
have been compared with the theoretical values calculated by Slater’s and Angus’ methods and have been 


used to evaluate the radii of the cations. 





HE literature reports widely different values de- 

duced either theoretically or experimentally for 
the susceptibility of an ion or an atom. Prasad and 
co-workers!* have discussed the probable reasons for 
these divergences. They have systematically investi- 
gated the magnetic susceptibilities of salts of Li, Na, 
K, Ca, Sr, Ba, Mg, Zn, Cd, Hg(ous) and Hg(ic), Ag, 
NH,, and Pb with inorganic and organic acids.!*"!» They 
have evaluated the susceptibilities of these ions by the 
following two methods: 

1. In order to obviate errors arising out of the choice 
of a particular value for the susceptibility of an anion as 
standard, they have subtracted all the known values of 
several anions from the molecular susceptibilities of the 
several compounds containing the anions, and have 
taken an arithmetic mean of the values thus obtained 
as the standard value for the cation. . 

2. They have observed that almost straight line 
graphs are obtained on plotting the molecular sus- 
ceptibilities (x) of compounds having the same anions 
and the cations belonging to a family of elements in 
the periodic table, against the number of electrons (JV) 
in the cation, and have used this linear relation for 
evaluating the susceptibilities of the cat- and anions 
in such compounds. 

In view of the fact that the second method does not 
involve any arbitrary assumptions, Prasad and co- 
workers consider it more acceptable than the first one. 

The present paper deals with the measurement of 
the susceptibilities of some inorganic compounds of 
arsenic, antimony, and bismuth having common anions. 

A reference to the literature shows that while the 
susceptibility of the trivalent Bi ion has been deter- 

18 Prasad, Dharmatti, and Ghose, J. Chem. Phys. 17, 819 
(1949) ; Prasad, Kanekar, Walvekar, and Khanolkar, ibid. 18, 936 
(1950); Prasad, Dharmatti, Kanekar, and Khanolkar, ibid. 18, 
941 (1950). 

1b Prasad, Dharmatti, and Kanekar, Proc. Indian Acad. Sci. 
16A, 307 (1942); Prasad, Dharmatti, and Gokhale, ibid. 20A, 224 
(1944); Prasad, Dharmatti, and Amin, ibid. 26A, 312 (1947); 
Prasad, Dharmatti, and Khanolkar, ibid. 26A, 328 (1947); 


Prasad, Dharmatti, Kanekar, and Bhobe, ibid. 31A, 289 (1950) ; 
Prasad, Dharmatti, Kanekar, and Datar, ibid. 31A, 389 (1950). 
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mined by Bhatnagar and Bahl? (from the molar sus- 
ceptibilities of some of its compounds by assuming cer- 
tain values for the anions as standard), the values for 
the susceptibilities of trivalent As and Sb ions have 
not been reported so far. The values reported in Inter- 
national Critical Tables for trivalent As and Sb have 
been deduced mainly from the molar susceptibilities of 
the organometallic compounds using Pascal’s constants. 
Since these compounds are covalent, the reported 
values would probably represent the susceptibilities of 
trivalent As and Sb atoms and not ions. 

In this. paper, attempts have been made to see 
whether the graphical method of Prasad and co- 
workers!*!» is applicable to the salts of metalloids and 
to compare the experimentally deduced values with 
the theoretical ones. The value xpi+: has been theo- 
retically calculated by Bhatnagar and Bahl’ but the 
theoretical values of xa,*# and xsp*# do not appear to 
have been evaluated so far by any of the known 
methods. 


EXPERIMENTAL 


Most of the compounds used in this investigation 
were either of Merck’s extra pure or of British Drug 
House Analytical Reagent quality. Those which could 
not be obtained in a pure state were prepared in the 
laboratory by the standard methods, and the irpurity 
was ascertained before use by analysis. Care was pat- 
ticularly taken to see that ferromagnetic. impurities 
were totally absent. 

The susceptibilities of these compounds were meas- 
ured on a modified form of Gouy’s balance specially 
constructed by Prasad and co-workers. The details of 
the apparatus and the precautions to be taken art 
described by Prasad, Dharmatti, and Gokhale.!® 


RESULTS 


The results obtained.are given in Table I, in which 
column 1 gives the chemical formulas of the substances 


2S. S. Bhatnagar and B. S. Bahl, Current Sci. 4, 153, 234 (193). 
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AND B, COMPOUND SUSCEPTIBILITIES 





TABLE I. Susceptibilities in 10~® cgs unit. 











Compounds Z Xa Xm xe (other workers) 

AsOC1:H,O ao 0.300 43.30 

As found 59.01 percent 

As theory 59.32 percent 

AsOCl1 58 tee 30.34 

AsCl, 84 0.400 72.50 0.408 Kido* 
0.440 Pascal 

AsO; 90 0.209 41.34 0.270 Meyer® 

As2S3 114 0.285 70.00 0.030 Meyer® 

AsBr; 138 0.337 106.00 

AsI; 192 0.312 142.20 0.240 Farid4 

As found 16.43 percent 

As theory 16.47 percent 

SbOCI 76 0.212 36.71 

SbCl; 102 0.364 83.03 0.364 Pascale 
0.376 Kido* 

Sb.0; 126 0.190 55.39 0.190 Meyer® 

SbS3 150 0.255 85.78 

SbBr; 156 0.308 111.40 0.275 Pascale 
0.317 Pascal? 

SbI; 210 0.293 147.20 0.120 Farid 

Sb found 14.70 percent 

Sb theory 14.91 percent 

BiOCl 108 0.199 51.83 

Bi found 28.36 percent 

Bi theory 28.77 percent 

BiCl; 134 0.322 101.55 0.316 Bhatnagar and Bahlf 
0.322 Gnesotto and Binghinotto# 

BiBr; 188 0.303 136.00 0.328 Bhatnagar and Bahlf 
0.303 Gnesotto and Binghinotto# 

Bi,O; 190 0.170 80.15 0.170 Bhatnagar and Bahlf 
0.170 Endo® 

Bi2S; 214 0.240 122.90 0.240 Bhatnagar and Bahlf 
0.385 Gnesotto and Binghinottot 

Bil; 242 0.271 161.00 0.340 Bhatnagar and Bahl‘ 
0.440 Meyer® 








*K. Kido, Sci. Repts. Tohoku, Imp. Univ. 21, 149, 288, 867 (1932). 

> P. Pascal, Compt. rend. 218, 57 (1944). 

°S. Meyer, Ann. Physik 68, 325 (1899); 69, 236 (1899); 1, 664 (1900). 
4G. Farid, Science and Culture 6, 370 (1940). 

¢P. Pascal, Compt. rend. 152, 862, 1010 (1911). 


together with their analysis in the case of those which 
were prepared in the laboratory; column 2 gives the 


_ total number of electrons (Z) in the compounds; the 


observed specific (xa) and the molecular (xm) suscepti- 
bilities are given in the 3rd and 4th columns, respec- 
tively. The hydrated salt investigated was arsenic 
oxychloride monohydrate, and the molecular suscepti- 


_ bility of the anhydrous salt has been obtained by sub- 


tracting the value for the susceptibility of a molecule 
of water (—12.96X10-* cgs unit) from the molecular 
susceptibility of the hydrated salt. The last column 
gives the values of the specific susceptibilities observed 
by previous workers. All the values of the suscepti- 
bilities are expressed in terms of —1X10-® cgs unit. 


DISCUSSION OF RESULTS 


It will be seen from Table I that although the 
Specific susceptibilities of many compounds obtained 
by the authors agree quite well with those found by 
Previous workers, some of their values are much lower. 


f See reference 2. 

 Gnesotto and Binghinotto, Atti del reale Institute Venelo di Scienze, 
lettere ed arti 69, 1343 (1910); 72, 1515 (1913); 74, 25 (1914); 75, 333 (195). 

bh H. Endo, Sci. Repts. Tohoku. Imp. Univ. 14, 479 (1925). 


(a) Graphical Discussion of the Molar 
Susceptibilities 


Prasad and co-workers!*!» have shown that when the 
molecular susceptibilities (xm) of compounds contain- 
ing (i) Li, Na, K, (ii) Mg, Zn, Cd, Hg, (iii) and Ca, 
Sr, Ba, which belong to a particular group or sub- 
group of the periodic table, are plotted against the 
total number of electrons (Z) in the compounds, the 
plots obtained form patterns which are characteristic 
of the cations of the group or sub-group. The graphs 
obtained on plotting the molecular susceptibilities 
(Xm) of the compounds of As, Sb, and Bi against the 
corresponding values of Z, shown in Fig. 1, are strik- 
ingly similar and thus bring out a similarity in the 
magnetic behavior of the salts of a group of cations 
having similar electronic configurations, and lend sup- 
port to the conclusions arrived at by Prasad and co- 
workers. !#1> 

The graphs in Fig. 1, also show that (i) the Iken- 
meyer’s relation (xm=CiZ+C2) does not hold true for . 
all the salts of As, Sb, and Bi, and (ii) the points corre- 


3K. Ikenmeyer, Ann. Physik 5, 1, 190 (1929). 
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Fic. 1. xm plotted against Z for several salts of As, Sb, and Bi. 
1—Oxychloride ; 2—Chloride ; 3—Oxide ; 4—Sulfide ; 5—Bromide ; 
6—lodide. 


sponding to chlorides, bromides, and iodides in each of 
the three curves lie on straight lines (shown by dotted 
lines). This indicates that Ikenmeyer’s relation is 
probably valid for these compounds only. The con- 
stants C; and C2 for each of the dotted straight lines 
are given in Table II, and have been used to calculate 
the values of xm with a view to establish the fact that 
the plotted points lie on straight lines. 

It will be seen that the values of C; and C: for each 
straight line are nearly the same. This observation is 
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Fic. 2. xm plotted against Z for the halides of As, Sb, and Bi. 
1, 2, 3—Chlorides; 4, 5, 6—Bromides; 7, 8, 9—Iodides; corre- 
sponding in each case to As, Sb, and Bi. 
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significant and shows that the plots of xm against Z for 
all halides of As, Sb, and Bi should lie on the same 
straight line. This is found to be so (see Fig. 2). It 
may be therefore concluded: that the salts containing 
chemically related cations in combination with the 
chemically related anions obey Ikenmeyer’s relation.® 

It is further seen from Fig. 1 that the points 3, 4, and 
6, corresponding in each case to oxide, sulfide, and 
iodide, are also collinear. The values of the constants C, 
and C- for these straight lines are given in Table ITI. 

These values are not the same in the three cases, 
and hence the plots of x» against Z for the oxides, 
sulfides, and iodides of As, Sb, and Bi would not lie on 
the same straight line. This is seen from the zig-zag 
curve in Fig. 3. This shows that Ikenmeyer’s relation 
does not hold true for salts which contain chemically 
related cations but not chemically related anions. 
However, Fig. 3 brings out the fact that Ikenmeyer’s 
relation’ holds true for salts of chemically related ca- 
tions in combination with the same anion, since the 
points corresponding to the oxides, sulfides, and iodides 
of As, Sb, and Bi are found to lie on straight lines, 
shown in dashes in the figure. 


TABLE IT. 10~* cgs unit. 











Compound C1 Ce Xm/(cal) Xm(obs) 
AsCly | 72.22 72.50 
AsBr; | 0.642 18.30 106.89 106.00 
As, | 141.56 142.20 
SbCl, ) 80.73 83.03 
SbBr; } 0.615 18.00 113.94 111.40 
SbI; | 147.15 147.20 
BiCl; | 98.40 101.55 
BiBr; } 0.600 18.00 130.80 136.00 
Bil; 163.20 161.00 








(b) Ionic Susceptibilities of As**, Sb**, Bi**, and 
Anions in Combination with Them 


The molecular susceptibilities (xm) of the salts of As, 
Sb, and Bi containing the same anion have been plotted 
against the number (J) of electrons in these cations 
and the graphs obtained are shown in Fig. 4. In each 
case the graphs are straight lines, that is, the relation 
Xm=pi:N+ 2 is obeyed. These straight lines have 
been produced to meet the x» axis, and the values ob- 
tained for the intercepts (2) and the inclinations (f;) 
are given in Table IV. The agreement between the 
values of x» calculated from these constants and the 
experimental values is fairly good. 

Following the interpretation of Prasad and co 
workers!*!> of the above equation, the constants /: 
and 2 have been used to calculate the susceptibilities 
of the cations and the anions which are recorded in 
Table V. 


(c) Significance of x,,— N Relation 


1. The existence of a linear relation between xm and 
N for salts of As, Sb, and Bi with a common anion 
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AND B, 


shows that the susceptibility contribution per electron 
is the same for these cations (belonging to the same 
family of elements). This may be further interpreted 
to mean that there appears to be quantitative simi- 
larity in the linkages between these chemically related 
cations and the common anion. 

2. The different values of the slopes (p1) of xm—N 
straight lines indicate that the susceptibility contribu- 
tion due to the cations to the molecular susceptibility 
of the salts depends on the nature of the combining 
anion. 

3. The susceptibility of the anion in salts of a group 
of chemically related cations is a fixed quantity. 

A comparison of the susceptibilities of the anions 
Cl’, Br’, and I’ obtained in the present investigation with 
the corresponding values deduced from the salts of 
other groups of the chemically related cations, such as 
(i) Li, Na, K (ii) Ca, Sr, Ba, and (iii) Mg, Zn, Cd, 
and Hg(ic) determined by Prasad and co-workers! by 
the same method. indicates definitely that the sus- 
ceptibility of an anion in combination with different 
groups of chemically related cations is different. The 
data reported so far by Prasad and co-workers is sum- 
marized in Table VI. 


TABLE III. 10~® cgs unit. 











C1 C2 
As2O3, As2S3, AsI; 0.970 — 44.00 
Sb203, SbeS3, SbI; 1.010 — 64.00 
Bi.O3, BieS3, Bil; 1.500 — 201.00 








These results clearly bring out the advantages of 
the graphical method of deducing the susceptibilities 
over other methods. 


(d) Comparison of the Experimental Values of the 
Susceptibilities of As**, Sb**, and Bit 
with Those Obtained Theoretically 


Values of the theoretical susceptibilities of Ast* and 
Sb** ions have been calculated by the authors accord- 
ing to Slater’s‘ and Angus’”® methods and are recorded 
in Table VII along with the values of Bit*. For the 
sake of comparison the average experimental values of 
the ionic susceptibilities of As**, Sb+*, and Bi** have 
been calculated and are given in the first column of 
the table. 

The agreement between the experimental and the 
theoretical values of As** aid Bi** ions is quite good 
though it appears to be impaired to some extent in 
the case of Sbt, 


(e) Ionic Radius 


The ionic radii of Ast*, Sbt*, and Bi** ions were 
calculated from their average susceptibilities by the 


ES 
"J.C. Slater, Proc. Leeds Phil. Soc. 1, 484 (1929); Phys. Rev. 
, 57 (1930). 
*W. R. Angus, Proc. Roy. Soc. (London) 136A, 569 (1932). 
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Fic. 3. xm plotted against Z for the oxides, sulfides, and iodides 
of As, Sb, and Bi. 1, 2, 3—Oxides; 4, 5, 6—Sulfides; 7, 8, 9—Io- 
dides; corresponding in each case to As, Sb, and Bi. 


method employed by Prasad and co-workers'*:!» These 
values expressed in A units are given in Table VIII, 
along with those obtained by Wyckoff. The values 
reported by Bragg’ for the radii of the atoms have 
been also given for the sake of comparison. 
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Fic. 4. xm plotted against N for compounds of As, Sb, and 
Bi containing the same anion. 


6 Wyckoff, The Structure of Crystals (The Chemical Catalogue 
Company, Inc., New York, 1931), p. 192. 


7™W. L. Bragg, Phil. Mag. 40, 170 (1920). 








TaBLe IV. 10-6 cgs unit. 
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TABLE VI. 10~® cgs unit. 








Compounds pi pe 





AsI; 
SbI; 
Bil; 
AsBr3 
SbBr; 
BiBr; 
AsCl; 
SbCl; 
BiCl; 
As2S3 
Sb2S3 
Bi2S; 
AsOCl1 
SbOC1 
BiOCl1 
As2O; 
Sb.0; 
Bi,O; 


0.500 127.00 


0.571 87.20 
0.571 55.00 
0.545 36.00 
0.500 


0.440 








It will be seen that the value for the ionic radius of 
Bi** deduced by the authors is in good agreement with 
that of Wyckoff. Wyckoff has observed that the re- 
ported values 0.690 and 0.900 for Ast* and Sb** ions, 
respectively, are not very accurate. 


TABLE V. 10-6 cgs unit: 

















Anions in 
combination Xanion XAs* Xsp*3 XBi* 
Bromide 29.06 17:45 27.40 45.68 
Chloride 18.33 17.13 27.40 45.68 
Sulfide 12.00 16.35 26.16 43.60 
Todide 42.33 15.00 24.00 40.00 
Oxychloride 15.00 15.00 24.00 40.00 
Oxide 4.66 13.20 21.12 35.20 
SUMMARY 


Magnetic susceptibilities of some inorganic salts of 
As, Sb, and Bi containing the same anion have been 
measured by the modified form of Gouy’s balance. The 
graphs of xm against Z (the number of electrons in the 
salts) are definitely nonlinear in each case if all the 
salts are taken into consideration. This shows that 
Ikenmeyer’s relation does not hold true for all the salts. 
The patterns obtained for the salts of As, Sb, and Bi 
are, however, similar and this shows the family rela- 
tionship of these cations. It has been further observed 


X anion graphical method 
Mg, Zn, Cd, 




















Li, Na, K Mg,Ca,Sr, Ba Heg(ic) As, Sb, Bi 
Anion (Prasad and co-workers) authors 
Iodide 49.00 49.00 44.00 42.33 
Bromide 32.50 31.50 31.50 29.06 
Chloride 22.50 23.00 23.00 18.33 
TABLE VII. 10~ cgs unit. 
Xcation Xeation P 
experimental Slater’s Angus’ 
Cation (mean value) method method 
As*3 15.63 16.89 16.82 
Sbt8 25.01 30.50 30.44 
Bit 41.69 42.55 41.32 








that Ikenmeyer’s relation holds true only for the halides 
of As, Sb, and Bi and the salts of these cations in com- 
bination with the same anion. 

A linear relation has been shown to exist between 
the molecular susceptibilities (x») of the salts of As, 
Sb, and Bi containing the same anion and the number 
of electrons (V) in the cations. The relation has been 











Taste VIII. 

Ion Author Wyckoff Bragg 
As*3 1.901 0.690 1.260 
Sb* 2.009 0.900 1.400 
Bi*? 1.235 1.210 1.480 








used to evaluate the susceptibilities of the cations and 
the anions in combination with them. The significance 
of this relation and its advantages over other methods 
of deducing susceptibilities of ions have been discussed. 

The average values of experimental susceptibilities 
of Ast* and Bi** ions agree well with the corresponding 
theoretical values deduced by Slater’s and Angus’ 
methods. The agreement is impaired to some extent in 
the case of Sb+*. These average experimental suscepti- 
bilities have been further used to calculate the ionic 
radii of Ast+*, Sb+*, and Bi** ions, of which the ionic 
radius of Bit** is in good agreement with the value re- 
ported by Wyckoff. 
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A Study of Two-Center Integrals Useful in Calculations on Molecular Structure. I 


C. C. J. RooTHAAN 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received June 22, 1951) 


Convenient formulas have been obtained for the overlap integrals /xaxsdv, kinetic energy integrals 
—3SfxoAxdv, nuclear attraction integrals Zfxa(1/ra)xedv and Zf'xs(1/ra)xs’dv, and coulomb repulsion 
integrals f° Sxa(1)x0(2)(1/r12) xa’(1)x0’(2)doidv2, where xa, xa’, xb, xs’ are Slater-type AO’s on the centers 
a and 6. Explicit formulas are given for all the integrals arising from the principal quantum numbers 1 and 2, 
for arbitrary values of the effective nuclear charges and the interatomic distance. 





INTRODUCTION 


N calculations on molecular structure by either the 

VB (valence bond) or the MO (molecular orbital) 
method in LCAO (linear combinations of atomic or- 
bitals) approximation, the molecular wave functions 
are built from AO’s (atomic orbitals). The calculation 
of energies, transition moments, bond strengths, and 
other physical and chemical quantities then finally 
reduces to the evaluation of a great many integrals over 
these AO’s. If we use Slater-type AO’s, then all the 
integrals involving only two centers can be obtained 
in closed analytical form (except for one type, which is 
treated in Paper II in this series). These two-center 
integrals are the only ones occurring in diatomic mole- 
cules, and also the most important ones occurring in 
polyatomic molecules. Whereas formulas and tables for 
many of the two-center integrals can be found in the 
literature,! others are lacking; and it was considered 
worth while to undertake the systematic study of which 
this paper forms the first part. We shall give formulas 
which are convenient for numerical calculations for the 
overlap integrals, kinetic energy integrals, nuclear 
attraction integrals, and electronic repulsion integrals 
of the coulomb type. We shall consider all the possi- 
bilities arising fram the principal quantum numbers 1 
and 2, using Slater-type AO’s with arbitrary values for 
the effective nuclear charges. 


CHOICE OF UNITS AND COORDINATES 


We shall use the following atomic units: lengths in 
units of the Bohr radius a7=0.5293A; energies in 
units of e?/a7= 27.204 ev. (This is twice the ionization 
energy of the hydrogen atom.) 

In these units, the kinetic energy operator for an 
electron is —4A, the potential energy of an electron at 
a distance r from a nucleus of charge Z is —Z/r, and 
the repulsion energy of two electrons 1 and 2 at a 
distance 732 apart is 1/r1o. 

The two centers we shall designate by subscripts a 
and 6; their mutual distance by R. 

To describe an electron with reference to the two 
centers, we shall use the following coordinate systems: 


(i) Cartesian coordinates at the centers a and b. 


The Z axes we choose along the internuclear axis, 


es 


"See the bibliography. 
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pointing toward each other; the X axes we take parallel, 
and also the Y axes. Hence, on one of the two centers, 
say a, we have a right-handed coordinate system, and 
on the other center a left-handed one. 

(ii) Spherical coordinates at the centers a and }; 
these are given in terms of the cartesian coordinates by 


Ta= (Xa?+ Yar + Za") A tanOq= 2a/(%_?+ Va") i 
tangda= Val Xay 

tan6,= 2,/ («2+ .7)}, 
tangd,= Yo/X». 


ro= (xe?+ ye? +22")!, (1) 


Note that if the same electron is described with 
reference to either atom a@ or atom 3b, then x,=%», 
Ya= Yo, Pa= Ho. 

(iii) Prolate spheroidal coordinates, defined by 


f= (rat+rr)/R, ee (ra—1»)/R, = da= o>; (2) 
and conversely 
'e 3(é+ n)R, 4 3(é—- )R, 
cos6a= (1+ &n)/(E+n), cos#,.=(1—&n)/(E—n), 3) 


sin, =([(#—1)(1—1°) }/(é+n), 
sinf,=((#—1)(1—7°) }!/(—1). 
For volume integration in these coordinates the 
volume element is (R*/8)(#— n)dédnd¢ ; the integration 
limits are for @ from 0 to 27, for 7 from —1 to 1, and 
for from 1 to ~. 


TYPES OF INTEGRALS 


We list below the types of integrals which we shall 
treat in this paper. We write for the general AO’s on 
atom @, Xa; Xa Xa’, ***, and similarly with subscripts 
b for the AO’s on atom b. 

Overlap integrals: 


(xel x0) =f xoradr (a) 
Kinetic energy integrals: 
(xe| —BAl a) =—3 f reddy (5) 
Nuclear attraction integrals: 
(xel Z/ral x0)=2 f (xaxo/radd; 6) 
(x|Z/rel-0")=Z f Goro'/rddv; (7) 

















C. J. ROOTHAAN 
TABLE I. 
0; E oCy i iC, 

D, S§ 1 1 1 1 

D S' 1 1 —1 —1 

DD P’ 3 1+2 cos¢ 3 1+2 cos¢ 

DL P s 1+-2 cos@ —3 —1-—2 cos@ 

D,® D 5 1+2 cos@+2 cos2@ 5 1+2 cos@+2 cos2¢ 

D,® D’ 5 1+2 cos@+2 cos2¢ —5 —1—2 cos¢—2 cos2¢ 
l l 

Dy «+ 2/+-1 1+2 2 coskp 21+1 1+2 = cosk¢ 
=} k=1 
l I 

D,© «+ 2/+1 1+2 2 cosk —2/-1 —1—2 = cosk¢ 
=] k=1 








Coulomb repulsion integrals: 
(xaxa| 1/r| xa’ xe’) 


-f f [xa(1)x0(2)xa'(1)x0'(2)/ri2ldvidv2. (8) 


CHOICE OF AO’S 


For free atoms, the best AO’s are SCF (self-consistent 
field) AO’s obtained by solving Fock’s equations for the 
atoms. These are available for a number of atoms in 
numerical tables, but are unsuitable in this form for our 
present purpose. A reasonable compromise is offered 
by Slater’s AO’s which are given in a simple analytical 
form. Moreover, it has been pointed out by Slater? 
that SCF AO’s can be very closely approximated by a 
two- or three-term sum of Slater-type AO’s. 

For molecules, the best AO’s are certainly not the 
Slater-type free-atom AO’s, nor even the free-atom 
SCF AO’s; but it should be possible to express the 
best AO’s in this case also as a sum of Slater-type AO’s. 
This justifies the evaluation of all our integrals with 
Slater-type AO’s in which the effective nuclear charges 
are regarded as free parameters, and which contain only 
integral powers of r. 

We shall use the Slater-type AO’s in real form and 
normalized, namely, 


(n, 1, m)= (25)"*4L (2m)! J-? re FSi, m(, 6), (9) 
where the functions S;, »(@,) are the normalized real 
spherical harmonics, defined by 

S1,0(0, 6)= V1,0(8, 6) =L(2/+1)/4x ]}P(cos8), 
S1,1mj (9, 6) = (1/V2){ V1, 1m (8, 6) + V1, imi (8, )} 
2/+1 (J—|m|)! 
-| 2 (I+|m|)! 
Si, —mi(9, 6) = (1/V2){ V1, -1mi (0, &) — Vz, mi (8, )} 
2i+1 (J—| mj)! 


2x (/+|m|)! 
2 Reference 10 in the bibliography. 





Hy 
P,'™\(cos@) cos| m| ¢, 
(10) 





4 
P,'™\(cos@) sin| m| @. 





The quantum number m is, of course, restricted by 
—Il<g ml. The parameter ¢ is connected with Slater’s 
effective nuclear charge by ¢=Z/n. The principal 
quantum number z is restricted by n2/+-1, in order 
that (n,/,m) has no singularity at r=0. However, in 
the following we shall use for purely mathematical 
purposes also the AO’s defined by Eq. (9) for n=/. 

The quantum numbers / and m have a group-theo- 
retical meaning with reference to the three-dimensional 
rotation-reflection group O3, which is the symmetry 
group of a free atom. In Table I are given the characters 
of the irreducible representations of this group. The 
representation symbols S, P, D, ---, S’, P’, D’, -:: 
are the standard spectroscopic symbols; the notation 
D,,u is more suitable for purely mathematical 
purposes. 

The AO’s (n, 1, m) belong to D,“ or D,“? for / even 
or odd, respectively; m labels the 2/+-1 different AO’s 
which transform together like D,“ or Dy“ under 
symmetry operations. It is said that / indicates the 
species, and m the subspecies of the ‘AO’s with respect 
to Os. 

If two unlike atoms form a heteronuclear diatomic 
molecule, then the symmetry is reduced to C.,. The 
character table of this group is given in Table II. The 
representation symbols 2+, 2-, II, A, --- are the 
standard spectroscopic symbols; A;, Az, and Ey are 
more suitable for purely mathematical purposes. 

The AO’s (n,/, m) were defined with reference to a 
particular choice of the polar axis; we let this polar 
axis coincide with the diatomic axis. Then all AO’s of 
the type (7, /,0) belong to the representation A1; and 
every pair (z, /, \) and (n, 1, —d), A>0, belongs to the 
representation Ey of Cav. 

The customary notation for the AO’s in diatomic 
molecules with reference to the groups O; and Cu» is 
ns, npo, npr, ndo, ndr, ndé, --+; since this notation 
does not distinguish between m=), we introduce 
a completely explicit notation by using 7, 6, «~~ fot 
m>0O and #, 6, --+ for m<0. 
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CHARGE DISTRIBUTIONS ON ATOMS 


The integrals (7) and (8) can be interpreted as elec- 
trostatic interactions between charge distributions on 
the atoms a and b. Namely, Eq. (7) represents the inter- 
action energy of a point charge Z on atom a with the 
charge distribution xx,’ on atom 6; and Eq. (8) 
represents the interaction energy of the two charge dis- 
tributions xaXa’ and xsx»’. Omitting for the moment the 
subscript a or b, such a charge distribution xx’ has, 
apart from a numerical factor, the form 


prtn’—re-ErS) (8, Sv, m(0, o), with F=3(¢+¢’). 


Now the product S;, (0, ¢)Sy,m/(0, 6) can always be 
expressed as a finite linear combination of spherical 
harmonics: 


Si, m(9, &) Sv, m(8, 6) = Dox, w a1, Sz, m(4, $). 
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Hence, it is obvious that the charge distribution xx’ 
can be written as a linear combination of the following 
basic charge distributions : 


2L+1\3 24(2%)¥+? 
4x J} (N4+L+1)! 





LV, L, M]= ( 


xX pN—le—2r u(0,@). (11) 


At a large distance [.V, L, M] acts like a multipole of 
order 24 and magnitude ¢-“. In analogy to the AO’s, 
we shall denote these basic charge distributions by VS, 
NPZ,NPU, NPI, ND2, NDI, NDI, NDA, NDA, -:-. 

We give below the explicit expansions in terms of 
basic charge distributions for all the cases involving s 
and # electrons: 








(ns)(n's) = (1+-7)"t3(1— 1)" +3(n-+n’) ![(2n) 1(2n’) ! 3 Ln+n’—1, S], 
(ns)(n' po) [n+n’—1, PZ] 
we (n+n’+1)! | 
(ns)(n' pr) p=——(1+7)"+8(1—7)”’+4 - [n+n’—1, PIL], 
v3 (2m) !(2n’) | 7 
(ns)(n' pz) [n+n’—1, PI 
n+n’)! 1 
Riba 1, SJ+—{n+n’'—1, DI] 
(n+n'+2)! 10 
(v¥3/20)[n+n’—1, DIT] 
(npo)(n’ po) ae 
, (v3 /20)[n+n’—1, DIT] (12) 
(npo)(n'pr) 
(n+n’)! 
(npo)(n' pz) . (n+-n’+2)! | —————_[n+n'’-1, S] 
= (1+7)"481—7)' +2 — 4 (n+n’'+2)! 
(npr) (n' px) [(2n)!(2n’)!]! x 
— (1/20)[n+n’—1, DZ ]+(v3/20)[n+n’—1, DA] 
(npr) (n' pz) - 
(v¥3/20)[n+n’—1, DA] 
(np) (n' pz) 
(n+n’)! r 
[n+n’—1, S] 
(n+n’+2)! 
L —(1/20)[n+n’—1, DE ]—(v3/20)[n+n’—1, DA] 
where operator. Group theory provides the following useful 


F=C+0), r=(C—E/(E+E). (13) 


In Eqs. (12) the left-hand sides contain ¢ and ¢’ in the 
AO’s; the right-hand sides contain £ in the charge dis- 
tributions. 


REDUCTION OF THE NUMBER OF INTEGRALS ON 
ACCOUNT OF THE MOLECULAR SYMMETRY 


The AO’s we classified according to the species and 
subspecies of C.», the symmetry group of our two- 
center problem: a, 7, #, 6, 5, -+-. 

The one-electron integrals (4), (5), and (6) all have 
the form (xa|M| xs), where M is a totally symmetrical 


theorem concerning such integrals: 


Theorem I.—The integral (xa|M|x») vanishes if x, 
and x» belong to (i) different species, (ii) the same 
species, but different subspecies. Furthermore, the 
integral is independent of the subspecies. 











TABLE II. 

Cor E 2C¢g Oy 
A, =t 1 1 1 
Ay 3 1 1 —1 
E, I 2 2 cos@ 0 
FE. A 2 cos2@ 0 
Ey 2 2 cosrXp 0 
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So, for instance, we have 
(2p04|M|3dm)=0, (2p1a|M| 3d) =0, 
(2pma| M | 3dmy) = (2p7.| M|3dm,). 


If we consider s and p AO’s only, the integrals 
(xa|M|x») to be evaluated are 


(nSa|M|n’sv), (nsa|M|n'pos), 
(npoa|M|n'por), and (npr_|M|n'pm). 
The basic charge distributions on an atom we also 
classified according to the species and subspecies of 
ov: 2, Il, Tl, A, A, ---. If we designate the basic 


charge distributions in general by Q, and 2, then for a 
coulomb integral 


[2,| 2 ]J= f f [2.(1)%4(2)/rye dodo» (14) 


a theorem analogous to that for the one-electron in- 
tegrals (xa|M| xz) holds: 


Theorem II.—The integral [Q,|] vanishes if Q. 


and 9 belong to (i) different species, (ii) the same 
species, but different subspecies. Furthermore, the 
integral is independent of the subspecies. 

The nuclear attraction integrals (7) are similar to 
the coulomb integrals; instead of the charge distribu- 
tion 2, there occurs a point charge, which we symbolize 
by a; so we write ZfQdv/ra=[a|Q,]. The point 
charge a can be considered as a limiting case of a charge 
distribution 2, of S type. Obviously then, [a/2,] 
vanishes unless Q; is of species 2. 

If we consider again s and » AO’s only, we obtain 
S, P, and D charge distributions. This leads to the fol- 
lowing types of basic integrals: [a|VS,], [a| VP» ], 
[a| ND, ];[NS.|N’S.], (NS.| N’P2.], (NS.| N’DZ> J, 
[NP2,.|N’P2.], [NP2.|N’D2,], [ND2Z.|N’D2,]; 
[NPI,|N’PI,], [NPI.|N’DM,], [NDM,|N’DM,]; 
[NDA,|N’DA, ]. 


THE ONE-ELECTRON INTEGRALS (x.|M| x») 


The one-electron integrals (xa|M|x») are obviously 
functions of the three parameters ¢,, ¢s, and R. The 
final results are most conveniently written down in 


terms of the parameters ¢, 7, p, K, Pa, and p», defined by 
f=2(Fat$o), 
T= (Fa—$0)/ (Sat $s), (15) 
_ 3(r+ 1/7) = (Far-+50")/ (Fa? — $0"), 
Pa=(1+7)p=fR, (16) 
po=(1—7)p=foR. 
The original parameters {a, {>, and R are defined in 
terms of £, 7, and p by 


y= 3(Satfo)R; 
We shall consider ¢, 7, p as the independent parameters. 


fa= (1+7)¢, 


fo=(1—7)f, R=p/f. (17) 
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We proceed now to show how the kinetic energy in- 
tegrals (M = —34A) and the nuclear attraction integrals 
(6) (M=Z/r,) can be expressed in terms of the overlap 
integrals (M=1). Namely, from the definition of the 
AO’s (9) it is easily established that 


sa: 2A(n, l, m) 


= =4£°| (1, m)—2(2n/2n—1)!(n—1, 2 m 


4(n+1)(n—1—1) 
+ (n—2,1,m)} (18) 
[ 2n(2n—1)(2n—2)(2n—3) }} 





and 
(Z/r)(n, l, m) = 2Z¢(2n)*(2n—1)—*(n—1, 1, m). (19) 

Applying Eqs. (18) and (19) for (n, 1, m)—(n, 1, m)., 

(a, fra, and using Eqs. (17), we find 

{(n, l, m)a| —3A| (n’, Y, m)o} 


= —4A(n, l, m)a| (n’, ’, m)o} 


= —4g°(1+ 94 {Cf mal (mie 


—2(2n)*(2n—1)-*{ (n—1, 1, m)a} (n’, l’, m)o} 
4(n+1)(n—I—1) 
[2n(2n—1)(2n—2)(2n—3) }} 
X{(n—2,b, ml (nfs mh} 20) 
{(n, l, m)a| Z/ta| (n’, Y, m)o} 
= 2Z¢(1+7)[2n(2n—1) ]-} 
X {(n—1, 1, m)a|(n’, Ul’, mo}. (21) 
Applying Eqs. (20) and (21) for 1s, 2s, and 2p AO’s, 
we obtain the explicit formulas 
(1sa| —3A] 1s,) 
= —$6°(1+7)*{ (1sa| 15.) —2V2(Osq| 150) }, 
(15, —3A| 25s») 
= —43¢?(1+7)?{ (15,| 2s,) —2V2(Os,|2s,)}, 
(2sa| —3A| 2s,) 
= —3°(1+7)?{ (2sa| 2s) : 
Bi (4/v3) (1s, 2s,)+ (2v2/v3) (Osa 25.) } ’ 
(1sa| —3A| 2p02) 
= —1¢2(14-7)"{ (15.|2p0%) —2V2(0sa| 2pos)}, (22) 
(2sq| — 3A] 2poo) 
= —3°(1+17){ (2sa| 20s) 
— (4/v3)(1sa| 2pov)+ (2V2/V3)(Osa| 2poo)}, 
(2po4| —34| 2p») 
=—2°(1+7)*{ (2p04| 2poe) 
— (4/N3)(1poa|2por)}, 
(2pma| —3A| 2pms) = —36°(1+-7)*{ (2pma| 2pms) 
— (4/N3)(1pma| 2pm)}, | 
































n- 
ils 
ap 


18) 


19) 


tas 


(20) 


(21) 
10's, 








and 


(1s.|Z/ra| 1s») =V2Z¢(1+7)(Osq| 15»), 
(1sa|Z/ra| 2s») =V2Z¢(1+7)(Osa| 2s,), 
(250 Z/ra| 15.) = (1/VB)ZE(1-+7)(159| 152), 
(2sq|Z/ra| 2s») = (1/v3)Z¢(1+7)(15,| 2s), 
(184|Z/ra| 2pov)=V2Z¢(1+7)(0sa| 2po»), 
(254|Z/ra| 2pos) = (1/V3)Z¢(1+7)(1s.| 2por), 
(2po4|Z/ra| 155) = (1/V3)Z¢(1+7)(1poa| 150), 
(2po4|Z/ra| 2s») = (1/v3)Z¢(1+7)(1poa| 2s»), 
(2p04| Z/ra| 2pov) = (1/V3)Z¢(1+7)(1poa| 2por), 
(2pma|Z/ra| 2pmr,)=(1 N3)Z¢(1+ 7) (1p! 2pm,). J 


r (23) 





In view of Eqs. (22) and (23) we now need explicit 
expressions for the overlap integrals only. Our overlap 
integrals, except those which involve the Os and 1p 
AO’s, have been evaluated by Mulliken, Rieke, Orloff, 
and Orloff. Their formulas are given in terms of the 








(Osa| 1s.) =L(1—7*)!/V2 rp J[— (1—x)e-?e+ {(1— x) + po} e-> ], 

(15| 1se)=[(1— 7°)!/rp J[—(1— x) {2(1+«)+pa}e e+ (14K) {2(1—x)+ po} er], 

(Osa| 2s») =[(1—7*)*/6'rp ]L— (1—«)(1—2n)e-Pe-+ { (1—x)(1— 2x) +2(1—k) p+ pr?} eo” ], 
(15a | 2s.) =[(1—7?)*/v3rp JL — (1—«) {2(1+«)(2—3x)+(1—2k) pa} ee 


(2sa| 256) =[(1—7°)#/3rp JL — (1— x) {2(1+-«)(7— 120?) +4(1+«)(2—3x) pa+(1— 2x) pa?} ems 
+ (1+) {2(1—«)(7— 12k) +4 (1 — x) (243k) pot (1+2k) po} e J, 
(0sa| 2pov)=[(1+7)/(1— 7) (1/v2rp?)[— 2(1— «)*(1+ pa)ePa+ {2(1— x)?(1+ po)-+2(1— x) po? + pr? fer], 
(15a| 2pov) =[(1+-7)/(1— 7) ]41/ 79?) L— (1—«)?{6(1+-«)(1+ pa) + 2pa} o-Ps 


(25a 2poo)=[(1+7)/(1— 7) 1/V3 70?) — (1— x)?{6(1+ «)(3-+4x) (1+ pa)-+2(5+ 6x) pa? + 2pai} es 
+ (1x) {6(1— «)?(3-+-4«) (1+ pr) +4(1— x)(2+3x) pr?+ (1+ 2k) po*} e], 
(1poa| 1s») =[(1—1)/(1+7) ]4v3/rp?)[— (1— x) {2(1+«)(1+ pa) + p.7} 6% 


(1po_| 2s.) =[(1—7)/(1+-7) ](1/rp*)[— (1— x) {2(1+-x)(2—3x) (1+ pa)+ (1— 2k) pa?} e-%« 
+(1-+-«){2(1—x)(2—3x)(1+ pv) +(3—4«) po?+ ps? fe ], 
(1poq| 2pos) =[V3/(1—7*)'rp* ][— (1—x)?{12(14+-x)(1+pa+4,02)+2pa3} e-%e 
+ (1+) {12(1—«)?(1+ ps+3 0”) + (3—4x) ps*+ po} ee J, 
(2p0.| 2pos)=[1/(1— 7°) 'rp*][—(1—x)?{48(1+-«)(1+ pat dpa?) +2(5+6x) pa?+2pu*} e-= 
+(1+4)*{48(1—W)8(1+ pot+-Bov?)+2(5—64)ou"+ 2pat}em] 
(pm, | 2pm) =[v3/(1—7*)!rp*][— (1—x)?{6(1-+«)(1+pa)+2p.2} e-% 


(2p7,| 2pm) =[1/(1—7°)*rp? JL — (1—x)?{24(1+«)?(1+ pa) +12(1+ x) pa?-+ 243} e-Pa 
+(1+«)?{24(1—x)?(1+ ps)+12(1 — x) ps?-+2py°} er]; | 
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functions 


An(o)= [ fre-redg=nlp1e-* ¥ ot/kt 
: k=0 


1 r (24) 
B,(tp)= f nre—"?"dy 
—1 


= —A,(rp)— (— 1)"A,(— Tp). 


Note that in Eqs. (24) the definition of A, (p) by means 
of the integral only applies for p >0, since otherwise the 
integral diverges. 

The cases r=0 and p=0 had to be dealt with sepa- 
rately, since if one puts r=0 or p=O in the general 
formulas, one obtains the difference of two infinite 
terms, and the limits for 7-0 and p—0 have to be 
calculated. 

For those overlap integrals which were given by 
Mulliken ef al. we derived our final formulas in terms 
of the six parameters (15) and (16) by substituting for 
A,(p) and B,(rp) the explicit expressions given by Eqs. 
(24); the remaining integrals involving the Os and 1p 
AO’s we evaluated in the same manner. The results are 





+(1+«){2(1— «)(2—3x)+4(1— kK) pot peje" ], 


+ (1+) {6(1—«)°(1+ po) +4(1— x) pr?+ po? ee], 


(25) 


+(1-+«){2(1—«)(1+p0)+ ps?}e> ], 


+(1+«) {6(1—x)?(1+ pv) +4(1— x) po?+ po*} er], 




















T= 0, 
(Osa| 154) = (1/v2)(1+p)e~*, 
(1sa| 1s5)=(1+p+3p*)e, 
(Osq| 28s) =6-*(1+ p+$p*)e~*, 
(1sq| 2s,)=3V3L1+ p+ (4/9)p?+ (1/9) p* Je, 
(2sa| 2se)=[1++(4/9)p?+ (1/9) p? 
+(1/45)p* Je’, 
(0sa| 2po») = 3V2p(1+ p)e*, 
(1s_|2po.)=3p(1+p+3p")e, 
(2sq| 2pox) = (1/2V3) [1+ p+ (7/15) p? 
+(2/15)p*Je~, 
(1p00| 1s») = (1/V3)p(1+ pe, 
(1po4|2s,)=§e(1+ptp*)e, 
(1p0.| 2por)=3V3(—1—p+4p*)e, 
(2poa| 2pov)=[—1—p—§p?+(2/15)p° 
+(1/15)p*]e~, 
(1pma| 2pms)=3V3(1+ p+3e°)e*, 
(2pma| 2pms)=[1+p+3e?+ (1/15) p* Je; 


p=0, 
(0sa| 15s) = (1/V2)(1+7)4(1—7)}, 
(1sq| 18,)=(1+7)(1—7)}, 
(Os| 2s,) =6—4(1+7)*(1—7)5”, 
(1sq| 2s.) =3V3(1+7)#(1— 7)”, 
(2sq| 2ss) = (1-+7)*/2(1— 7) 5/2, 
(Osa| 2pov) = (15a| 2pos) = (2sa| 2poo) 
=(1poa| 151) = (1pea| 25s) =0, 
—(1poa|2pov) = (1pma| 2pm») 
= WS (14:7) \(1— 2), 
— (2po| 2por) = (2p7a| 2pm») 


=(1+7)52(1—7)52, 
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THE NUCLEAR ATTRACTION INTEGRALS (x;| Z/ra| x2’) 
AND THE COULOMB INTEGRALS (xx»!1/r| x0’ x0’) 


The nuclear attraction integrals (7) and the coulomb 
integrals (8) we shall evaluate making use of the charge 
distributions (12). We shall use the following notation 


which refers directly to the charge distributions: 


(x0|Z/ra| xo’) =La] xoxe' JZ, i (26) 


(xax0| 1/7] xa’x0’) =Lxaxa’ | xox0' ] 


From Eqs. (12) we find for all the possible charge 
distributions arising from 1s, 2s, and 2p AO’s the fol- 


lowing expansions in terms of the basic charge distri- 
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butions (11): 


(1s)(1s’)=(1+7)(1—7){L15], 
(1s)(2s) = 3v3(1+7)#(1—7)5?[2S], 
(2s)(2s’) = (1+7)*?(1—7)®"[3S], 





(1s)(2p0) [2P>] 
(1s)(2pr) p= (1+7)(1—7)*4 [2PT], 
EE (1s) (2pz) [2PI | 
(2s)(2pc) [3Pz ] 
(2s)(2pm) p= (5/2v3)(1+7)5?(1— 7)>?5 [3 PIL], 
(2s) (2pm) [3PI] 
([3S]+3[3Dz] 
(2p0)(2p0")) 3\3[3DI1] 
(2p0)(2p7’) 3v3[3DI | 
(2po)(2pz’) ‘ s2J L3SJ—$[3Dz 
apeicape {Eo Papa) 
(2pr)(2p7’) 3V3L3DA J 
(2pm)(2p7’) [3S ]—3[3Dz] 
—3V3[3DA] | 








Considering Theorem II and using Eqs. (27), we find 
for the nonvanishing nuclear attraction integrals the 


following expansions in terms of basic integrals: 


[a| 1s,1s.’]= (3, 3)La] 150], 
[a] 15,25, ]= 33 (3, 5/2)[a| 2S. ], | 
[a| 2s,2s,’]= (5/2, 5/2)[a| 3Sz], 
[a| 1s,2por]= (3, 5/2)[a|2P2.], 
[a| 2s,2po%]= (5/2V3)(5/2, 5/2)[a| 3PZs], 
[a| 2pos2pos’ |= (5/2, 5/2) {La| 35e] 
+3[a|3Dz,]} ; 
[a|2pr,2pms’ ]=[a| 2pms2pme' ] 
= (5/2, 5/2){[a]| 3S] 
—3[a|3Dz,]},) 





where (8, 8’) is an abbreviation for (1+7)*(1—7)*’. 
In Eggs. (28) the left-hand sides contain the parameters 
¢ and ¢’ in the AO’s; the right-hand sides contain the 


parameter ¢ defined by Eq. (13). 


In the coulomb integrals we have to deal with two 
charge distributions xaxXa’ and xsx»’. We define ac- 


cordingly 


Fo=F(SatSa’), 


So=2(Sothe’), to=(So—F0')/(Got se’). 


Ta= (Sa—$a')/(SatSa'), } (29) 


Considering Theorem II and using Eqs. (26), we find 


for the nonvanishing coulomb integrals the following 




















[2p 
[2pm 
[2pm 


[2pm, 
[2pz, 
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expansions in terms of basic integrals: 
[1sq1sa’| 1ssise’]= (3, 3, 3, 3)[1S.| 15. ], 
[1sa1sa’ | 1842s, ]=2V3(G, 3, 2, 5/2)[1Sa| 25e], 
[1sa1sq’ | 25,259’ ]= (3, 3, 5/2, 5/2)[1S.| 3Se], 
[15q2sa| 15,25, ]=2(3, 5/2, 3, 5/2)[2S.| 2S, ], 
[1s.2sq| 2542s,” ]=3v3 (3, 5/2, 5/2, 5/2)[2S.| 3So], 
[2sa2sq’ | 2s,2sy’ ]= (5/2, 5/2, 5/2, 5/2)[3S.| 352], 
[1salsa’| 1ss2pov]= (3, 3, 3, 5/2)[1S.|2PZ0], 
[1sa1sq’ | 2s,.2pon ]= (5/2Vv3) (3, 3, 5/2, 5/2)[1S.|3P2Z»], 
[15.2sa| 15,2p0. ]=3V3 (3, 5/2, 3, 5/2)[2S.|2P2.], 
[15.2sq| 2,2po0 ]=(5/4)(3, 5/2, 5/2, 5/2)[2Sa|3P2.], 
[2s.2sq’ | 1s,2por ]= (5/2, 5/2, $, 5/2)[3S.|2PZ.], 
[2s22sq’ | 2s,2por ]= (5/2V3)(5/2, 5/2, 5/2, 5/2)[3S.|3P2.], 
[1sa15q' | 2pos2por’ |= (3, $3, 5/2, 5/2){[1S.| 3S, ]+3[1S.|3Dz.]}, 
[1sa1sq’| 2pms2pme’ ]=[1salsa’| 2pt.2p7,’ |= (3, 3, 5/2, 5/2) {[1S.|3S,]—3[1S.|3D2»]}, 
[1s.2sa| 2por2por’ |= 4v3 (3, 5/2, 5/2, 5/2) {[2S.| 35> ]+3[2S.|3DzZ»]}, 
[1s.2sa| 2pm,2pme’ |=[15.2sq| 2p#.2pHr’ |= 3v3(3, 5/2, 5/2, 5/2){[2S.|3S,]—3[2S.|3Dzs ]}}, 
[2sa2sq’ | 2por2por’ |= (5/2, 5/2, 5/2, 5/2){[3Sa|3SoJ+3[3S.|3DZ»]}, 





~ 


nd [2s,2se'| 2pms2pme’]=[2s-2sa| 2pas2pme"]= (5/2, 5/2, 5/2, 5/2){[3Se| 35+ ]—3[350| 32, ]}, 
- ['1s,2pea| 1s:2po0]= (8, 5/2, 3, 5/2)[2P2_| 2PEsI, 
[1 se2po| 2s,2po]= (5/2V3) (8, 5/2, 5/2, 5/2)[2PZ.| 3PEs], (30) 


[2se2poa| 2s,2pos |= (25/12)(5/2, 5/2, 5/2, 5/2)[3PZa|3P2s], 
[1sa2pma| 1s,2pmy ]=[15.2pFa| 15,2p7, ]= (8, 5/2, $, 5/2)[2PT.| 2PM, |, 
[1s.2pma| 2s,2pms]=[15.2pHa| 2se2pme |= (5/2v3) (3, 5/2, 5/2, 5/2)[2PM4| 3PM. ], 
[2s.2pma| 2ss2pms]=([2s.2pHa| 2s,2pie |= (25/12)(5/2, 5/2, 5/2, 5/2)[3PMa| 3PM], 
(28) [1s.2poa| 2pov2por’ ]= ($, 5/2, 5/2, 5/2) {[2PZa| 3S, ]+3[2PLZ.|3DzZ» J}, 
[1s.2poa| 2prs2pme’]=[15.2p00| 2p*,2pme’ ]= (3, 5/2, 5/2, 5/2) {[2PZ.|3S,]—3[2PZ.|3D20]}, 
[2s.2poa| 2pos2pas’ |= (5/2V3)(5/2, 5/2, 5/2, 5/2){[3PZa| 35+ ]+3[3P2,|3D2z]}, 
[2s.2poa| 2pm,2pme’ |=[2sa2poa| 2pH,2pm,’ |= (5/2v3)(5/2, 5/2, 5/2, 5/2){[3P2Z.| 3S, ]—3[3PZ.|3Dz,]}, 
[1s.2pma| 2por,2pme’ |=[1s.2pza| 2por,2pws’ |= $v3 (8, 5/2, 5/2, 5/2)[2PM.| 3D. |, 
, [2s.2pma| 2por2pms’ |=[2s.2pia| 2por2pis’ |= (15/4) (5/2, 5/2, 5/2, 5/2)[3PM,| 3D», 
oters [2poa2pon’ | 2por2pos’ |= (5/2, 5/2, 5/2, 5/2){[3Sa| 35s ]+3[3S.|3D2.]+3[3Dz,|3S,]+9[3D2,|3D2o]}, 
the [2po.2poa' | 2pms2pms’ |=[2po.2pon’ | 2pt.2pmr’ | 
= (5/2, 5/2, 5/2, 5/2){[3S.| 38> J—3[3S.| 3DZ.]+-3[3D2,| 3S, ]— (9/2)[3DE.|3D2]}, 
[2pr.2pma’ | 2prs2pre' |=[(2pt.2pT,’ | 2p.2pme’ |= (5/2, 5/2, 5/2, 5/2){[3S.|3Ss]—3[3S.|3Dz»] 


two 


‘i ~3[3D,|35;]+-(9/4)[3D3,_] 3D,]+ (27/4) [3DA.|3DA,}, 
(2pm .2pma’ | pms2pmr I= (5/2, 5/2, 5/2, 5/2){[3Sa] 3S¢]—$3[3Se| 3D2,]—3[3D2q| 352] 
(29) +(9/4)[3Dz,|3D2,]—(27/4)[3DA,|3DAz]}, 
[2pra2pia’ | 2pas2piae’ = (27/4)(5/2, 5/2, 5/2, 5/2)[3DAa| 3DAv], 
sfind fg 2Pea2pma’ | 2pov2pme']= (27/4)(5/2, 5/2, 5/2, 5/2)[3DM.| 30], 






where (a, a’, 8, 8’) is an abbreviation for (1+-7a)“(1—7a)*’(1+72)(1—7»)®. 











J. 


ae) 








Fic. 1. Diagram of notation. 


We turn now to the evaluation of the basic integrals. 
The integrals [a|Q,] are functions of § and R; we 
replace this set of parameters by § and p=fR. The 
integrals are easily evaluated by introducing the 
spheroidal coordinates (2); they appear then in terms 
of A,(p) and B,(—p), the latter of which we convert to 
B,(p) by means of B,(—p)=(—1)"B,(p). Writing out 
A,(p) and B,(p), we obtain the final formulas: 


[a] 1S,]=(F/p){1—(1+p)e**}, 

[a| 2S, ]=(F/p){1—[1+ (4/3) p+ 3p" Je} , 

[a| 3S. ]=(F/p){1—(1+30+p?+$p*)e*}, 
[a] 2P2»]= (F/p*){1—(1+2p+2p?+p*)e*}, 
[a] 3PZ.]=(F/e*){1—[1+2p+ 26?+ (6/5) p° 

+$p* Je}, 

[a| 3D2.]= (F/p*){1—[1+2p+2p?+ (4/3)p° 
+3p*+ (2/9) p® Je}. 


= 


(31) 





The integrals 
[Q,| Q |= J [2cy20@y/redoxde 


involve two volume integrations. The integration over 
the coordinates of one electron, say 1, amounts to 
calculating the potential of the corresponding charge 
distribution. These potentials can be found from the 
integrals (31) in the following manner. 

Let the charge distribution of which we wish to know 
the potential be (see Eq. (11)) 


LN, [, M ]=F(r)S1, u(, ¢). 


Then the potential for electron 2 at the point P due to 
the charge distribution [V, L, M] of electron 1 is given 
by (see Fig. 1) 


Un tm (r2, 92, 62) = f feos. m(41, 1)/ri2 r2dridwy, 


where dw; is the infinitesimal solid angle. The angles 41, 
$1, and 62, $2 are defined with reference to the same polar 
axis and zero meridian. We now carry out a trans- 
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formation of the integration variables 61, ¢:—6,’, 1’, 
so that the new polar axis coincides with OP. Since the 
spherical harmonics Sz, 4 are the basis of an irreducible 
representation of the rotation-reflection group O3, we 
have 


Sr, (01, 61) = Dow cu S, u(01’, $1’), 


where the cy are constants as far as the integration is 
concerned, but may depend on 62, ¢2, L, M. Because of 
the orthonormality of the spherical harmonics these c,,) 
are given by 


Cu = fos. (1, b1)Sz, a07(01', b1’)dwr’. 


It is further easily seen that 
dw,=dwy’. 
Carrying out the transformation, we find 


Unim(12, 92, $2) 
= wc cw f CRS, u’(01', o1')/rie Irvdridwy’. 


Now the integrals involving Sz, w’(61’, ¢1') are just the 
nuclear attraction integrals [a| ] if we identify a with 
P, 6 with O, and R with re. We have seen that these 
integrals vanish unless 2, is of species E, that is, M’=0. 
Hence, we have 


Unim(re, 02, b2)=coLa| N LO, |p =Fre. 


The constant cp we find from 
Co= fo. (01, $1)S 1, 0(81', o1')dar’. 


This integral we evaluate by transforming 61’, ¢1' back 
to 01, di. Now 


St, 0(1’, ¢1’) = [(2Z+ 1)/4m ]*P1(cos6y’). 


Since 6,’ is the angle POQ, we can make use of the addi- 
tion theorem for the Legendre polynomials: 


P1(cos6;’) 

= [4m/(2L4+1)]> we Sr, (80, b2)Sz, 4701, $1); 
so that 
co= Deal 4a /(2L+1) S10 (82, 2) 


x fs, (91, 1) S1,m'(01, o1)dw1 
=[4a/(2L+1) }'Sz,.0(82, $2); 
hence, we have 


Unim(r, 0, 6) =[4a/(2E+1) }'S 1, u(0, ¢) La] N LO» ]o=s 
(32) 
where o=ér. 
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4 ) Explicitly, we find for the potentials of the charge distributions arising from 1s, 2s, and 2p AO’s 
the 
ble Uis=(§/o){1—(1+0)e*}, 
we Ues=(¢/o){1—[1+(4/3)o+ Jo" Je}, 
Uss=(§/o){1—(1+$0+0?+}0%)e*}, 
cos6 
n is U pops. = (F/o"){ IC arto cos, 
e of {2a} sin@ sing 
Cm’ sin 
cosé (33) 
U ¢3psy = (F/0") {1— L(+ 20-4 2044 (6/5)o*+ 204 Je*} 4 sin8 cos¢, [ 
at sin@ sing 
3Pil 
3 cos’*—} 
v3 cos@ sin@ cos 
U (3pxy = (€/o*) {1-[1+20+20°+ (4/3)0°+ 304+ (2/9)o* Je-*} + V3 cosé sind sing 
3D (v3/2) sin?@(cos’¢— sin’) 
{si v3 sin’6 cos¢ sing 
3DA 








The basic coulomb integrals [Q,|2] can now be potentials) require elaborate partial integrations. 
heal. calculated as one-electron = using the potentials The integrals are obviously functions of §,, &, and R; 

(33). The integrations were cdtried out in the spheroidal _ the final formulas are most easily written down in terms 
coordinates (2). For those integrals which involve the of the parameters ¢, 7, p, K, Pa, ps, Which are defined in 
st the f potentials Uys (pole potentials), the evaluation is easy the same way as previously in Eqs. (15) and (16), 
, with and straightforward. However, the integrals involving except that ¢, and ¢; have to be replaced by &, and §. 
these [| the potentials Uyp and Uyp (dipole and quadrupole The results are 





[1Sa| 1S¢]=(¢/p)[1—(1—«)?{4(2+«) +400} ee— (14+-«)*{F(2—x) +4 pp} ee], 
[1S.| 2S, ]=(¢/p)[1—(1—«)?{F(1—«—«?)+(1/12)(1—2) pa} ee 
—(1+«)?{F(3—3x+1)+3(2—x) pot § ps7} ere], 
[1S.|3Se]= (¢/p)[1— (1—x)®{F5(1—5x—4x*) — dpa} e2e— (1+ x)?{ Fe (15— 22K + 15x?— 4x3) 
+ §(3—3x-+ 4°) po+3(2— x) ps?+ (1/12) ps3} er], 
[2Sa| 2Se]= (¢/p)[1—(1—)*{ (1/12)(6—x—8x?—4*)4+-3(1— K+?) pa+ (1/18) (1— 2k) pa?} e-20 
— (1+K)?{ (1/12) (6+-«—8x?+44*)+ 3 (1+ «+ x°) ppt (1/18) (1-+2x) po?} ee], 
[2Sa| 35% J= (¢/p)[1—(1—x){ (1/48)(11— 19«—44x2— 20x) + (1/12)(1—5x— 4x2) pa— (1/12) xpa?} ee 
— (1+«)*{ (1/48) (37 —22x—39x?+-56x?— 20x*)+4(6+ «—8x2+4x°) p, 
nel +(1+4—«8)ps?+ (1/36)(1+2k)ps%} e*], 
[3S.| 3So]=(¢/p)[1—(1— x)? {ps (8— x— 27x? 30x? — 10x*) + Ay (11—19x—44x?— 20k*) p, 
+735 (1—5x—4n?) p.?— (1/24) kpa*} e~2Pe— (1-4 x)? { (8+ e— 2742+ 30? 10«*) 
(01, $1): +g (11+19x—44n2+ 20x?) ppg (1+5«— 4x2) ps?+ (1/24) ps3} ere ], 
[1S.| 2PZ»]=[¢/(1—7)p7]L1— (1—x)*{ 5 (S+3x)(1+2p2)+-4 9.7} ee 
— (1+«)?{ 25 (11—10x+3x?)(1+2ps)+3(2—x) pe?+4 p03} er], 
[1S.| 3PZs]=[¢/(1—7)p?]L1— (1— x)*{ (1/80) (13— 9x— 12k2)(14+2p,)+(1/20)(2—3x) pa?} e-2Pe 
— (1+-«)*{ (1/80) (67—86x-++5142— 12k*)(1-+2pr) 
+ (1/20)(29—28x-+ 9x") pr?+ (3/10) (2— x) p,*+ (1/10) p,4} ee J, 
[2S.|2P2.]= [¢/(1—7)p? JL1— (1— x) *{ 25 (9+ 114+-447)(1+2p.) +4 (3+ 2k) pa?+$0*} ee 
—(1+«)?{25(7+2K— 91? +4x°) (1+ 2p) +3(1+- «— x) pe?+ (1/12)(1+2k) ps3} er], 
LOv\e-» B [2S,|3PX.]=[¢/(1—7)p* 1 —(1— x) (1/80)(29-+3x—36x2— 20x*)(1+2p,) + (1/20)(8—5x— 8x2) p22 
(32) +(1/30)(2—3x) pa*} e?e— (1+ «)?{ (1/80) (51 — 18x—57x2-+64x3— 204) (1+ 2p) 
+(1/20)(19+-4x—25x?-+ 12°) py?+ (3/10) (1+ «— x?) p5°+ (1/30) (1+ 2k) ps4} er], 





y’ back 


(00, o:); 
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[35,|2P2.]= 


(3S,|3P2,]= 


[15,|3D2.]= 


[2S,| 3D=,]= 


[35,|3D2.]= 


[2P2,|2P>,]= 


[2P>,|3P2,]= 


[3P2.|3P2,]= 


(2PH,| 2PM, ]= 


[2Pm,| 3PM, ]= 


(3PM, | 3PT,]= 


[2P>,|3Dz,]= 


[3Pz,|3D2,]= 
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[¢/(1— 17)? JL1— (1 — x) *{ fe (13-+-24n+ 181°+5x*)(1+2p,)+ § (11+ 15+ 6x") p,? 
+(1/24)(13+ 9x) pa?+ (1/12) pat} e~Pe— (1+ x)? {35 (3-+6x— 12k?+5x*)(1+ 2p) 
+§(1+5—4x°) ps?+ Fxps*} ere J, 
[s/(1—7)p? [1 — (1— x8 {25 (10+ 9x — 9x?— 16x°— 6x*)(1+-2p,) 
+ (1/40)(37+9x—48x?— 30k) pg?+ (1/120)(35— 21x— 36x”) pa?+ (1/60)(2—3x) pat} ee 
— (1+ x) {5 (6+3«—214°+ 20K?— 6x*)(1+2p,)+ (1/40) (17+31K—68x?+ 30K*) p,? 
+ (3/40) (1+-Sx— 4x?) po°+ (1/20) x ps4} e~ re J, 
[¢/(1—7)*p* JL1— (1—«)*{ 26 (3+ 2u) (1+ 2p0)+ (1/24) (7+4x) pa?+ (1/12) pa*} oP 
— (1+ «)?{36(13— 16x+ 9x?— 2x*)(1-+2p,)+ (1/24) (37 —42«+210°— 4x?) pp? 
+(1/12)(11—10x+3x*) px?+ §(2— x) po* + (1/18) po>} er], 
L¢/(1—r)** JL1 — (1—)*{ (1/48) (19+ 26x+ 10x?) (1+ 20) + (1/72) (49+ 60«+ 20x?) pa? 
+ (1/36)(11+8x) pa®+ (1/18) pat} e~?°e— (1+-«)?{ (1/48) (29— 8x— 33x? 
+34x®— 10x*)(1+2,)+ (1/72) (79— 10x—93x?+ 80x? — 20K*) py?+ (1/12)(7 
+2x—9x?+4x*) py? +2 (1+ «— x?) pot + (1/54) (1+ 2k) py®} er J, 
[s/(1—7)?p®JL1— (1— x) *{ gp (21+- 44+ 3517+ 10k*) (1+ 2p.) 
+ (1/24) (29+ 56x+40x?+ 10x?) p.?+ (1/12) (8+ 12«+5x?) p,' 
+ (1/24) (5+-4k) pa*+ (1/36) pa®} e2Pa— (1+ «)*{ gs (11+ 7x—39K?-+ 35x3— 104) (1+ 2p,) 
+ (1/24)(14+13x—51x?+40«3— 10x*) p,?+ (1/12) (3+ 6«—12x?+5x°) py? 
+(1/24)(1+5x—4k*) po4+ (1/36) x po} ere J, 
L2¢/(1+7)(1—17)p®JL1—(1— x)* {6 (84-94 3x°) (1+ 2a+ 2pa”) +35 (3+ 2k) pa® + § pa‘) e~ Pe 
— (1+)* {Ze (8—9xK+3x") (1+ 2po+ 2p27) +76 (3— 2k) ps?+ § po} ee J, 
[2¢/(1+-7)(1—7)p*JL1—(1—«)*{ 26 (S— 6x? — 3x*) (1+ 2pat 2pa?)+ (3/80) (8— 5x— 8x") pa® 
+ (1/40) (2— 3k) pat} e~?Pe— (1+ «)#{ 346 (11— 18x+ 12x?—3x*)(1+2p,+ 2,7) 
4-(1/80)(71—93x-+3612) p.2-+(1/40)(13—9x) po!-+ (1/20) ps}e-2], 
[2¢/(1+7)(1—7)p* ][1— (1—x)#{ (1/80) (40+ 27«— 39x2— 54x?— 18x*)(1+2pa+2p,?) 
+ (1/80) (47+ 9x—60x?— 36x*) p.?+ (1/200) (35 — 21x— 36x”) pat+ (1/100)(2— 3x) pa>} ea 
— (1-+«)*{ (1/80) (40—27«—39x?+54«>— 18x*)(1+2p,+2p,) 
+ (1/80) (47 —9x—60x?+ 36«*) p,?+ (1/200) (35+ 21«— 36x”) py*+ (1/100)(2+3x) py>} ee |, 
[¢/(1+7)(1— 1) p® JL1— (1— «) 3 {fe (8+ 9«+3x") (1+ 2p) +3 (S+3k) pa?+ $pa*} ee 
~ (141) "{g(8— 9+ 3e2)(1-+2pn)-+4(3—3e) pst bontje 
L¢/(1+-7)(1— 7) p*JL1— (1— x) 9{ 6 (S— 6x? — 3°) (1+ 2pq)+ (1/40) (13—9x— 12k?) pa? 
+ (1/40)(2— 3k) pa} e-2Pe— (1+ x)3{ 2x (11— 18+ 12x?— 3x*)(1+ 2ps) 
4-(1/40)(43—51x-+18x2) p,2-+ (3/40)(5—3x) ps?-+ (1/20) pr'} e-2)], 
[¢/(1+17)(1—7)p* ][1— (1—x)?{ (1/80) (40+ 27«—39x2— 54x3— 18x*)(1+2p,) 
+ (1/200) (137+9x— 168x?— 90°) p.?-+ (3/200) (13 —9x— 12k?) pa?+ (1/100) (2— 3x) pat} e~2Pe 
— (1+«)*{ (1/80) (40—27«—39K?+ 542— 18x4)(1+2p,)+ (1/200) (137 —9x— 168x?+ 90x) p,” 
+ (3/200) (13+ 9x«— 12x?) p,?+ (1/100)(2+3x) pp*} e?" J, 
CD3¢/(1+7)(1—7)?o* [1 — (1— x) 4f tp (11+ 14e+ 52) (1+20)+ (1/72) (47+58x+ 20K?) pa? 
+ (1/36) (14+ 16x+ 5x?) pa3+ (1/72) (11+ 8k) pat+ (1/36) pa®} ee ° 
— (1-+«)*{ 35(21—33xK+21K?—5x*)(14+2p,)+ (1/72) (92— 141K+ 87 K2— 20K*) p,? 
+ (1/36)(29—42K-+ 2442— 5x3) 08+ (1/24) (9—114-+-4x2) pr! 
+ (1/108) (13—9x) po>+ (1/54) p.°} ee J, 
[3¢/(1+-7)(1—7)*p*JL1— (1—k)*{ 917+ 324+ 230°-+ 6x*) (1+ 2pa) 
+ (1/72)(74+136x+95x?+ 24x) p.?-+ (1/36)(23-+40x+ 26x?+ 6x*) pa? ; 
+ (1/360)(103+ 148+ 60k”) pat+ (1/60) (5+4x) pa®+ (1/90) pa®} ee 
— (1+«)*{ Bs (15—9«— 15x?+ 19x?— 6x4) (1+2p,)+ (1/72) (65— 36x—66x?+ 79x? — 24K) py? 
+ (1/36) (20—9x—21x?-+ 22«3— 6x*) p,?+ (1/120)(29—3x—36x2+ 20k*) p;4 
+ (1/540) (35+ 21«— 36x") pp®+ (1/270)(2+3x) ps*} ee J, 
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[2PM,| 3DM, ]=[v3¢/(1+7)(1—7)*o*JL1— (1—«)*{ gi (11+ 144-54) (1+2p0)+ (1/24) (14+ 16x+5x*) pa’ 
+ (1/12)(3+-2k) pa*+ (1/24) pat} e~?Pe— (1+ x)*{ gg (21—33x+21K?— 5x*) (1+ 2py) 
+ (1/24)(29—42«+24%?— 5x3) p,?+ (1/12)(8—9x+ 3x?) pp? 
+ (1/24)(5— 3x) po4+ (1/36) po5} er], 
(3PI.| 3DM,]=[v3¢/(1+7)(1—7)?o* [1 — (1— x) *{ fe (17 +32K+ 23x?+ 6x5) (1+ 2pq) 
+ (1/24)(23+-40K+ 26x?+ 6x?) pa?-+ (1/12) (6+ 8x+3k*) pa?+ (1/120)(17+ 12k) pa! 
+ (1/60) pa®} e~?’a— (1+ x) #{ Fs (15—9x— 15x?-+ 19x®— 6x*)(1+2p,) 
+ (1/24)(20—9x—21x?-+22«?— 6x*) p,?+ (1/12)(5—6x?+3x*) p,* 
+ (1/120)(13+9x— 12k?) p,4+ (1/180)(2+ 3x) pp5} ee J, 
(3DZ_| 3D, ]=(6¢/(1+7)2(1—7)?® J 1— (1— x) 4{ (16+ 29x + 20x?-+-5x*) (1+ 2p.) 
+ (1/144)(139+ 246x-+ 165x?+40k°) pa?+ (1/72) (43+ 72K+45x?+ 10x*) pa? 
+ (1/216)(57+88x+50x?+ 10x*) 4+ (1/432) (39+ 52«+ 20k?) p.>+ (1/216)(5+ 4k) pa® 
+ (1/324) pa7} e~?¢a— (1-4+-x)4{ g5(16— 29x+ 20x?— 5x*)(1+2p4) 
+ (1/144)(139—246x+ 165x?—40x*) p,?-+ (1/72) (43—72x+45x?— 10x*) p,? 
+ (1/216) (57 —88x+50x?— 10x*) py4+ (1/432)(39—52x+ 20k") py® 
+ (1/216)(S—4x) po®+ (1/324) px} eo}, 
(3DI,| 3DIM, |= (4¢/(1+ 7)?(1— 7)?p* JL1— (1— x) 4{ (16+ 29+ 20K?+- 5x*) (1+ 2p,) 
+ (1/96) (91+ 159x-+- 105x?+ 25x) p.?+ (1/48)(27+43«+ 25x°+5x*) p,' 
+ (1/48)(11+ 14+ 5x?) pat+ (1/288) (17+ 12k) pa®+ (1/144) pa®} ee 
— (1+x)*{ g5(16— 29x+ 20K?— 5x*)(1+2p,)+ (1/96) (91 — 159+ 105x?— 25x?) p;? 
+ (1/48)(27 —43x+ 25x?— 5x5) oy? + (1/48) (11— 14«+5x?) po! 
+ (1/288)(17— 12x) ps°+ (1/144) po°} es J, 
[3DA,| 3DA, ]=[¢/(1+7)?(1—7)?p° J[1 — (1 — x) *{ (16+ 29x+ 20x? +-5x*) (1+ 2.) 
+ (1/48) (43+ 72«+45x?+ 10x*) p.?+ (1/24)(11-+ 14«+ 5x?) pa?+ (1/24) (3+ 2k) pat 
|, + (1/72) pa®} e—?’e— (1+ x)*{ 45 (16— 29x+ 20K?— 5x*)(1+2p,) 
+ (1/48) (43—72«+45x?— 10x*) p,?+ (1/24)(11— 14«+5x?) pp? 
|, + (1/24)(3—2k)ps'+ (1/72) po®}e*»]; (34) 





(25, 13s]=5 


t=0, 
1 
4 [1Sq| 155 ] =*|1- (14+ mat yt -# )e *, 
p 6 
pr [1S.| 2S, ]J=- -{1- (14 cote tpt o'e |, 
|, p 3 
7 + 2 
[2S.| 255 ]=- {1 = (14 ot taht ote ‘| 
p 9 13 
23 
|, [1S.| 3S, ]= i (149+ Mt =Ptot—at enol 
p 


115 79 1 
Lobatto 4 gh} ——p8 Je ‘|, 


p 192 96 144 30 ©6270 









c 419 163 119 1 1 ° 
[3541 35:]=-| i~ ( Pid ened Vornidh Wa Veet aa “ew, 
p 256 128 192 24 20 120 1260 
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oe || 
[1S. jaPe]——|1 ~ (1429429449 +— og es ‘|, 


19 
[1S.| 3P2,]=— ~|1- ~(1426t204— ho + otaop el, 
p? 


¢ o. 2&4... 4 
[25,|2P3.]=—|1—( 1+-2p+2p?-+—p?-+— p!-+—p?-+— sJewl, 
p? 48 24 20 45 


¢ 103 23 17 1 
[25,|3P3]=—|1— (1429 +264+— aia el ee »|, 
p” 50 8 450 225 















¢ 83 19 23 13 
[35,|2P24]=—| ~~ (14204294 ro ag ore nl ). a. 
p* 32 120 360 #8 180 





| ¢ 97 19 59 1 
[3S4|3P2,]= “|! — (1426+ dott ot p-+-——®-}- p+ ote ; 
o? 160 24 360 6300 1050 


c 4 2 31 13 
[15|3DB]=—f1— (142942044 P44 4 — Hoo )e “|, 
p* 3 3 120 180 





¢ 4 2 71 11 1 1 
[2S.| sDB]=—| i— (1429+ 2p°+-p®+—p P+—pe+— +— ote ; 
p® 3 3 270 135 54 405 





: ¢ 4 2 191 31 19 17 1 
[3S.| 3D, ]= -| 1i— (1420+ 20°-+-—- 9+ — 6 +-—__ f° +$— f° +— + p§+ rye , 
p® 3 3 720 360 840 3780 1890 


2 263 77 
[2PZ.| 2P2.]=—| 1~- (14264208 a ae He “0 Je, 
p® 240 





2¢ 2609 689 37 | 
[2Pz,|3P2,]=— 1 — (14294264 Pop oah ph h 4+—p? )e Po, 
p* 1920 960 120 48 300 J 


2¢ 2597 677 719 31 29 11 1 
[3P2Z_|3P2,]= —| 1- (1420+ 2p°+ p+—p'+ P P p ps ’) 
p® 1920 960 2400 300 1050 2100 1750 e~? 











¢ 121 25 2 1 
(2PM,| 2PI,J= -| i- ( 1-+2p-+2p?-+—p?-+— Hot ot Jem ; 
p % 48 15 60 


a PP i BP i eee ee apes Mle P 


231 = 271 41 1 1 
960 480 240 30 300 | 


(2Pn,| Pt ]}=—| ai ( 











283 29 9 73 1 
[3PTle spmij=—1 ~ (142642944 tt ew, 
960 480 150 200 10500 1750 








3¢ 4 2 58 103 if 13 
[2P2.|3D%.]-—| ~ ( ie tt tt i ) on, 
p' 3 3 2160 1080 360 1620 810 





3 108 54 35 2835 28350 









. V35 4 2 377 19 
[2PM| 3DI]=—| 1— (1+29+29"+- M—pt P+ — ++ — ot )e |, 
p' 3 3 1440 240 60 540 


















3¢ 4 2 29 5 1 22 47 1 
[3PZ,| sDuJ=—| = (1442042044 t+ — oh tot p+ +o eml, 
p 





is t 
are 
[3S 


™. 










USEFUL MOLECULAR INTEGRALS. I 








v3¢ 17 13 1 
[3PI,| 3D1M, ]=— {1 ~(14204204+- a ha 9 i el, 
p' 3 72 12 840 3780 3150 




















253 2237 71 


6¢ 4 2 511 
[3Dz,|3D2,]= ~| i- (1420+ 2p?+-p*?+-p'+ p+-—— f+ p+ p* 
p 3 3 1920 2880 90720 11340 




















1 13 
+—p*+ p+ pi Jem 
630 34020 17010 


4¢ 4 F 1027 521 67 
[3DI14| sph ]=—| i= (1420+ 29*+4-— 9 4+--+-—_ f° +-—_f+—_r 
p 3 3 3840 5760 2520 











67 19 1 
+ pe+ p+ pew ; 
10080 15120 7560 


¢ 253 119 11 1 1 
[3DA,|3Da5}=— ~(1429+ 204" —p'+- “ph et p°-+—p’+—-p+ el; (34a) 
p° 960 1440 560 315 3780 








p=0, 
[1S.|15,J=3(1—7°)(S—7)s, 
[15.| 2S, ]= (1/48)(1— 72)(25—77-572-+-374)g, 
[2S,| 2S, ]= (1/24)(1— 7°)(11—47°+-r4)¢, 
[1S.| 3S, j= ge(1— 7°) (14— 77-7? +-373— re, 
[25a] 3S¢]=(1/192)(1— 72)(77— 197 — 2872+ 1673+. 774 575)¢, 
[3S4| 3S, ]= (1/256) (1— 7?)(93—477°+ 237r4—5r*)¢, 
[VS,| PE, ]=0, 
[V'S.|N’D3s]=0, 
—[2P>,|2P3;]=[2PM,| 2PM. ]= (1/96)(1— 72)2(7—372)k, 
—[2P3,|3P2_]=[2PM.| 3PM, ]= (1/960)(1— 72)2(49—277— 2172+ 1573)¢, 
—[3P2,|3P2,]=[3PMa| 3PMs]=(1/960)(1— 72)2(37—3072+924)¢, 
[NP,|N’D>;]=[N PI, | N’DI,]=0, 
[3Dz,| 3D, ]= —[3DM,| 31, ]=[3DAq| 3DA,]= (1/2880)(1— 72)(9—572)¢. 
The formulas (30), (34), (34a), and (34b) enable us to obtain any desired coulomb integral [xaxa’| xoxo’ J. It 
is to be noted that in Eqs. (30) there occur the basic integrals [2P2,| 3S, ], [3P2.|3S,], and [3D2,| 3S, ], which 


are not listed explicitly in Eqs. (34), (34a), and (34b). However, these integrals follow directly from'[3S,|2P2,], 
[3S.|3P2,], and [35,|3Dz,], respectively, when the following change is made in the latter: pap», Kk->—k, 


(34b) 








™m™— 7. 
BIBLIOGRAPHY* (3) J. H. Bartlett, Phys. Rev. 37, 507 (1931), using complex 
: ; Slater AO’s, evaluates 
The wave functions employed in the formulas are real Slater (2pa4|2por), (2pma| 2pm) 
(nodeless) wave functions, unless explicitly stated otherwise. [2pme2pma|2pm2pm0] [2p m2 pma| 2por2por]] 
(1) E, Hylleraas, Z. Physik 51, 150 (1928); [2poa2pma| 2pa2pm], [2poa2poa|2por2por], 


[1s_1s_| 25,25], [1s.2sa| 15,2s»)] in terms of A, for r=0. 


evaluated over hydrogen wave functions in terms of R. / (4) N. Rosen, Phys. Rev. 38, 255 (1931); 
(2) E. C. Kemble and C. Zener, Phys. Rev. 33, 512 (1929); (nsa| m5), (mSa|1/ra| nse), 
[1s1sq|2pm2pm] La|nsonsy], [nsansa|nsynsp], 
evaluated over complex Slater AO’s in terms of R. Also, __ expressed in terms of A, for r=0, A, and B, for 740. 
certain linear combinations of nuclear attraction integrals (5) N. Rosen, Phys. Rev. 38, 2099 (1931); 


are evaluated. (15a| 155), (18|2pov), (2poa|2 por), 
ee (1sa|1/ra| 15), (1sa|1/ra|2por), 
*The author hereby wishes to acknowledge the help of Mr. W. (2poa|1/ra| 18), (2poa|1/ra|2por), 


aunzemis in compiling this bibliography. [a| 1sq1so], Ca| 1,155], [a| 1552p00], 





[a|2poa 2poa), [a|2por2por], 

[1salsa| 1515, ], [1sa1sa| 1,2p0], 

[1salsa|2pov2por], [1sa2poa| 2pos2por], 

[1sa2poa| 15,20], [2poa2poa| 2par2por], 

expressed in terms of p for r=0. 

W. H. Furry and J. H. Bartlett, Phys. Rev. 39, 210 (1932); 
master formulas with numerical tables for auxiliary func- 
tions given for the following integrals over complex Slater 
AO’s: 

[2sa2sa| 25,255], [2sa2sa|2sp2por], 

[2sa2sa|2pos2pov], [2sa2poa| 25,2 por ], 

[2sq2sa|2pm2pme], [2sa2pma| 25,2pm ]. 

B. N. Dickinson, J. Chem. Phys. 1, 317 (1933); using Z’= eZ 
for 2po orbitals, evaluates 

(1sa | 2 por), (1sa| 1/ra | 2por), 

[a|1s.2poa], [a|1s2po0], 

in terms of ¢, p. 

Kotani, Amomiya, and Simose, Proc. Phys.-Math. Soc. 
Japan 20, Extra No. 1. (1938); 22, Extra No. 1 (1940), 
independently of the previous papers, evaluated 

(25a | 2s), (2sa| 2 por), (2poa| 2 por), (2pma | 2pm), 

(25a|1/ra| 2s), (2poa|1/ra|2por), (2p7a| 1/ra| 2pm), 
(2sa|1/ra|2pos), (2poa| 1/ra| 2s») 

in terms of A, for r=0; 

[a| 1sp1s,], [a | 25425], [a | 2por2por], 

[a|2pm2pm], [a|2s,2poy) in terms of An; 

[2sq2sa| 25,255], [2poa2sa| 2542s], 

[2poa2sa|2por2sy], [2p0a2poa|2por2sy ], 

[2sa2sa|2pm2pm], [25a2pma| 22pm], 

[2poa2pma|2por2pm], [2poa2pma| 2n2pme], 

in terms of p for r=0; 

(1s4| 2s»), (15a |2poo), 
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(2sa|1/ra| 155), (2poa|1/ra| 1s), 

(1sa|1/ra| 25s), (1sa|1/ra|2pos), 

in terms of A, and B, for 740. 

C. A. Coulson, Proc. Cambridge Phil. Soc. 38, 210 (1941). 
A variety of integrals over nonorthogonalized Slater AO’s 
is treated, including overlap and nuclear attraction integrals 
over ns, npo AO’s for n=1—3, and a few more. Special 
formulas in terms of R, fa, { are given for both r=0 and 7 #0. 
Mulliken, Rieke, Orloff, and Orloff, J. Chem. Phys. 17, 1278 
(1949). 

Overlap integrals for all combinations of us, npo, and npr 
AO’s for n=1, 2, 3, 5 are evaluated in terms of A, and B,, 
for r=0 and +0; and special formulas in terms of p for 
7=0 and in terms of 7 for p=0 are given. 

H. J. Kopineck, Z. Naturforsch. 5a, 420 (1950); based on 
(8), with many results recalculated and compared with the 
American papers, therefore, a rather up-to-date survey. Be- 
sides the integrals given in (8), it lists 

(2sa| 2s»), (28a|1/ra| 2s»), Ca| 2542s ] 

evaluated over hydrogen AO’s in terms of A, for r=0, 
[2sa25a|2s,2s] in terms of p. 


(12) J. O. Hirshfelder and J. W. Linnett, J. Chem. Phys. 18, 130 


(1950) ; 

[1sa2pra| 15%,2p7m], 
[2pma2pra|2pm2pm]+[2pra2p7ra|2pm2p7e] 

expressed in terms of p for r=0. Also, certain linear com- 
binations of overlap and nuclear attraction integrals are 
evaluated, and a compilation of integrals evaluated by other 
authors is made. 

M. P. Barnett and C. A. Coulson, Trans. Roy. Soc. London 
243, 221 (1951). All our integrals, except for the kinetic 
energy integrals (5), expressed in terms of auxiliary functions. 
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The problem of the two-center exchange integrals is solved in the most general way for Slater-type atomic 
orbitals with integral effective quantum numbers. No other restrictions are placed upon effective quantum 
numbers and effective nuclear charges, The integrals are expressed linearly in terms of certain auxiliary 
functions. A rule for finding the coefficients is given. The coefficients are explicitly computed for all cases 
involving orbitals with the quantum numbers 1, 2, and 3. The auxiliary functions are discussed in detail. 
The existing literature is reviewed, and a survey of present tables is made. 





F one attacks the quantum-mechanical problems of 

molecular structure by an expansion of the wave 
functions in terms of AO’s (atomic orbitals), then the 
differential equations are reduced to matrix equations 
and the difficulties concentrate to a large extent in the 
evaluation of the integrals in terms of which the matrix 
elements are defined. The hardest of these are the 
electron-electron interaction integrals, 


= fav; f av.c1/r)9Q)2Q)=[9| 5), (A) 


2(1) = xa(1)x0(1), 2(2)=x-(2)xa(2), 
(i)=(X,V,Z,), dV;=dX dY dZ,, 
rie=[(X1—X2)?+ (Vi-— V2)?+ (21-2)? }, 


where the integration extends over the position coor- 
dinates of the two electrons, and the functions xq, xs, 
Xe) Xa represent any real AO’s on the atoms a, J, ¢, d, 
respectively. Atomic units are used in Eq. (A) and 
below: the Bohr radius ay=0.529A is the unit of 
length, the electron charge e is the unit of charge, and 
twice the ionization potential of the hydrogen atom 
(e?/ay)=27.2 ev is the energy unit. The integral (A) 
may be interpreted as the mutual electrostatic energy 
of the charge distributions 2 and 2. 

For the AO’s one has to choose between numerically 
calculated and analytical functions. In the latter case 
the radially nodeless so-called Slater AO’s seem to be 
the most appropriate, especially since it is known that 
the numerical functions obtained by Hartree and others 
can be expressed by superposition of a few Slater AO’s.! 
When these are adopted, all two-center integrals, which 
for diatomic molecules are the only ones required, can 
be evaluated analytically. Furthermore, although they 
depend on five parameters, they can be expressed in 
terms of, at worst, two-parameter functions; and this 
makes tabulation of these integrals possible. 

Therefore, it seemed to be worth while to investigate 





*This work was assisted in part by the ONR under Task 
Order IX of Contract N6ori-20 with the University of Chicago. 

‘See Mulliken, Rieke, Orloff, and Orloff, J. Chem. Phys. 17, 
1248 (1949). 
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systematically the two-center integrals and to compute 
tables of their numerical values. This is a program of 
which the work of R. S. Mulliken, C. A. Rieke, D. 
Orloff, and H. Orloff,’ the work of C. C. J. Roothaan,? 
and this paper form parts. We hope to complete the 
theoretical side of this project by an investigation (now 
in progress) of the hybrid integrals, and it is intended 
to prepare tables which permit interpolation. 

The present paper deals with the two-center exchange 
integrals, that is, those integrals (A) for which 


Q(1)= xa(1)x0'(1), 2(2)=Xa(2)Xo'(2), — (B) 


where x, x’, x, x’ denote four different Slater AO’s. 
Since Y. Sugiura evaluated the first integral of this 
type, many special cases have been treated ; but hitherto 
no comprehensive approach seems to have been made. 
Our results apply to Slater AO’s with any integra] 
effective quantum number and include the case of four 
different effective nuclear charges. The numerical coef- 
ficients through which the integrals are expressed in 
terms of certain auxiliary functions are computed for 
all cases involving orbitals with quantum numbers 1, 
2, and 3 (see Table II). The method, while based like 
most of the earlier work on the Neumann expansion, 
still differs from previous investigations in several 
respects. A survey of the literature and of existing 
numerical tables will be given in Sec. 5. 


1. THE GENERAL FORMULA FOR THE 
EXCHANGE INTEGRAL 


I 

Let us introduce the normalized Legendre functions, 

(2/+-1)(/—m)! 
2(l+-m)! 





4 
v(cosd) =| P,(cos#), (1.1) 


where 
P(cos?) = sin"d P,™ (cosd), 
P,™ (1) = (d"/dt™) P (0). 
The P,(¢) are the Legendre polynomials. We then may 


(1.2) 


2 See C. C. J. Roothaan, J. Chem. Phys. 19, 1445 (1951). 











Ya 





+R 


>» 


Fic. 1. 


y 


write the normalized Slater orbitals, 
1/v2, (m=0,1/+1<n), 


Crr"—e-t"P "(cosd) - < cosme¢, 


(1.3) 
(1<¢ m<l,1+1<¢n), 
sinmy, 


where 


Cr=(2¢)"+4/[ ar (2n)! J}. (1.3’) 


In order to form the charge distributions (B), we define 
the polar coordinates on the two nuclei a and 6 (see 
Fig. 1): 


La=xXy=X, ya=W=Y, d=[X2+ y?}},) 
a= go= y=arccos(X/d)=arcsin(Y/d), 
Za=3R—-Z, 2=43R+Z, 


. (1.4) 





COS0g=Za/Ta,  COSI,= 2p /To. 


In the charge distributions (B) which are formed as 
products from the orbitals (1.3, 3’), we may then sub- 
stitute 


cosm gy cosm’ p= 4{cos(m+m’)e+cos(m—m’) ¢}, 
sinmg sinm’ g=4{ —cos(m+m’)e+cos(m—m’) ¢}, 
(1.5) 


This permits us to consider the charge distributions 


sinm y cosm’ p= 4{sin(m+m’)e+sin(m—m’) 9}. 


Q= CaCw%a" 7,” exp( —(CSa— Core) 
[cos(m-+- m’') ~ 


sin(m+m’)¢ 


X P:"(cosda) Py” (cosd.)- (1.6) 


cos|m—m’| ¢ 





Lsin| m—m’'| 9 


as basic distributions. According to Eqs. (1.5) the 
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original product distributions are simple linear com- 
binations of the distributions (1.6). 

On the basis of Eqs. (1.1, 2, 4) one concludes that a// 
these distributions have the analytical form: 


Q=C exp(—fata— Fore) P(Zay Yay 2b, Yb) 
(1.7) 
(1.7’) 


deg cosM » 
sinM ¢, 


where (2g) is an even number, C depends on ¢, ¢’, M 
is zero or a positive integer, and the function p is a 
polynomial, homogeneous in (Za, 7b, 20, Tb). 

We now introduce elliptic coordinates (£, 7) by means 
of the relations*® 


ra=4R(E—n), roe=3R(E+n), OSES Ng 
d=4R[(—1)(1—?) }, Z=4REn, (—1Kn<1).) 


Thereby, the distributions (1.7, 7’) become 


cosMy (1.9) 
Q= kw(é, ne *ehn( $2 — 1)¥#/2(1 oa n*) M/2 | 
sinMyg,  (1.9’) 
where 
a= 3R(Sotho), B= 3R(Fa—fo), (1.10) 
k= R-*(REa)"2t4(REp) meth, (1.11) 


where a, m» denote the two principal quantum 
numbers, which were previously called m,n’. The 
function w(, 7) is a polynomial in (&, n) in which the 
coefficients are pure numbers. In the final equations 
(1.16, 17, 19) we shall use the numbers w,,; defined by 


N J 
27 3 (1+ dmo) }(E—n?)w(E, n)= DD wnjé"’. (1.12) 


n=0 7=0 


Explicit relations between orbital products (B) and 
properly defined charge distributions (1.9, 9’) are given 
in Table I for all cases involving the quantum numbers 
1, 2, and 3. The corresponding constants w,; (see 1.12) 
are listed in Table II. 


Il 


We proceed now to form the integrals (A) between 
all possible distributions of the type (1.9, 9’). Since for 
a given value of M, the two distributions (1.9, 9’) form 
the basis of an irreducible representation of the two- 
dimensional rotation-reflection group Co», it follows 
that the integral (A) will be different from zero only if 
the distributions 2(1) and Q(2) in (A) both contain the 
same factor cosM¢, or if they both contain the same 


3 Commonly, 7 is defined with the opposite sign. The present 
choice leads to functions B;“"(8), (1.20), which contain the 
exponential with a positive exponent instead of a negative one. 
This is preferable from every point of view. 
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Il 


TABLE I. The 14 Slater AO’s for quantum numbers 1, 2, 3, and the 65 corresponding charge distributions. 








The real Slater AO’s are defined in Eqs. (1.3, 3’, 3’). The 
following list gives the orbitals for m=1, 2, 3, and at the same 
time explains our notation. 


(1s) = (g8/m)te5" 
(2s) = (8/34) tre" 
(2pa) = (§5/m) tae $" 
(2pm) = ($5/m)txe— 
(2pa) = (55/7) 4ye—*r 
(3do) = ($7/2mr)*(2?—1?/3)e— 5" 
(3dar) = (2¢7/33)dxze—*" (3d5) = (2¢7/3m)44(x2— y2)e$" 
(3dm) = (2¢7/3x)tyze—$" (3d5) = (2¢7/3ar)4xye*" 
where s=r cos#?, x=r sind? cosy, y=r sind sing. 
The complex orbitals are defined by 


(3s) = (2¢7/5x)¥(r?/3)e-* 
(3po) = (2¢7/15m)4zre—5" 
(3pm) = (2¢7/154)txre—$" 
(3pm) = (2g7/15) tyre 


(2p1)._1 nga GPL A an 
(2p) Pr vae PPMP, 3,7) f= ql GPa) biG Pw) 
(dt). _ 1 apay (342). _ 
aa FUGdn)ei(3de)I, in) b= Fld) +i(3a8)}, 
(2p0)=(2p0), (3p0)=(3p0), (3d0)=(3de). 


Taking all products between the 14 real AO’s, we obtain all pos- 
sible charge distributions 2 (see formula (B) in the introduction). 
Our notation for these products is exemplified by 
(2p0)a:(3po)p= (2poadpor). 
However, instead of those products in which neither of the two 
factors is a &* type orbital (i.e., s, po, do) we introduce the linear 
combinations which are defined in the following formulas, where 
n,n’ represent one of the numbers 2, 3 and /, /’ represent one of the 
symbols p, d (see Sec. 1, Eqs. (1.5, 6)): 
$C (nlaqn'l’ xy) + (nlaqn'l'x) |= (nlaan'l’rZ), 
$((nlaqn'l’ xy) — (nlaan'l’r») |= (nlaan'l' mA), 
(nlaqn'l'») = (nlxqn'l' ry) = (nlaran'l’rA), 
$((3d5.3d5p) + (3d5.3d5y) |= (3d5.3d5,2), 
$[(3d5.3d5y) — (3d5a3d5y) |= (3d5.3d5,T), 
(3d5a3d5p) = (3d5.3d5s) = (3d5.3d5,T), 
$[(nlaa3d5p) + (nla3d5p) |= (nlxa3dépI1), 
4[(nlaxa3d5y) — (nl a3d5y) |= (nlaxa3d5pP), 





4 (nlxa3d5y) + (nl#.3d5y) |= (nlxe3db5,), 
4[(nlx_3d5) — (nl%a3d5y) |= (nlaa3d6y11). 


Thereby, all our charge distributions belong to irreducible repre- 
sentations of the two-dimensional rotation-reflection group Cas 
around the ab axis, and the following table classifies them ac- 
cording to representations. For the representations II, A, #, I’, 
only one distribution of each pair is listed. For example, 
(2pma3dmpA) is listed and (2pra3dmyA) is omitted, since this is 
sufficient for the evaluation of integrals (see Sec. 1, before Eq. 
(1.13)). Furthermore, when two distributions differ only by the 
interchange of the two nuclei a and 8, only one of them is listed 
(see Secs. 1, III and 2, VI). In this sense there exist 65 essentially 
different charge distributions, which are given below. 


28 =* type distributions (containing the factor cosOg =1) 
I. (1sq1sp)(25a2s¢) (350356) (15a25¢) (1503S) (2503582) 
II. (2poq2por)(3poa3 por) (2p003 por) 
III. (3do,3do;) 
IV. (1592 por) (25a2 por) (3502 pos) (1503 por) (2503 por) (3503 por) 
V. (1593dep) (25a3deb) (35a3do4) 
VI. (2p023d0r)(3p0.3de») 
VII. (2pma2pryZ)(3pmradpryd)(2pmadpmrsz) 
(2pma3drpZ) (3pmaddmpZ) (3dr—3dmp4Z) 
VIII. (3d6.3d5,2) 
21 II-type distributions (containing cos¢) 
IX. (1sq2pmp)(2sa2prp) (35a2prr) (2poa2pme) (3po2pry) (3doa2pr) 
X. (1sa3pm) (2503 pms) (3sa3pmv)(2poa3pmr)(3poa3prr) (3doa3pmo) 
XI. (15.3d5) (25q3d ms) (353d) (2poa3dms)(3poa3dms) (3do3dms) 
XII. (2pm_3d5:I1) (3p%o3d8pI1) (3d423d6511) 
12 A-type distributions (containing cos2¢) 
XIII. (15.3455) (25a3d5p) (35a3d55) (2 p003d5p) (3p0a3d5») (3doa3d5p) 
XIV. (2pme2prpA)(3pmadprrA)(2pmadpmrd) 
(3dma3dmpA) (2pma3drpA) (3 pma3dmpA) 
3 &-type distributions (containing cos3¢) 
XV. (2pma3diph) (3 pmadddyh) (3d2.3d5,h) 
1 T-type distribution (containing cos4¢) 
XVI. (3d5.3d6,T) 








factor sinM y. (See reference 2 in the section: “Choice 
of AO’S.” M must be the same in 2 and 2.) Moreover, 
these two types of integrals will yield the same result 
if M is the same. Thus, we may restrict ourselves to the 
cases that 2(1) and 22(2) both contain the same factor 
cosM ¢. 

Let us, therefore, assume that electron (1) occupies 
the distribution (1.9) and electron (2) occupies the dis- 
tribution 


= ka(é, n)e~*te®n(£2—1)™/2(1—42)™!2 cosMy, (1.13) 
&=4R(E,+6), B=3R(Fa—f), 
k= R-(R¢q)"2+4(REp) "+4, 


(1.13’) 
(1.13”) 


For the integration the inverse distance 1/ri2 has to 
be expressed as a function of the elliptic coordinates of 
its two endpoints. This is accomplished in a convenient 
way by the expansion of F. E. Neumann, which we 
Write 


~=45 5 (-1)—————Pi™I(£,)1™"(E2) 
ry: [=0m=-1 (I+ |m|)! 


XP!" !(91)Pi!™!(qodemre—me2, (1.14) 


A short derivation of (1.14) is given in Sec. 4 (see Eq. 
(4.14)). The Q,” are the associated Legendre functions 
of the second kind.‘ 

Formula (1.14) holds for £:< £2; one has to exchange 
£, and & in it for the case £,;>&. We have therefore to 
split up the integral into two corresponding parts in 
order to be able to use Eq. (1.14). 

After introducing (1.9, 13, 14) and the volume ele- 
ment in elliptic coordinates 


dV = (3R)3(#— n*)dtdndg, 


in the integral (A) one rearranges the terms and performs 


4 Our definitions of P;”, Q:” are those of E. Jahnke and F. Emde, 
Tables of Functions (Dover Publications, New York, 1945). Hence, 
we have Py"(n) = (1—92)™/*Py™(n), but Pim(t) =(2—1)"4P:™(é), 
Qi"(é) = (2—1)"79,™(£). 
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TABLE II. The constants w,; for the 65 distributions. 








All 65 distributions of Table I are of the form, 
hea(E, n)e~“e8 1(2@— 1) ¥/2(1— 4?) ¥/2 cosM , 
where w(£, 7) is a polynomial in & and n; see Eq. (1.9). Table II 
lists the constants w,; which characterize the related polynomials 
$n[4(1+-5m0) ](P—n?)w(E, 9) = Znj onsen; 


see Eqs. (1.12), (1.19), and Sec. 1, III. The rows correspond to the 
index mn, and the columns correspond to the index j. The last 
column of each table denoted by “cf” contains a common factor 
by which each element is to be multiplied. The order in which 
the 65 distributions are arranged corresponds exactly to the 
order employed in Table I. 


x+ type distributions 
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=+ type distributions—Continued. 
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TasBLe II]—Continued. 








z+ type distributions—Continued. z+ type distributions—Continued, 
IV—Continued. ViI—Continued 
Isa3por 1 2 ; 3poadsdor 
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35a3 por | 
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6 of 
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1/240(3)} 
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1/16(30)* 
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mR DS 
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1/288(5)4 
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TasLe II]—Continued. 








=+ type distributions—Continued. H-type distributions—Continued. 


VIII X—Continued. 


3db.3d8:2 | a cf 
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Il-type distributions 
IX 


Isa2pre| 1 cf 
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0 1 
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TABLE I]—Continued. 








H-type distributions—Continued. 
XI—Continued. 
2poasdry 1 é 3 


—! 


1/16(3)+ 





3poasdry | 


1 1/48(10)4 





3doa3drp 


MRWOHOSD 


—3 


1/96(6)+ 





2praddbpll 
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1/64(3)4 





3praddbpll 
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A-type distributions 
XIII 
1s,3d5p 


0 1 
1 1/1 
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XI1I—Continued. 
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TaBLe II—Continued. 








A-type distributions—Continued. 
XIV—Continued. 





2pmraddmpA 0 7 2 J of 
0 —1 
I a 
; 1 1/32(3)4 
3 1 
iedindl © 1 2 3 4 of 
0 1 
1 —1 
2 —1 —1 1/96(10)+ 
3 1 —1 
4 1 





-type distributions 








XV 
2prasdh| O 1 2 of 

0 =i 

1 1/64(3)4 
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®-type distributions—Continued. 


XV—C ontinued. 














3px3dib| O 1 2 3 cf 
0 1 
1 —1 1 
3 ™ 1/192(10)} 
3 1 

3dx.3dn?| O 1 2 3 cf 
0 —1 
1 1 
2 1 1/192(2)* 
3 —1 





I'-type distributions 


XVI 
3di3det| O 1 2 of 
0 —1 
1 1/384(2)! 


2 1 











a partial integration of the type, 
fo aee—perp@ese 
1 


x f d(x? — 1) ¥/2Q,M (x)e—a x" 
g 


=f age—1yrqo (eee 
1 
3 ‘ 
x f da(a*§—1)¥/2Py™(x)e—**0". (1.15) 
1 
Thereby, the integral (A) assumes the form, 


T= R-U(REa)"*t+( RE) (RE, tH RE) HS Ty, 
l=M 
(1.16) 


N WN 
I= Ii(a, &, B, s)=> > wn!(B)aa"(B) dna "(ar, &), 





17 
where — 
bea™ (cx, 8) = dan¥ (a, a) 

(I—M)! p* 
=(—1)™ dtO.™ 2_4) M2 
gor | £0 (8)(2—1) 


g 
x | eat gn f dx P (x) (x? —1)M/2e-aryn 
1 


E 
+ e-atgn f dxP;™ (x)(x?—1)¥/%e-27x~"}, (1.18) 
1 


and (see Eq. (1.12)) 


J 
Gal(B)=D @jBiM"(B), (1.19) 
7=0 


J 
wn'(B)= D0 onjBi™!"(B), 
7=0 


1 


B;™'(g) -{ dn®,™ (n)(1—n?) M/2@Bnyi 
1 


1 
2 


2 (l+m)! 





2/+1 (l—m)! . 
-| f dnP™(n)(1—n?)™/2e8m!. (1.20) 
—l 


Ill 


The general result (1.16, 17) is built up from two 
kinds of functions: (1) the two-parameter functions 
dna““(a, &) which are independent of the particular 
charge distributions 2, 2, except for the symmetry 
characteristic M; (2) the one-parameter functions 
wn'(B) and aa'(B), which do depend on the particular 
distributions @ and Q, respectively. This situation 
suggests that the dna”"(a, &) should be tabulated as 
functions of a and &; these tables may then be used for 
all integrals involving functions of the symmetry 
species M. Secondly, one would tabulate the wn'(B) as 
functions of 8 for every charge distribution 2. There are 
11 such distributions for the quantum numbers 1 and 2, 
and altogether 65 distributions for the quantum 
numbers 1, 2, and 3 (see Table I). It may be mentioned 
that the same functions w,/(8) appear in the three- 
center nuclear attraction integrals. 

In order to obtain the value of a particular integral I 
(There are 47 for quantum numbers 1 and 2; see Table 
III.) for certain parameter values a, &, B, B, one has 
then to perform the summations in Eqs. (1.16, 17) by 
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a desk computing machine according to the following 
pattern. One calculates the quadratic form (1.17) suc- 
cessively for /=0, 1, 2, ---. If the tables are arranged 
in an appropriate manner, this is not difficult, since the 
summation over ” comprises only a few terms: for the 
quantum numbers 1 and 2 we have V, N< 4; for the 
quantum numbers 1, 2, and 3 we have V, N<6. One 
then obtains for J the series (1.16). 

This series breaks off after a few terms, if B=0 or 
B=0 (see Sec. 2), i.e., if f2=f» or f2= >. If B and B 
are both different from zero but have their absolute 
value <1, then the convergence is rapid. For larger 
values of 8, B the integral is small as a whole. 

According to Eq. (1.19) the functions w,'(@) in turn 
are linear combinations of functions B;“'(8), which 
again are independent of the particular charge dis- 
tributions. In Table II the coefficients w,; of formula 
(1.19) are listed for all the 65 distributions with the 
quantum numbers 1, 2, and 3. To be exact, there are 
more such charge distributions, since to some of our 65 
distributions there correspond others which are ob- 
tained by interchanging the nuclei a and b. They are 
not listed, since we shall see in Sec. 2 (see Eq. (2.33)) 
that this interchange amounts at most to a change in 
sign of the functions w,,/(8). 

We are then left with the problem of evaluating the 
general functions B/“"(8), Eq. (1.20), and dna” "(a, &), 
(1.18). The following sections 2, 3 will deal with this 
question. 

When the exponents ~ are the same for the two 
electrons: (a={a, {s={», then the product (/-R) 
depends, according to Eq. (1.16), on the two parameters 
a=& and 6=8 only; if in addition, ¢.=¢, then (J-R) 
isa function of the one parameter a. In both cases (J- R) 
can therefore be tabuiated as a whole. All tables of 
exchange integrals that have hitherto been made are of 
this kind (see Sec. 5, II). For tabulation it may be 
useful to replace the parameters, a, @ by the new 
parameters 


p=3(at+a@), o=(a—2@)/(at+@). 
2. THE FUNCTIONS Bj*'(6) 
I 


From Eq. (1.20) it follows that the functions B;“"(8) 
may be defined by the expansion, 


(1.21) 


(I-AMrati= S BABE), — (21) 
l=M 


which by virtue of Eqs. (1.1, 2) is equivalent to the 
expansion 


roa ume 


2 
sdtaiecinciesi B,™! B G40 ¥). 2.2 
ee (8) (t). (2.2) 


l=M 
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TABLE III. The 47 two center exchange integrals between Slater 
‘orbitals with quantum numbers 1 and 2. 








Among the 65 distributions of Table I one finds 11 distributions 
which involve only orbitals with quantum numbers 1 and 2. 
Between these 11 distributions there exist altogether 47 exchange 
integrals which do not vanish. They are listed below. 

The following notation is adopted: 


[avi f dV (1 /re) 2(1)(2) = [0/7], 


It is applicable to any integral of the type defined in formula (A) 
in the introduction. For the exchange integral (see Eq. (B) of the 
introduction) we have therefore 


[2|2}=[Cxaxe’ | XaXe' J= (xa(1)Xa(2) | 1/ri2| Xv’(1) x0"(2)), 


where the well-known Dirac notation has been employed on the 
right-hand side. 


34 integrals involving 2+ type distributions. 


I. 
[1sq1sp| 1sa1sy], [2sa2sy| 25a2sy], [1sa1sy| 25a2s,] 
[1sa1sp| 1sa2sy ], [2sa2s,| 152s, ], [150254 15a2s,], [150259| 2salsy ] 
II. 
[1sa2po4|1sa2por], [15a2pon|2poals, ], [2sa2por| 2sa2por ] 
[2542 pon|2poa2sy ], [15a2por|2sa2por], [1sa2por| 2poalsy ]} 
III. 
[1sq1s,|1sa2por], [15a1s,|2sa2por], [25a2sy| 1sa2por ] 
[2sq2sy|2sa2por], [1522s,| 15a2pon], [15a2s4|2poalse ] 
[15.2s,|2sa2por ], [15.2s»|2poa2sr } 
IV 
[2poa2por|2poa2por | 
[1sq1sy|2poa2por], [2sa2sy|2poa2por |, [15a25,|2poa2por | 
[1sa2pon|2poa2por], [2sa2por|2poa2por | 
V. 
[2pmra2pmyd|2pra2mr= | 
[1sa1s, | 2pra2prrz |, [2sa2sy | 2pra2prrz |, [1sa2sp | 2pra2prse | 
[1sa2poo|2pra2pmz ], [25a2pon|2pra2pmez | 
[2poa2por|2pra2prre | 

12 integrals involving I-type distributions. 
VI. 
[1sa2pmo| 1sa2pmy], [15a2prn|2pmalsy |, [2sa2pmo| 2sa2pme | 
[2sa2prp|2pmra2sy |, [15e2pms|2sa2pmo], [15a2pre|2pwa2sp |] 
VII. 
[2poa2pmry|2poa2pmr ], [2poa2pmy|2pra2por | 
[1sa2pmy|2poa2pmy }, [15a2pms|2pra2por | 
[2sa2pmo|2poa2pmr }, [2sa2pre|2pma2por | 


1 integral involving A-distributions 


VIII. 
[2pma2pryA|2pra2pmrA | 








II 


Let us start by showing how to compute the B;“’ 
for the value B=0. We differentiate (see Eq. (2.1)) 


i 3) 


v=) B;"(0)0i(2) 


l=0 


(2.3) 


M times and compare with Eq. (2.2), where we put 
B=0. Thereby, we obtain 


ses j! 
( 


j+M)! _ 





(=| Bi+m"(0), 


(I—M)! 
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which enables us to compute the B;“(0) from the 
B;*(0). In order to compute the latter let us write 
(see Eq. (1.20)) 


B;"'(8) =(.2(2/+- 1) }0;'(8), 





(2.5) 
1 
a(a—=3 [ aeP(ner. 
| 
Then we have the well-known result® 
i! (4(j+1))!) for (7j-)20 
b,!(0)=2! J 3(j+/) J-Y2 
(j+/+1)! ((j—/))!) and even, (2.6) 
b;'(0)=0 for all other j-values. 
III 
Now we note that according to Eq. (1.20) 
(d/dB) B“"(8) = Bj41""(8), (2.7) 


whence the Taylor expansion, 
hk 


o KX 
B;™'(B) aaa By™"(Bot+ h) — > Pie Bo)» (2.8) 
k=0 R! 


which converges for any value of /, since it can be ob- 
tained by expanding the exponential in Eq. (1.20). 

In the case of small 6-values we can therefore com- 
pute the B,“’ through the series 


2 BF 
By"(8)=¥ —Bixe™O), (2.9) 
k=0 R! 

which employs the values B;“'(0), which we have just 
discussed.® 

Having found the B;“’ for a certain range of 8-values, 
one can then proceed step by step to larger 6-values by 
means of Eq. (28). This method of successive Taylor 
expansions is known as ‘‘derivative method,” it is self- 
checking.’ 


IV 


The computations can be simplified or checked by 
means of the following two recurrence formulas: 





Byi™'=ay (DBM Y+ay(I 41) BMG», (2.10) 
where 
ay(!)=a0(I)[1—(M/I)?}, ag) =(4—-1/2)-4; (2.11) 
and 
1 7(+M)!7} 
Bo(a)=—| Bo" (8). (2.12) 
B!LZ-—M)! 


5See E. T. Whittaker and G. N. Watson, Modern Analysis 
(Cambridge University Press, London, 1946), p. 310. 

6 The computation of the functions U;,=x*/k! is discussed in 
Tables of Sine, Cosine and Exponential Integral, prepared by the 
Federal Works Agency under the Sponsorship of the National 
Bureau of Standars (N.Y.M.T.P., 1940), p. xii of the Introduction 
to Vol. I. See also Sec. 5, II(4) of the present article. 

7For a detailed description see the “derivative method” on 
page xiii ff. of the introduction of Vol. II of reference 6. 
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Equation (2.10), which permits the computation of the 
B}/' from the By™’, is verified in the following way. One 
multiplies Eq. (2.1) by ¢ and then applies the relation, 


tO! = au (1)Pi-1“+amu(I+1) Pin, (2.13) 


which is equivalent to the well-known recurrence 
formula for the Legendre functions. Equation (2.12), 
which permits the computation of the By”'(8) from the 
Bo*'(B), is obtained when one compares the Mth 
derivative of (see Eq. (2.1)) 
et = )7 Bo" (B)Pi(t) (2.14) 
1=0 
with Eq. (2.2) for 7=0. 
Through Eqs. (2.5, 10, 12) all functions B;”! are 
reduced to the functions: 


1 
by'(8)=4 J dtP,(t)e*. (2.15) 
—1 


These are related to the Bessel functions whose order 
is half an odd integer. In fact the bo’ are the so-called 
spherical Bessel functions of purely imaginary argu- 
ment, 


bo'(B) = 4/26 }*1143(8). (2.16) 


Here /,(x) is the modified Bessel function of purely 
imaginary argument of order v, defined by 
I,(x)=i-’J,(ix) (« real), (2.17) 


where J,(z) denotes the ordinary Bessel functions of the 
first kind.* The recurrence formula for the Bessel func- 
tions is equivalent to 


(21+ 1)bo'= B(bo'!— bo'**), 


which follows from Eq. (2.15) through partial integra- 
tion by virtue of the relation: 


(2/+-1)Pi(t)= (d/dt) { Pixs()—Pi-s()}. 


The explicit form of do! is 


(2.18) 
(2.19) 


1 
b= > P,™ (1) ——{ (— 1) e® — (—1)"e*} 4. (2.20) 


m=0 g=t 
It is derived from Eq. (2.15) by successive partial 
integrations. We have’? 
1 (/+m)! 
2™m! (l—m) 
P,™ (1) =[(-+-m) (I-41 —m)/2m Pi" (1), 
P,(1)=1, (2.22) 
bs°= (1/8) sinhB, bo'= (1/8)(cosh8—by"). 
8 See G. N. Watson, Bessel Functions (Cambridge University 
Press, London, 1944), p. 50, formula (2), and p. 77, formula (2). 
See also reference 12, pp. 231-232. 


® See reference 5, p. 309. 
10 See, reference 4, page 111. 








P™-(1)= (2.21) 
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The spherical Bessel functions have recently been very 
accurately tabulated for real values of the argument,!! 
but for purely imaginary argument values no extensive 
tables seem to exist yet.” According to a recent per- 
sonal communication of Dr. M. P. Barnett,'** the 
Department of Applied Mathematics in the University 
of Liverpool (Director Dr. C. W. Jones) has computed 
such tables; they are not yet published. 


V 


In order to calculate the functions do’, the method of 
successive Taylor expansions, as described by Eq. (2.8) 
for M=0, is the most systematic one. However, other 
ways of evaluation are possible. 

The recurrence formula (2.18) reduces the number of 
significant figures rapidly if one tries to proceed from 
lower to higher /-values, but it is possible to employ it 
in the inverse direction, descending from higher to 
lower /-values: 


bo'= (21+ 3)/B }bo'*!+-bo'*?. (2.24) 


This procedure involves a loss of decimal places but 
not of significant figures. 

For sufficiently large values of 8 the explicit result 
(2.20) may be used for computation. 

Another method consists in decomposing the P,(é) 
into powers of ¢: 


Pi(t)= put'+ piu—st'?+ +--+ {put or pr}, (2.25) 
b= —L+1)+2)/U+r+1)0—r) ]pie+2), 
pu= (21)1/2*(L!)*. (2.26) 


Then the functions (2.15) can be expressed in terms of 
the functions!* (see Eq. (2.5)) 


1 
1 f dte®4"=b,."(8), (2.27) 
—1 


which have to be evaluated separately by means of the 
recurrence formulas: 
xb,°(x) = sinha—nb,_1°(x), 


xb,°(~) = cosha—nb,_1°(x), 


n= even, 


n=odd, (2.28) 


xbo°(x) = sinhx. 
This method and the computation from Eq. (2.20) both 


'' Mathematical Tables Project, National Bureau of Standards, 
Tables of Spherical Bessel Functions (Columbia University Press, 
New York, 1947), 2 volumes. 

* A comprehensive bibliography of tables of Bessel functions 
has been published by H. Bateman and R. C. Archibald, in 
Mathematical Tables and Other Aids to Computation (July, 1944), 
Vol. I, p. 205. Spherical bessel functions on p. 231. 

“Kotani, Amemiya, and Simose (see reference 40) have 
Prepared a limited table of the functions (—1)'2b9', which is not 
mentioned in reference 12. Recently, Barnett and Coulson (see 
reference 43) have given a short table of the functions /1,;(x). 

*M. P. Barnett and C. A. Coulson, Trans. Roy. Soc. (London) 
243, 221 (1951). 

“The functions (2.27), all of which are positive for positive 
8-values, are related to the functions B,,(x) of reference 1, reference 
40, by B,(x) =(—1)"2b,0(x). 
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contain the difficulty that for small 8-values large terms 
with opposite signs add up to a small result. One can 
avoid this partially by grouping together consecutive 
terms and using the recurrence formulas (2.22) and 
(2.26), respectively. 


VI 


Let us add that the functions B;“"(8) have to be 
computed only for 820, since from Eq. (1.20) we find 


BM'(—B)=(—1) 4M BB). (2.29) 


This permits a further simplification: Let us consider 
the two charge distributions (see Eq. (B) in the 
introduction) 


Q(1)=xa(1)x0'(1) and (1) = xa’(1)x0(1). 


These will lead to two different polynomials w(é, 7) and 
w’(&, n) (see Eq. 1.9)), which according to Eqs. (1.4, 8) 
will satisfy the relation, 


(2.30) 


w’(§, n)=w(é, —7), (2.31) 
whence by virtue of Eq. (1.12), 
Wnj = (—1)%wn,;. (2.32) 


Introducing this and Eq. (2.29) in the definition (1.19), 
we finally obtain 


wn''(B)=(—1)'*™wn'(—8). 


Therefore, only one of these two sets of functions has 
to be computed. The generalization for the case that 
the distribution 2 (1.9) is a sum of two orbital products 
is obvious. 


(2.33) 


3. THE FUNCTIONS ¢,;:"'(a, @) 
I 


If one intends to evaluate the functions ¢n4™! (1.18) 
by a numerical integration, the following transforma- 
tion seems to be useful. From Eq. (1.18) it follows that 


l—M ! «© Fad 
( =f P (£) 


(l+M)! 





=———(d/dé) 


dna! =(—1)™ 
P,“(&) 


g 
x | f dxP,™ (x) (x?—1)™exp(— ax)x” 
1 


E 
xf d&P,™ (£)(#?—1)™”!? exp(— a%)z* ' 
1 


Partial integration yields 
I—M)! f* d Q,™ 
buat —(—1) “f af =< = It 4, 
(+M)! 41 dé P,“(é) 


In differentiating the quotient (0;“/P;“), we make use 
of the relation (4.19) in the Appendix of Sec. 4. This 
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leads to the result, 


bun™"(a, &) = J de(@—1)-"f.MU(E, a) fad(E, &), (3.1) 
1 
where 


g 
In™(E, a)=[1/P 1 f dxP ;™ (x) (x?—1)¥/2e—e2x", 
(3.2) 


From Eqs. (3.1, 2) it is seen that the functions $,4™”' 
are always positive. 

It would be tedious to compile a table by numerical 
integration, but this method could be employed for one 
set of values (a, &), let ussay, for a= &=1, (For a=a&=0 
the elliptic coordinates are inappropriate.) One could 
then continue by the method of successive Taylor 
expansions based on the formulas, 


o hk MI 
dna '(a+h, a)=L 1)¥bin4nyala, &), (3.3) 
k=0 k! 
hk 


nL MI 
dona“ (a, a+h) => — 1)’ bni+n) (a, a), (3.3’) 
k=0 R! 


which are analagous to Eq. (2.8). 
Another way of evaluating the ¢,4™”’ is furnished by 
the recurrence procedure which will be discussed sub- 


sequently. 
Il 


Proceeding from the simple to the complex, let us 
start by computing (see Eq. (1.18)) 


go (a, &) = (a, &). (3.4) 
From Eqs. (3.1, 2) it follows that 
6=(1/aa) f ax(e—1) 
X {expl— (a+) ]+expl—(at+&)£] 
—exp(— a) exp(— &£)—exp(— @) exp(—aé)}. (3.5) 


The first term yields coth—'¢ again. The remaining three 
terms are integrated by decomposing (£?—1)~ into 
partial fractions and introducing the exponential in- 
tegral’® 


Bi(a)= f dt(e‘/t) for x realand <0. = (3.6) 


—e 


Before inserting the lower limit £=1, one expands" 


an 


Ei(x) =C+log]| «|+E nee 


’ 
n=1n-n! 


(3.7) 


18 See reference 4, p. 1. Sometimes the exponential integral is 
defined with a different sign. We employ the definition of Jahnke 
and Emde, which is also adopted in reference 6. 
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where C=0.577215:- - - istheconstant of Euler. Thereby, 
all infinities at the point £=1 cancel, and one obtains 
the result, 


p= (1/ad&) exp[—(a+ &) ]{ &(a)+ 6(&)— 6(a+a)}, 


(3.8) 
where 
&(x) = 3{C+log2x—e** Ei(—2x)}. (3.9) 
Let us define 
Go(x) =e-*8(x), (3.10) 
Fo(x) = (1/x)Go(x), (3.11) 
Ao(x) = (1/x)e-*. (3.12) 


Then the function ¢ (3.8) may also be written 
b= (1/ad) | exp(— a)Gy(&)+ exp(— &)Go(a) — Go(a+&)}, 


(3.13) 
$= A(a)Fo(@)+ Ao(&)Fo(a)—[(1/a)+1/a]Fo(a+a). 
(3.14) 

III 


Our next step is to evaluate the functions $,,°"(a@, &). 
It is however convenient first to consider three sets of 
auxiliary function which are derived from the functions 
Ao, Fo, Go (3.10-12): 


A n(x) — f die—=*{" = (— 1)"(d"/dx")Ao(x), (3.15) 
1 


F,(x)= f “ diQo(te-24t"=(—1)"(d"/dx")Fo(x), (3.16) 


G(x) = (—1)"(d"/dx")Go(x). (3.17) 


From Eggs. (3.15, 16) one obtains, by the method illus- 

trated below in Eq. (3.24), the recurrence formulas, 
vA p(x) =nA p_-1(x) +e, (3.18) 
xF (x) = nF n-1(x)+G,(x), (3.19) 


which together with Eqs. (3.11, 12) permit the com- 
putation of the A, and the F,, when the G,, are known. 
For the latter we find the recurrence procedure: 


Go(x) = 4e-*{C+log2x—e* Ei(—2x)}, (3.20) 
G,(x) =4e-*{C+log2x+e Ei(—2x)}, .(3.20’) 
G(x) =Gn—2(x%) — A n—-2(x), (3.20”) 


which follows from Eqs. (3.9, 10, 17). 
Let us proceed to the functions ¢,4°°. Several methods 
of computation are possible. By inserting Eq. (3.13) in 


Gni(a, a) — Pna(a, a) 


= (—1)"+*(9"+*/9a"9a") (a, &), (3.21) 
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we obtain the recurrence formula, 


Oni= (n/a) (n—1)at (R/&) nar) 


— (nfi/a&)(n—1)(n-1) + (1/a&)Rna(a, &), (3.22) 
where 
Rial, &) =G,(a) exp(—@) 
+exp(— a@)Gi(@)—Gnrza(at+a&), (3.23) 
that is: 
dna= (1/08) { ANG nat a" Onin) — NNG(n—1) 1) 
+6-*G(&@) +e-*G,(a)—Gria(at+&)}. (3.237) 


This method requires only the auxiliary functions A,(«) 
and the G,(x), which are easily obtained from the A,(x). 
The relation (3.23’) follows from the identity (see 3.13) 


(—1)"¥4(a"+4/aqaar) (aad) 
= (—1)"+4(a"+*/aqraa") 

X {e-*Go(&) +e-*Go(a) —Go(a+a)} 
0"** (aa) 


n mn GN n 
” 2 ( : )( Jenna i 
i= k=0 \j k 0(— a)’d(— a&)* 


=6-°G;(&) +e-*G,(a)—Gria(ata). J 


(3.24) 








In the same way one finds the less simple recurrence 
formulas, 


Anal a, &) me NP(n—1al@, a) 


an! 1 
+> —-———R,x(a, &), (3.25) 
50 p! (@—F+1) 
Fbna(a, &)=Nd, (a—y(@, a) 
n n! 1 
+3 —-———Rula, @). 3.25’) 
pa y! (a™—*+1) 


A second method is obtained if one inserts Eqs. (3.12, 
14) in (3.21). Then we may write (Kotani) 


dna(a, &) =Snala, B+San(&, a), (3.26) 
where (see Eq. (3.16)) 
Sna(a, &) = (—1)"(0"/da")(1/a) 
X {e*F n(@) —Fa(at+a)}, (3.27) 


whence, by the method illustrated in Eq. (3.24), the 
recurrence formula, 


Sna(a, & = (1/a) {nS (n—1 ala, &) 
+e“*F (&) — Frin(a+a)}. 


This method excludes the possibility of exploiting the 
telation, 


(3.28) 


(3.29) 


dnala, &) = ban(&, a). 
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Third method: By inserting Eq. (3.14) in Eq. (3.21), 
one may also write (see Eqs. (3.15, 16)) (Rosen-James) 


dnala, &) = A n(a) F 5(&) 


+F,(a)A i(&)—Tra(a, &), (3.30) 
where 
Tala, &)=T' na(a, &)+T' an(G, a), (3.31) 
T’ na(a, &) =(—1)"(0"/da")(1/a)Fa(at+a), (3.32) 
or (see Eq. (3.13)) 
T na=(—1)"**(0"t*/da"d&*)(1/a&)Go(at+a). (3.33) 


From Eq. (3.32) there follows the recurrence formula, 
T’ na(a, &) = (1/a){nT’ (n-1)a(a, &) 
+ Frnin(at+&)} 
for T’,«. For T,,; one finds from Eq. (3.33) 
Pna=(n/oe)T (n—1yat (R/&)T nary 
— (nti/a&)T (n—1) (ary + (1/a&)Grsn(ata&) (3.35) 


and 


(3.34) 


al ys(a, &) =nT n—1ala, &) 
an! 1 
+5 ———Grdeta), (3.36) 
Saul p! (Qr-? 1) 


aT pala, &) =NT nn (a, a) 


n n! 





Gyialat @). (3.37) 


v=0 pv! (q”~’t!) 


The derivation of Eqs. (3.34-37) follows the pattern of 
Eq. (3.24). , 
IV 


We come now to the third step, which consists of 
finding the function ¢,°(a, &). Let us write 


Gna” =Gna, Gna =((2—1)/P Jona’ (121). (3.38) 


We will prove that the ¢,,«' can be obtained by the 
following recurrence procedure: 


onu'= (b;_2/bi-1) Ona’ 2+ aa, (12 2), (3.39) 


- F 1-2 
Vn _ Wnat biginsay(a ++ bi_2Pin+1 (a+) 


1-1 i-1 
—_ bi { Pinta Pn(ni+2) ’ (I> 2), (3.40) 

where 
by=1, (3.41) 


The reciprocal of 5; is equal to the square of apo(/) 
defined in Eq. (2.11). The procedure (3.39, 40) consists 
of two steps: From the gna’ one computes the Waa’, 
and one then passes from the Pra! to the gna'*'. For 


b=4—(1/2) for 121. 
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1=0, 1 the following relations have to be added 


1 0 


Pna=Wnay (3.42) 


1 1 1 0 0 
Vni=3 ney (att Pna— Pin+ 41) — P(n42)A 


— pint An(a)Anys(@)-+Anga(a)Aa(&), (3.43) 
Ves= bacclidesn —Apn(a)An(&)—Ana(a, &), (3.44) 
where 
Ana(a, &) =(—1)"**(0"**/da"da*) 

X[1/aa(at+&) ]expl—(a+a)]. (3.45) 


These functions are computed by means of the recur- 
rence relations: 


A na=(1/at+&) {NA (nya NA n~a-ry FHA n(a)Aa(@)}, 
(3.46) 
(3.47) 


in Eq. 


Aoo(a, &) = (1/a+&)Ao(a)Ao(a), 


which are found by the method illustrated 
(3.24). 


Proof of Eqs. (3.39-45) 
Multiplying the two recurrence formulas'® 


LP (x) = (2/— 1)«P)_1(x)— (l— ml 
(1>2 


(3.48) 


101(&) = (21—1)£01-1(€) — (I-1) Q-28), (3.49) 
we find for />2 
Ri(x, &) = (b:~-2/bi-1) Ri-2(x, &) 


+b;_:ERi_1(x, £) — Sii(x, f), 


Ro(x, &) = Po(x)Qo() ; 
Ri(x, £) = (?/21—1) Pi(x)Qi(€), 


(3.50) 
where 


(221); (3.51) 


and 
Si(x, €)=1{aPi(x)Qir(E)+ EPi-1(x)Q.(E)}, 
(121); (3.52) 


b; is given by Eq. (3.41). Applying the two relations 
(3.48, 49) to (3.52), we furthermore find for />3, that 


Si(x, )=Si_o(a, &)— 2b;-2xERi_2(x, €) 


+bi-1(x?+ &) Rial, §), (3.53) 


and for /=2 
So(x, £)= —Ri(x, &)—xERo(x, &) 

+b;(x?-+ £)Ri(x, &). 
Now we have from Eqs. (1.18), (3.38, 51) 


(3.54) 


~ é 
Ona! = f at{exp(—ab)e J dx exp(— &x)x"R,(x, £) 


g 
+exp(—ae)e* [ dx exp(—ax)«*Ri(x, |. (3.55) 


16 See reference 4, p. 114. 
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In addition, we define for />1 


Saale, Cn a a)—{ ae| exp(— ade 
g 
x f dx exp(— &x)x*S)(x, £) 
1 


E 
+enp(—ae)e f dx exp(—ax)x"S)(x, |, (3.56) 


and 
(3.57) 


Wna"(a, &) pes Pnal(a, a). 


Then Eq. (3.50) combined with Eqs. (3.55, 56) yields 
Eq. (3.39). Equation (3.53) combined with Eqs. (3.55, 
56) yields Eq. (3.40) for /> 3. Equation (3.54) combined 
with Eqs. (3.55, 56, 57) yields Eq. (3.40) for /=2. 
Furthermore, Eq. (3.57) is identical with Eq. (3.42). 

Therefore Eqs. (3.43, 44) remain to be proved. From 
the equation, 


P,(x)Q1(E) = x{ EQ0(E) — 1} = xEPo(x)Qo(E)— x 
follows [see Eqs. (3.55, 57) ] 


(3.58) 


0 0 
Vna= Pn4i)(A41) 


sa § 
"— f ae| & exp(— at) f dx exp(— Gx) xat! 
1 1 


E 
+é exp(—at) [ dx exp(—ax)x"*! ; 
1 


gnta 


0 = 
Vna = Pint (aty — (—1)"** : 
0a" da" 





exp(—a) exp(—&@) exp[—(a+4@) ] 
«| aera 
a & ad(a+ &) 
This formula becomes identical with Eq. (3.44) when 


we insert the definitions (3.12, 15) and (3.45). 
Finally, from Eq. (3.51, 52) we have 


Si(x, £) = x°Qo(E)+ £{ EQ0()—1} 

= (x*+ £)Ro(x, &)—&. 
To this we add Eq, (3.58), whence 
Si(a, &)= (a+ + a€)Ro(x, £)—Ri(a, £)— (x +8), (3.61) 
which by virtue of Eqs. (3.55, 56) yields 


(3.60) 


1 1 1 0 
Wri = Digmenaent Pni— P(n+)) (i+1) 


0 0 
? 
= Y(n+2)n OnarDtI nas (3.62) 











elds 
3.55, 
ined 
== 2, 


‘rom 


58) 


(3.59) 


when 


(3.60) 


(3.61) 


(3.62) 








where (see Eqs. (3.12, 15)) 
Jua=(—1**(am4/aaraa)  de(d/de) 
1 


g 3 
x| f dx exp(—az) J d& exp(&Z)z 


g 3 
+f dx exp(—ax)x f dz exp(— &Z) , 
1 1 


(3.63) 
J nit = A n(@)Agi(@)+A n+1(a@)Aa(@). 


Thereby, we have verified all of the Eqs. (3.39-45). 
V 


The final step of our evaluation leads from the func- 
tions @na” to the functions ¢,,,”"'. It is performed by 
the simple recurrence formula, 


(M+1)/ MI M(l—1) 


Pn = denen ciey —L (I+ M)/(2/+-1) ]bna 
M(I+1) 
—[{(+1-—M)/(2/l+1) oni =, (3.64) 
which we shall now derive. 
Let us call 
fl" (x) = (x2 1)¥/2P M(x) = (x2— 1)" (d¥/dx™) P(x). 
(3.65) 


By performing the product differentiation on both sides 
of the identity 
(x?— 1)(d/dx)(a?—1)”/?P/" (x) 
—_ (x?— 1)(d/dx) (“?— 1)¥P,™ ) (x), 
we get 
f(x) = —Maf/" (x) 
+ (”?— 1)/2(4?— 1) (d/dx) P“ (x). 


This equation we combine with either one of the fol- 
lowing two recurrence formulas.” 


(x*— 1) (d/dx) P™ (x) 


(3.66) 


= (1+1—M)Pi4i"(x)—(1+1)xP"(x), (3.67) 
(x°— 1)(d/dx) P™ (x) 
= — (1+ M)Pi-" (x) +1xP"(x), (3.68) 
whence 
fl *\(x) = (1+-1—M) fis” (x) 
—(1+1+M)xfi"(x), (3.69) 
fi" "(x)= —-(I4-M) fi (x) +(1—M) afi" (x). (3.70) 
The same relations must hold for 
gr (&) = (€—1)"70,""(&), (3.71) 


hence 
g(8) = (41M) gus (6)— (414+ M) eg" (6), (3.72) 


gi *1(E) = — (+ M)g_s™(é)+ (/— Mg" (8). (3.73) 
See reference 4, pp. 114, 155. 
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Now we perform the following operation 
[1—(M+1)]! 
(+ (M+1)]! 





{(I—M)- (Eq. 3.69) (Eq. 3.72) 


+ (1+1+M)- (Eq. 3.70)- (Eq. 3.73)}, (3.74) 
and use the relations” 
(21+ 1) afr! (x) = (14+ M) fis™ (x) 
+(/+1- M)fisi" (x), (3.75) 
(21+ 1) Ege” (€) = (4+ M) gi_-1™ (£) 
+ (1+1—M)gisi"(&), (3.76) 


in order to simplify the expression on the right-hand 
side of Eq. (3.74). The result is 


[/—(M+1)]! 


[+ (M+1)]! 


(/—M)! . M( :) M ( ) 
“a 


1+1-—M (l+1-M)! wv Vv 
—fi4i(%) g141(€) 
2i+1 (/l+1+WM)! 


I+M (l—-1—M)! » M ’ 

—fi—a(x)gi-1(€). (3.77) 
2/+1 (/—1+M)! 

Upon substituting Eqs. (3.77) and (3.65) in Eq. (1.18), 

we obtain Eq. (3.64). 





ft \(x2)g,4+1(£) 











VI 


There exist other formulas which are satisfied by the 
functions dna’. 

A relation connecting the $4”! with the draq%t! 
can be derived from (1.18) by partial integration and 
application of Eq. (4.19), but this relation is more 
complicated than Eq. (3.64). 

A relation connecting the @na”! with the daa “t+? 
can be derived by first introducing Eqs. (3.67, 68) into 
(1.18), then integrating by parts and finally simplifying 
by virtue of Eq. (4.19). The recurrence relation ob- 
tained in this way is again more complicated than the 
scheme (3.39-45). 

Finally, it should be mentioned that the functions 
dna” are related to the generalized exponential in- 
tegrals’® E,,(x) defined by 


Eq(a)= f dx, f d%Xn- f dX,—2*** 
xf dif dxyer/xs (3.78) 


18 See Eq. (3.65) and reference 4, p. 114. 

19See A. Unsild, Physik der Sternatmospharen (Verlag. Julius 
Springer, Berlin, 1938), p. 467. V. Kourganoff, Ann. astrophys. 10, 
282, 329 (1947). G. Placzek, “The functions Z,(x),” and J. 
Lecaine, “Integrals involving the functions E£,(x),”’ both edited 
by the National Research Council of Canada, Atomic Energy 
Project, N.R.C. No. 1547 and No. 1553. Kourganoff uses the 
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Considering, for example, the functions ¢,,,°, one 
may introduce the Neumann formula,” 


Qia)=3f aPun/(e—0 (3.79) 


in Eq. (1.18). Then partial integration yields 
1 «© 
goo" = —F f dtP,(t) expl — (a+ &)t] f dxP (x) 
ani 1 


X {exp[— a(x—2) JEi(— &(«—2)) 
+exp[ — &(«—?) JEi(— a(x—2))},(3.80) 


and by further partial integrations, the goo" can be 
expressed in terms of the functions, 


(1/x") f dtP,(t)e?"- Ey, (—x(1—2)). (3.81) 


4. THE NEUMANN EXPANSION 


Since Neumann’s deduction”! is rather cumbersome, 
the following short derivation which proceeds along 
different lines, will perhaps be appreciated. 

Let the elliptic coordinates (£, 7) again be defined 
by Eq. (1.8). We note that the directional derivative 
in the outward direction perpendicular to the ellipsoid 
£=const is given by” 


(d/dn) = (1/N)(0/98), 





N=N(E, 0)=3RL(—n2)/(P—-1)]'. (4.1) 
Furthermore, we denote by (see Eqs. (1.1, 2)) 
21+1 (/—|m|)!7! | 
vin =| ] Pimioneins 
4x (1+|m|)! (4.2) 


=[1/2a }O:'"'(n)eme, 


the normalized spherical harmonics. 

As a preliminary problem, we calculate the potential 
of a surface charge distribution o(n, ¢; ’) on the 
prolate spheroid =const=é’ (é’ plays the role of a 
parameter). 

The result is, that if the coefficients A,” 
by the expansion 


are defined 


oo 1 
1)-o(n, 9; M)=2 Le Ay(é’)Vi"(n, ¢), 
(4.3) 


N(é’, 0): (€?— 


functions K,(*)=—£,(—«x), and Placzek-Lecaine denote K,,(x) 
by the symbol £,(x). 

20 See reference 5, p. 320. 

21F, E. Neumann, Vorlesungen iiber die Theorie des Potentials 
und der Kugelfunktionen (B. G. Teubner, Leipzig, 1878), Chapter 
13. Original publication: Crelles Journal fiir reine und angew. 
Mathematik a 21 (1848). 

# See, e.g., L. Pauling and E. B. Wilson, Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1935), p. 444. 
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then the potential is given by 


He ec eyete th capaci 
e(E, 7, 9; &)= ro L ae | sprmrearmer rap (-+|m|)! 
% Ar(é') Pil (E)Q1'""(E) Vin, ¢); 


(4.4) 
(/—|m|)! 


(1+ |m|)! 
KAr™(E')Qi'™!(E) Pi! (E)Vi"(n, ¢), 
where U, holds for >’, and U; for &<¥’. 


UE, n, 9; &)=40 y z, {~i} 


l=0 m=—l 


Proof of (4.4) 


Firstly, it is seen that the potential is continuous for 
é=¢’. Secondly, it is well known that all functions 


[O''()¥i(n, ¢)] and [P.'"!(€)¥y"(n, g)] are solu- 
tions of the Laplace equation in elliptic coordinates, so 
that we have, 


V?U.=0 for &>#’, V?U;=0 for <i’. 


In the third place, we find that on the spheroid =?’ 
the normal derivative has the discontinuity 


{(0U./dn)— (dU ;/dn)} ex 
= {1/N(é’, n)} {(0U./0&) — (AU ,/0€)} g-e 








tn = |m|)' 
as ae) 
N(&, 9) Um (/+-|m|)! 
P,imi(g ono 
dé 
aPimi(® | 
—Q,'=\(¢’)}————_-;_ Y.*(», o) 


§=§’ 


which by virtue of the formula (4.19) in the Appendix 
of this section becomes 


{(0U./dn)— (dU ,/dn)} ¢-r 
=[40/(1—£)N(E, 2) 101m AE) Vr"(n, 9) 
= —4rna(n, ¢; &’). q.e.d. 


Let us now pass to the potential of a 3-dimensional 
charge distribution p(&, 7, ¢): 


U(é, 2, o= fav'oe, n’, ¢')/r 


-f dt’ | —dS'N(é', n')o(€', 1’, ¢’)/r. (4-5) 
i S(t’) 


Here S(é’) is the spheroid surface £=£’ and dS’ the 


surface element on it. NV is defined in Eq. (4.1). When 


%8 Concerning the definitions of Py”, Q:" see footnote 4. Neu 


mann used different Q:”. 














t.4) 


; for 
ions 
olu- 
S, SO 


‘ny @)s 


yendix 


(n, ¢) 
q.e.d. 


nsional 


Yr. (4.5) 


1S’ the 
. When 


4, Neu- 
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we rewrite (4.5) in the form, 


ult, 1 9)= f dt’'U(é, 0, 03 #), (4.6) 
1 


U(é, n, 93 E)= dS'a(n', 9’; &')/r, 
S(é") 


a(n’, 9; &)=N(E', 0’): a(t’, 0’, ¢'), (4.7) 
then we may interpret U (4.7) as the potential of the 


surface charge distribution o on the spheroid =’. We 
therefore apply Eq. (4.4) and obtain for U (4.6) 


U(é, 1, g)= fl eevsen eit f dt’ U,(E, n, 9; &'). 
(4.8) 


By virtue of Eqs. (4.1, 3, 7), the coefficients A,” in Eq. 
(4.4) are now defined by the expansion, 


(3R)*(é’2— 9”) p(€’, 0’, o)= 2. A,™(E') Vin’, ¢’), (4.9) 
hence | 


1 2r 
A,"(¢’)= ary f an f dg'[ Yi"(n', 9’) }* 
= 0 


X (E’?— 9’) p(é', 0, ¢’). (4.10) 


We introduce Eq. (4.10) in Eq. (4.4) and subsequently 


Eq. (4.4) in Eq. (4.8). Furthermore we substitute 
dt'dn’dg'(£’°— 9’) (2R)?=(2R)“"dV’" 
and obtain for Eq. (4.8) 


UE, n, ¢) = GR) fav've, n, 93 &, 0’, o)plé’, 0’, ¢’), 


(4.11) 
where the function W is defined by 
VE, 0, 93, 0’, ¢’) 
=4n (—1)™ th Or as < Jee" “(, ) 
tm (1+ |m|)! 
xX¥ir(n, e)LVi(n’, ¢’) *. (4.12) 


Here the upper choice of (£, £’) holds for §<é£’ and the 
lower choice for &>&’. Now it follows from Eqs. (4.5) 
and (4.11) that 


f dV'{(1/r)—(2/R)¥}p=0 


for any arbitrary space functions p of suitable regularity, 

which implies that (1/r)=(2/R)W identically in all 

arguments. This furnishes the expansion of Neumann: 

R —|m Le 
=8r 5 (~i — 


imowm (+m)! 


alia ie g)LYi™(n’, ¢’) }*. (4.13) 


Equation (4.13) is valid for ¢<£’; one must interchange 
fand ¢’ for >’. By virtue of Eq. (4.2), the expansion 


Pi'™\(é) 


MOLECULAR 





INTEGRALS. II 


(4.13) can be written 


ee (= |rn|)! 
mb e, By (8 Parnes) 
r 1=0 m=—1 (I+-|m|)! 


KP!" (g)Pi'™!(n’)eimee—ime, (4.14) 


and this is obviously equivalent (see Eq. (1.1)) to the 
form originally given by Neumann: 


7 


oo l 
—=h zy CimP(E)Qu™(E") Pr"(n) 
r 1=0 m= 
XPi™(n’) cosm(g—¢’), (4.15) 
where 


Cy" =€m(— 1)"(2/+ 1) (/—m) !/ (+m)! P, : 
(4.15’) 
ém=4 for m>0. 


€9=2, 
The constants can be checked by passing, to the 


limit R-0, i.e., to spherical coordinates (p, 3, ¢): 


p=lim@R®), p'=limGRE), 4 





cos? =limy, cos?’=limn’. 
Then we obtain from Eq. (4.13) 
(l—m)! | ;, 
— sas (—i* {limé’Q,'™! (€’) Pi'™!(€)} 
r p’ l,m (1 +m )! 
x Vi"(8, g) LV i(8’, ¢’) }*, (4.17) 
hence 
ee iS °) *_yave, of 
-= anne ——_—_—_- m v, ¢) VY (od, ¢’) * 
r ’ 1=0 m=— (2/+-1) : J 


(4.18) 


for p’>p, which indeed is the expansion of (1/r) in 
spherical coordinates of the two end points.*4 


APPENDIX TO SECTION 4 
We wish to prove the following relation (m 20): 


(—1)™ (+m)! 
1—x? (l—m)! 


If Eq. (4.19) is assumed to be valid, then the analogous formula 
for (m+1) is derived by differentiating Eq. (4.19) and applying 
the differential equation of the Legendre functions. Now Eq. 
(4.19) is true*® for m=0; hence, Eq. (4.19) is valid for any value 
of m. 





d 
Pem(x)O1"(2) —Qi"(x) = Pim(z) = (4.19) 


5. LITERATURE AND TABLES 
I. Literature 


The first exchange integral namely [1sglsp|1sg1s,], with 
fa=fo=fa=fo=1, was evaluated by Y. Sugiura,?* whose evalu- 


*4 See, e.g., Eyring, Walter, and Kimball, Quantum Chemistry 
(John Wiley and Sons, Inc., New York, 1947), p. 371. 

% See, e.g., reference 4, p. "114, or E. W. Hobson, Spherical and 
Ellipsoidal Harmonics (Cambridge University Press, London, 
1931), p. 72. 

26 Y, Sugiura, Z. Physik 45, 484 (1927). 
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ation supplemented the treatment of the Hz molecule by W. 
Heitler and F. London.2” An approximation to the integral 
[2sa2sp|2s.2s, ] was given by M. Delbriick.** I. Podolansky”® showed 
that all exchange integrals can be expressed in terms of powers, 
exponentials, the logarithm, and the exponential integral. E. C, 
Kemble and C. Zener*®® employed graphical integration for two 
exchange integrals. 

Substantial progress for computation was made by the sys- 
tematic use of auxiliary functions, introduced by C. Zener and 
V. Guillemin,*! who discussed integrals involving 2-type charge 
distributions. J. H. Bartlett and W. H. Furry® treated exchange 
integrals between 2s and 2 orbitals. N. Rosen* discussed integrals 
between s-orbitals, and later* between (1s) and (20) orbitals. 
He improved the method of Zener and Guillemin, and his pro- 
cedure has recently been used by P. J. Wheatley and J. W. 
Linnett*®* and by J. O. Hirschfelder and J. W. Linnett*®* to compute 
integrals between 2 and 2s orbitals. Independent evaluations of 
similar integral had been made by W. E. Bleick and J. E. Mayer.37 

In all these treatments the functions P;"(x) and Q;"(x) are 
broken down into their components, i.e., powers x* and logy. 
Thus in the Rosen method the integrals are expressed in terms 
of the functions @nq (see Sec. 3, III). H. M. James and A. S. 
Coolidge** investigated recurrence formulas between integrals 
which contained the undecomposed P;™(x), Q:"(x) (see Sec. 3, 
IV, V), thus suggesting a considerable improvement. Further- 
more, H. M. James*® was the first to make computations for 
different effective nuclear charges. 

The most extensive computations of molecular integrals yet 
made are those of M. Kotani, A. Amemiya, and T. Simose,*° 
who adopted the method of James and Coolidge. Their extensive 
tables contain all exchange integrals between 2s and 2p orbitals 
for equal effective nuclear charges and four integrals for different 
nuclear charges (case a=a@, 8=8, see Sec. 1, III). Recently, H. J. 
Kopineck"' has reviewed and checked the Japanese tables. His 
paper presents the results for equal effective nuclear charges in a 
condensed form. 

In all the quoted papers, the Neumann expansion is used. A. S. 
Coolidge® first suggested a different approach, namely to expand 
the orbitals on one center in terms of spherical] harmonics around 
the second center. Recently, this method has been rather thor- 
oughly investigated by M. P. Barnett and C. A. Coulson,'%* and 
by S. O. Lundquist and P. O. Léwdin* where further references 
can be found. It is valuable in the case of three- and four-center 
integrals and for orbitals with a numerically given radial part, but 
it seems to be less advantageous for exchange integrals between 
Slater AO’s. 








27 W. Heitler and F. London, Z. Physik 44, 455 (1927). 

28M. Delbriick, Ann. Physik 5, 36 (1930). 

291. Podolansky, Ann. Physik 10, 868 (1931). 

30 —. C. Kemble and C. Zener, Phys. Rev. 33, 512 (1929). 

31 C, Zener and V. Guillemin, Phys. Rev. 34, 999 (1929). 

2 J. H. Bartlett and W. H. Furry, Phys. Rev. 37, 507 (1931); 
38, 1615 (1931) ; 39, 209 (1932). 

33. N. Rosen, Phys. Rev. 38, 255 (1931). 

84.N. Rosen, Phys. Rev. 38, 2099 (1931). 

35 P. J. Wheatley and J. W. Linnett, Trans. Faraday Soc. 45, 
897 (1949). 

36 J. O. Hirschfelder and J. W. Linnett, J. Chem. Phys. 18, 130 
(1950). 

37 W. E. Bleick and J. E. Mayer, J. Chem. Phys. 2, 252 (1934). 

38 H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933). 

39H. M. James, J. Chem. Phys. 2, 794 (1934). 

40 Kotani, Amemiya, and Simose, Proc. Phys.-Math. Soc. Japan 
20, Extra No. 1 (1938); 22, Extra No. 1 (1940). 

41H. J. Kopineck, Z. Naturforsch. 5a, 420 (1950). 

4 A. S. Coolidge, Phys. Rev. 42, 189 (1932). 

48S. O. Lundquist and P. O. Léwdin, Arkiv Fysik (Stockholm) 
3, 147 (1951). 
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II. Tables 


(1) Auxiliary Functions 


The paper of N. Rosen* contains tables of the functions A ;(a) 
and F,,(a) [see Eqs. (3.15, 16)], for n=0(1)20 and a=0.5(0.5)- 
5(1)14. 

The paper of J. O. Hirschfelder and J. W. Linnett** contains a 
table, computed by N. Rosen, of the functions 

H(n, i, «) = dna(a, «) =gnal(a, «) [see Eqs. (1.18), (3.21)], 
for n, R=0(2)6; a=0.5, 1, 1.5, 1.75, 2(0.5)5(1)14. 

The tables of Kotani, Amemiya, and Simose* contain the 
following functions: 

A,(a) [see Eq. (3.15) ], for n=0(1)15; 
B,(8) [see reference 14], for n=0(1)8; 

a= 0.25(0.25)8(0.5)13 

B= f | 13(1)16, 18, 20, 21, 22, 24. 
So(n, a) =F ,(a), [see Eq. (3.16)], for n=0(1)15, and a=0.5, 
1(0.25)6.5(0.5)11, 12, 12.5, 13(1)16, 18, 29, 21, 24. From this table 
one obtains immediately the functions G,, (3.17) by means of Eq. 
(3.19). 


nd 


2 (l+M)! 


4 
M(4- @)=(—1)itl+M bi oe MI 
Gi(j; B)=(—1)! Preteen BG), 


[see Eqs. (1.20), (2.29), and Sec. 2], for 8=0.25(0.25)5.5(0.5)7 
and the following index values: 








rng. £014 5 6 z= 
=e 0(1)4 0(1)3 0,1,2 0,1 0’ 
1 1(1)4 5 
Nei: ——————., 
j 0(1)3 0,2 
M=2: 1=2,3,4, j=0,2. 
(l+M)! 





Wi (n, 0; ae) =(— 1)" mien (% a) [see Eq. (1.18) and 


Sec. 3], for a= 1(0.25)5.5(0.5)7, and for the following index values: 
l 0 1 2 3 4 a 6 
n,m O18 O(1)7 0(1)6 0(1)5 0(1)4 O(1)3 0,2’ 

M=1: ae : . : : 
n,m O(1)6 O(1)5 O(1)4 O(1)3 0,2’ 
M=2: [&=2,4, n,v=0, 2. 
It should be noted that Part II of the Japanese tables contains 
12 pages of errata concerning Part I. 


(2) Integrals Involving Orbitals with Equal ¢-Values 


In this case one has B=8=0, a=a, so that the integrals are 
linear combinations of a finite number of functions ¢n,"(a, a). 
Furthermore, they depend only on the one parameter a. 

For the 18 exchange integrals between 2s and 2 orbitals, H. J. 
Kopineck*! has therefore given the following tables: (a) each 
exchange integral in terms of @na™', (b) each exchange integral 
as a function of a for a=1(0.5)7. These are based on the Japanese 
tables, but the errata are eliminated and the values reported in 
the English and American literature are taken into account. 
Table (a) is in agreement with our Table II. 

J. O. Hirschfelder and J. W. Linnett** have given a table of 
the exchange integrals 


Loo, oo [1sa1s5|1sa1se], Lec, cc=[2poa2por|2poa2por |, 
Les, ss= 4 2pra2pmed=|2pra2pmor |+[2pra2prrA|2pra2prrA]. 
Los, 0s= 2[1sa2prp| 1s2pz» |, Loe,0c= — [1sa2por| 2poalsy], 
Les, cs= — 2[2poa2prr|2pra2por | for a=0, 1, 1.5 ,1.75, 2(0.5)5(1), 
10, 12. 
(3) Integrals Involving Orbitals with Different ¢-Values 

Part II of the paper of Kotani, Amemiya, Simose contains 
tables for the four exchange integrals 
Nos=[150255| 150254],  Noo=[15a2po0|1sa2po], 
N o=[18025,| 1sa2po0], Nax=([1sa2pms|1sa2pmo], 





M=0: 














the 


), 24. 


=0.5, 
table 
f Eq. 


0.5)7 


) and 


alues: 


0, 2’ 


yntains 


als are 
(a, @) 


s, H. J. 
1) each 
ntegral 
upanese 
yrted in 
cccount. 


rable of 


pA]. 
, 


5)5(1)%, 


Les 
contains 


1, 
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assuming {a=fa, {>=f», so that a=a, B=B. Values of the 
integrals are given for a=2(0.25)3.25, B= —0.5(0.25)1. 


(4) The Functions U,(x)=x"/n! 


Tables. of these functions can be obtained from the National 
Bureau of Standards, Computation Laboratory, Washington 25. 
A table exact to 10 significant figures exists for n=0(1)40, 
a=1(1)10; and a table exact to 15 decimal places exists for 
n=0(1)18, x=0(0.01)2. The table is necessary for the method 
of successive Taylor expansions; see Secs. 2, III and 3, I. It 
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should be noted that this method can be employed to inter- 
polate the Japanese tables. 
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The Raman and the infrared spectra of ethylene chlorhydrin have been remeasured with the result that 
the molecules take both the trans and the gauche forms in the gaseous and the liquid states, while they take 
only the gauche form in the solid state. By the measurement of the temperature dependence of the infrared 
absorption the energy difference between these two forms has been found as 0.95 kcal/mol. 


REVIOUS researches in our laboratory'” have 
shown that the molecules of ethylene chlorhydrin 
ClIH;C—CH,OH take two forms in the liquid and the 
gaseous states and in carbon tetrachloride solutions, 
while they take only one of these forms in the solid 
state. These two forms are the trans and the gauche 


TaBLE I. The Raman and the infrared spectra of ethylene 
chlorhydrin in the liquid state. 








Raman spectrum Infrared spectrum 





164(2) e 

259(1) e 

204(4)*e 

394(5) e,k 

477(4)*e, k 

662(10)* e, k, (i), f, g 664(m) 

751(7) e, k 749(m) 

851(7)* e, k 850(m) 

942(6)* e, k 939(m) 
1035(6)* e, k 1030(st) 
1055(2) e 
1078(4)* e, k 1073(st) 
1180(4)* e, k 1161(w) 
1243(5)* e, k 1247(w) 
1283(2) e, k 
1298(4) e, k 1300(m) 
1379(2)* e, k 1381(w) 
1434(5)* e, k 1431(m) 
1459(5)* e, k 1458(w) 
2724(3) e, k 
2874(7) (e), k 2880(m) 
2925(6)* e, k, z 
2964(10)* e, k, 7 2960(m) 
3011(7)* e, k, () 

3230(st) 


—__ 
—— 








The Raman frequencies marked with asterisks are also observed in the 
Solid state. 





‘Mizushima, Morino, and Nakamura, Sci. Pap. Inst. Phys. 

Chem. Research (Tokyo) 37, 205 (1940). 
so Morino and Kubota, Bull. Chem. Soc. Japan 14, 
39). 





forms as shown in Fig. 1. The cis form which was once 


HOF 4 HOF ic 
n/N nH”, _ 
Trans form Gauche form 


Fic. 1. CIH;C—CH,OH as viewed along the C—C bond. 


considered in place of the gauche form has been ruled 
out just as in the case of 1,2-dihalogenoethanes.** As 
there are, however, some points to be clarified with 
regard to the internal rotation of this molecule, we have 
made more detailed measurements of the Raman and 
the infrared spectra of this substance and have also 
calculated the normal vibrations. The result will be 
reported in the present paper. 


TABLE II. Force constants (in 10° dyne/cm).* 








K(CH:—CHz2) =4.0 H(C—CH2—OH) =0.13 

K(CH;—CH2) =3.7 H(C—CH2—Cl) =0.075 

K(CH2—Cl) =2.53 F(C---Cl) =0.76 F’=—F/12 
=3.55 F(C---OH) =0.90 


K(CH:;—OH) 











* As to the meaning of K, H, F and F’ see reference 5. 


TABLE III. Calculated and observed skeletal frequencies 
of Cl—CH,— CH,—OH. 











Trans form Gauche form 
Vibrational type calc obs calc obs 
Stretching vibration 1063 1055 1055 1035 


914 942 898 851 
704 751 662 662 
Deformation vibration 368 394 482 477 
256 259 271 294 








3 Yamaha, Annual meeting, Chem. Soc. Japan (1949). 
* Mizushima, Morino, Watanabe, Shimanouchi, and Yamaguchi, 
J. Chem. Phys. 17, 591 (1949). 
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TABLE IV. Ratio of the optical density D,/D, observed for 
the two bands at 760 cm™ and at 669 cm” at different tem- 
peratures. 











t°C Di/Dg 

82 0.551 
105 0.595 
155 0.685 
204 0.781 
250 0.848 








The sample used in the measurement was purified 
by redistillation (bp 127.5-128.0°C). The Raman spec- 
trum observed in the liquid state is shown in Table I 
and is almost the same as that reported in our previous 
paper! except the new line at 259 cm™. The frequencies 
marked with asterisks were also observed in the solid 
state, but others disappeared on solidification. 

The same table also contains the result of the infra- 
red absorption in the rocksalt region observed in the 
liquid state by use of Baird’s automatic recording 
spectrometer. The skeletal frequencies calculated for 
the /rans and the gauche molecules by use of the Urey- 
Bradley field are shown in Table III.5 The force con- 
stants used in this calculation were chosen as to fit the 
spectral frequencies of CH3;—CH2—Cl, CH;—CH, 
—OH, Cl—CH.—CH2—Cl and HO—CH:— CH:—OH 
(see Table IT). 

Of the two absorption bands at 669 cm™ and 760 
cm! observed in the gaseous state, the latter increased 
its intensity as compared with the former, as the tem- 
perature is raised. This means that the former arises 
from the lower energy form and the latter from the 
higher energy one. Corresponding to these two ab- 
sorption bands in the gaseous state we found the two 
Raman lines at 662 cm™ and at 751 cm™ in the liquid 
state, of which the latter disappeared on solidification. 
This experimental result of the Raman effect is quite 
compatible with that of the infrared measurement, 
since the lower energy form remained to exist in the 
solid state. 

It is easily seen from Table III that the result of the 
normal vibration calculation favors the assignment of 
the lower energy form to the gauche form and the higher 
energy form to the /rans form. This is quite consistent 
with the experimental result of the entropy difference 
between these two forms.® All the Raman frequencies 
marked with asterisks in Table I can, therefore, be 
assigned to the gauche form and the other lines to the 
trans form. As to the equilibrium ratio of these two 
forms we have found no appreciable difference from 
spectroscopic data, because the intensity ratio of the 
two absorption bands at 669 cm™ and at 760 cm™ in 
the gaseous state was found practicallly the same as 
that of the two corresponding bands at 664 cm™ and 
749 cm— in the liquid state at the same temperature. 


5 For the details of the calculation see, e.g., Shimanouchi, J. 
Chem. Phys. 17, 245 (1949). 

6 Mizushima, Shimanouchi, Kuratani, and Miyazawa, 12th 
Internat. Cong. Pure and Appl. Chem. (New York, 1951). 
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In order to obtain the energy difference between these 


two kinds of molecules in the gaseous state, we have™ 


measured the temperature dependence of the ihtensity 
ratio of the two bands stated above according to the 
method described in our previous paper.” (The absorp- 
tion cell with silvine windows was 8 cm in length.) Let 
AE=E,—E, and AS=S,—S, be the difference in 
energy and entropy between the /rans and the gauche 
molecules, then the equilibrium ratio will be ex- 
pressed as 


N ./N,=} exp(AS/R)exp(— AE/RT), (1) 


where V,; and N, denote the number of the /rans and 
the gauche molecules, respectively. Further let « be the 
molecular absorption coefficient and D the optical 
density. We have then 

Ki; 1 Kt 
—=-—exp(AS/R)exp(—AE/RT). (2) 


KgiVg Kg 





D,/D,= 


If, therefore, we observe the ratio of optical density 
D,/D, at several temperatures, we can calculate the 
value of AE through Eq. (2), assuming AE and AS 
constant in the small temperature range in which we 
have made our measurements. From the experimental 
data shown in Table IV we obtain 


AE=0.95+0.02 kcal/mol. 


This value of AE is much smaller than that obtained 
by Zumwalt and Badger* from the intensity measure- 
ment of OH absorption bands (2.00.5 kcal/mol), but 
we have good reason to believe that there may be some 
difference between our value and theirs. With regard 
to the position of the hydrogen atom of the hydroxy! 
group the frans molecule has three stable positions of 
almost the same energy. Similarly the gauche molecule 
has three stable positions with regard to the internal 
rotation about the C—O bond as axis, but one of them 
is much more stable than the other two owing to the 
internal hydrogen bond, without which the gauche 
form would be less stable than the ¢rans form as in the 
case of 1,2-dihalogenoethanes.‘ Since the skeletal fre- 
quencies are almost independent of the position of 
hydrogen atom, the energy difference observed by us is 
that between the weighted mean energy of the (rans 
molecule and that of the gauche molecule. However, 
the energy difference obtained by Zumwalt and Badger 
is that between the weighted mean energy of the /rans 
and the gauche molecules without hydrogen bond and 
that of the gauche molecule with internal hydrogen 
bond, since they measured the absorption intensity of 
the OH bands as stated above. Therefore, as the 
energy difference between the frans and the gauche 
molecules we have to use the value of 0.95 kcal/mol 
obtained in the present experiment. 

7 Shimanouchi, Tsuruta, and Mizushima, Sci. Pap. Inst. Phys. 
Chem. Research (Tokyo) 42, 51 (1944). 


8L. R. Zumwalt and R. M. Badger, J. Am. Chem. Soc. 62, 305 
(1940). 
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The Infrared Dichroism of Diketopiperazine 


TAKEHIKO SHIMANOUCHI, KENJI KuRATANI, AND SAN-ICHIRO M1zUSHIMA 
Chemical Laboratory, Faculty of Science, Tokyo University, Hongo, Tokyo, Japan 
(Received August 22, 1951) 


The absorption of polarized infrared radiations by diketopiperazine crystal has been measured in the 
wavelength region from 2.8 to 154. From the observed infrared dichroism the assignment of the absorption 


bands has been made. 





CCORDING to Corey! diketopiperazine (CH>- 
NHCO), forms a monoclinic crystal with planes 

of the flat ring molecules lying parallel to one another 
and perpendicular to the (010) cleavage plane. This 


Fic. 1. The two direc- 
tions of the electric vectors 
of the incident infrared 
radiation. 











arrangement of molecules in the crystal suggests that 
the polarized infrared radiation may be very useful for 
the structural study of this molecule. In the present 
note we shall report our experimental results obtained 
for this substance in the wavelength region from 2.8 


to 3.64 (using quartz prism) and in that from 5 to 15u 
(using rock-salt prism).? 

The apparatus and the method of the absorption 
measurement are the same as reported in our previous 
paper® except that a selenium reflection polarizer (in- 
cident angle 68°) was used to obtain plane polarized in- 
frared radiation. A (010) cleavage piece, 1 mmX2 mm 
in area and about 0.03 mm in thickness, was used 
as the sample and the two directions of the polarization 
were chosen in such a way that the incident beam was 
perpendicular to the (010) plane and the electric vector 
was either perpendicular or parallel to the plane of the 
flat ring molecules (Fig. 1, A and B). 

The difference between the two absorption curves, 
A and B, is very striking as shown in Fig. 2, when the 
direction of the electric vector of the incident radiation 
was parallel to the plane of the molecule and almost 
perpendicular to the peptide C—N bonds (curve B), 
we observed seven strong absorption bands at 805, 920, 
1075, 1480, 1700, 2950, and 3050~3400 cm-, all of 
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‘R. B. Corey, J. Am. Chem. Soc. 60, 1598 (1938). 

* As to the measurement in the near infrared region (1~2.5u), 
see J. W. Ellis and J. Bath, J. Chem. Phys. 7, 862 (1939). 
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which should be assigned to in-plane vibrations. When, 
however, the direction of the electric vector was per- 
pendicular to the plane of the molecule (curve A), we 
observed two strong absorption bands at 720~950 
cm and at 1015 cm™ which should correspond to 
out-of-plane vibrations. In curve A of Fig. 2 there are 
other weaker absorptions which arise also from out-of- 
plane vibrations except the two at ~ 1480 cm™ and at 
~1700 cm™ which can be considered to arise from 
in-plane vibrations owing to the fact that the molecule 
ring of diketopiperazine is not completely coplanar 


* Shimanouchi, Tsuruta, and Mizushima, Sci. Pap. Inst. Phys. 
Chem. Research (Tokyo) 42, 51 (1944). 
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TaBLe I. Assignment of the observed absorption 
frequencies (cm~'). 





R. AGGARWAL AND B. D. 





Frequencies in 





Direction other molecules Frequencies in 
of electric containing the diketopiperazine 
vectors Modes of vibration same groups molecule 
CH: stretching, anti-sym. 30458, 2926> 3050 
A CH: rocking, out-of-plane 8998, 728b 1015 
NH perpend., out-of-plane 720 ~950 


NH stretching ~3300¢ the main part of 
the band at 3050 
~3400 
CH: stretching. symmetric 2984,8 2853> 2950 
C =O stretching -~1700¢ 1700 
B HCH deformation 1429, 1475b 1480 
CH: rocking, in-plane 1266,* 1375> 1075 
CaN stretching? ~1000 920 
CaC stretching 805 








® Methylene chloride. 

b Polyethylene. 

© Many substances with these groups in their molecules. 

4 Cy denotes the carbon atom of the CHe-group. The CN stretching 
vibration of the peptide —CO—NH — group takes place almost perpen- 
dicularly to (010) plane and the absorption band due to this vibration would 
not be observed for both of the incident polarized radiations. 


and that the incident radiation is not completely 
polarized. 

The molecule of diketopiperazine has a center of 
symmetry to which all the infrared active vibrations 
must be antisymmetric. There are fifteen such vibra- 
tions, of which about ten are expected to appear in the 
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wavelength region stated above, which was actually 
the case as shown in Table I. In the second column of 
this table we showed the observed frequencies of 
methylene chloride, polyethylene, etc., which contain 
the same groups in their molecules as diketopiperazine. 
The assignment of these frequencies can be made as 
shown in the first column according to the normal 
vibration calculations reported in our previous papers.‘ 
If we compare these frequencies with those observed for 
diketopiperazine and take into account the probable 
shift of frequencies due to the structural difference in 
the other parts of molecules, we can reasonably assign 
the diketopiperazine frequencies as shown in the last 
column of Table I. 

So far as we know, the frequency of perpendicular 
vibration of the hydrogen-bonded N—H group in the 
peptide bond has not been reported. We believe our 
assignment of the absorption band at 720~950 cm“ to 
this vibration is correct, because on one hand this ab- 
sorption is observed only in curve A and not in curve 
B, and on the other hand this band is extremely broad. 


4For methylene chloride see T. Shimanouchi, J. Chem. Phys. 
17, 245, 734 (1949), and for polyethylene see T. Shimanouchi and 
S. Mizushima, J. Chem. Phys. 17, 1102 (1949). 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 19, 


NUMBER 12 DECEMBER, 195! 


Variation of Lattice Frequencies with Concentration in Molecular Mix-Crystals 


Ram RATAN AGGARWAL* AND B. D. SAKSENA 
Division of Physics, National Research Council, Ottawa, Canada 


(Received July 12, 1951) 


Assuming a unique linear periodic lattice for a non-ionic molecular mix-crystal, the lattice frequencies of 
the translational and rotational modes have been calculated for several concentration ratios of the two 
components. The observed variation in frequency in such crystals has been explained. The calculations also 
require that additional frequencies, not yet observed, should appear in Raman and infrared spectra. 


INTRODUCTION 


N the spectra of mix-crystals so far reported, there is 

a gradual shift in the lattice frequencies with concen- 
tration of the constituents. The earlier work on infrared 
spectra! of mix-crystals of alkali-halides showed a single 
frequency for any known ratio of the constituents. The 
wave number increased gradually from 165 cm™ in pure 
KCI to 195 cm in pure NaCl. With the same object in 
view, Vuks*® obtained the Raman spectra in the low 
frequency region, to investigate the rotational fre- 
quencies for the mix-crystals of p-dichlorobenzene and 
p-dibromobenzene. He found a gradual shift in wave 
number from 20.1 and 37.8 cm™ (100 percent p- 


, 46.5 
dibromobenzene) to 27.5 and 54.0 


* National Research Council of Canada Postdoctorate Fellow. 
1 Krueger, Reinkober, and Koch-Holm, Ann. Physik 85, 110 
(1928). 
2M. Vuks, Acta Physicochim. U.R.S.S. 6, 11 (1937). 


cm™ (100 percent 


p-dichlorobenzene). Sircar and Bishui,’ however, did not 
completely agree with Vuks. 

Saksena‘ tried to interpret this change in rotational 
lattice frequencies by using a statistical average of the 
moments of inertia of the molecules forming the mix- 
crystal. Matossi,> working with the idea of a unique 
linear lattice for mix-crystals discussed the case of ionic 
crystals by taking a 50:50 ratio of NaCl and KCl. This 
idea of linear lattices for the mix-crystals can be ex- 
tended to molecular crystals, if one is interested in the 
lattice vibrations due to intermolecular forces. Since the 
intermolecular forces are very weak, these vibrations 
will have a low frequency. For such a case we have 
calculated the lattice frequencies of the mix-crystals for 


the translational and rotational modes of vibration for 


8S. C. Sircar and I. Bishui, Indian J. Phys. 11, 417 (1937). 
4B. D. Saksena, J. Chem. Phys. 18, 1653 (1950). 
5 F, Matossi, J. Chem. Phys. 19, 161 (1951). 
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pointed out by Matossi, the approach to the problem is 
highly idealized. 


UNIQUE LATTICE FOR A MOLECULAR MIX-CRYSTAL 


In molecular crystals where the intramolecular force 
is very high compared to the intermolecular force of the 
van der waals type, each molecule may be regarded as a 
rigid body having three degrees of freedom of translation 
and three of rotation. A lattice formed of such molecules 
will show vibrations of low frequencies. For simplicity, 
let us consider a uni-dimensional model, which repeats 
itself periodically. For the pure crystal, consisting of 
molecules A only, all the molecules will be alike. When 
another substance with molecules of type B is mixed 
with it, some of the positions occupied by molecules A 
will be occupied by molecules B, thus giving a new 
lattice for the mix-crystal. Though this replacement is 
random, yet for the sake of argument we can assign a 
definite order to the positions of molecules A and B 
which repeats itself periodically. For a concentration 
ratio 1:7 let us assume that 2 molecules of type B 
always occur between 2 successive molecules of type A. 
The different values of ” will then correspond to different 
concentration ratios. The lattice vibrations of these 
linear periodic lattices may now be studied with the help 
of Born’s idea of cyclic lattice, by assigning proper 
boundary conditions. Apparently the boundary condi- 
tions, for the fundamental modes of vibration, are 
different according to whether » is odd or even. For n 

_odd each consecutive molecule A may be regarded as 
having identical displacement, whereas for m even every 
alternate molecule A will be considered as equivalent, 
thus increasing the size of our lattice. This difference 
does not present any fundamental difficulty as far as the 
discussion of the variation of lattice frequency with 
concentration is concerned, since one must always 
compare similar modes of vibration for such a compari- 
son. The increase in the size of the unit cell only 
introduces some additional frequencies when m is even. 
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Fic. 1. Variation of the rotational frequency in the mix-crystals 
of p-CeHyClz and ~-CsH,Br. about the axis of greatest moment of 
inertia. 
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various concentration ratios of the two components. As 
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With these considerations we can proceed to calculate 
the translational and rotational modes of vibration. 


TRANSLATIONAL MODES 


Confining ourselves to a longitudinal mode of vibra- 
tion, let us consider the following linear model for the 
molecules A and B. 


A 1B: =e BnyiA nt 2B n43° - * Bons2A on+3. 


For the sake of simplicity let us consider only the effect 
of neighboring molecules and further assume that the 
force between the various molecules is the same, having 
magnitude f per unit displacement. If x1, x2, x3: - -etc. 
represent the displacements about the equilibrium posi- 
tions of the molecules A1, Bz, B;---etc., m and m’ the 
masses of the molecules of type A and B, the equations 
of motion may be written when z is odd: 


mi; = f(Xn4 it “a 2x1) 
m € p= f(XrpitXrai— 2x,) ‘= 2, a ew 7) 
mM &npi=f(xi+-¢n— 24041), 


when 7 is even: 


mij = f (x2 nto X2— 21) 
m & = f(Xr41+-X%r1— 2%,) 
ME n+2= f(XnpstXnp1- 2%n+2) 
Mm’ & p= f(Xr41+Xr1— 2%,) 
m ¥onzo= f (41+ Xeng1— 2%2n42). 


r=2,3,---(n+1) 


r=(n+3)---(2n+1) 


These equations have been solved in the usual manner 
for n=0, 1, 2, 3,4, and 5, which correspond to concen- 
tration ratios of 100 percent (A); 50(A):50(B); 
33.3(A):66.7(B); 25(A):75(B); 20(A):80(B); and 
16.7(A):83.3(B), respectively. The results are shown in 
Table I, where A;, Bz: --etc. represent the displacement 
amplitudes of molecules A;, B2---etc., and w is the 
angular frequency. It may be remarked here that the 
modes of vibrations have been represented by arrows 
perpendicular to the lattice axis only for a better 
graphical picture. Actually the motion corresponds to 
displacements along the lattice axis. In addition, in 
cases when m=4 and 5, only the cubic equation, the 
maximum root of which gives the limiting optical mode 
(where the consecutive molecules move in opposite 
phases), has been given. 

Two important conclusions can be drawn from 
Table I. Firstly, the frequency corresponding to the 
limiting optical mode shows a gradual change with 
concentration, as seen from the last column, which 
confirms the experimental results. As shown by Matossi, 
this frequency corresponds to the most intense line in 
the infrared spectra. Secondly, in addition to the 
limiting optical mode, there are other optical modes 
which will be active in Raman and infrared spectra, €.g-; 
the mode where all the molecules of type B move 
against molecules of type A. Such optical modes should 
bring out additional frequencies in Raman and infrared 
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spectra, unless they are rigorously inactive because of 
other reasons. 

For a comparison of our results with those of Matossi, 
it may be remarked that his frequency wo or wo’ corre- 
sponds to our frequency w?=2/[(1/m)+(1/m’)] ap- 
pearing in the 50:50 concentration case. The treatment 
of 50:50 by Matossi will correspond to our concen- 
tration ratio 25:75, if Y and Z (Matossi) are regarded as 
identical. The four frequencies w;, we, w3 and wy, dis- 
cussed by him follow the reverse order in our table, i.e., 
W4, W3, Wa, and w}. 


ROTATIONAL MODES 


The case of rotational motion can be treated in the 
same way as the translational one by replacing the force 
per unit displacement by torque per unit radian, and the 
masses m and m’ by moments of inertia J and J’, about 
an axis perpendicular to the plane in which the motion is 
considered. The results of Table I will also hold true in 
this case, and selection rules can be applied to decide 
whether a particular mode of vibration is active or 
inactive in Raman or infrared spectrum. For a more 
precise calculation let us now take c,, co, and ¢’ as the 
torques per unit radian between A—A, B-B, and A-B, 
respectively. The frequency for the limiting optical 
mode will then be 
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Fic. 2. Variation of the rotational frequency in the mix-crystals 
of p-CsH,Cl2 and -CsH,Br2 about the axis of intermediate mo- 
ment of inertia. 





? 


for n=0 w*?=4c¢,/T, 
1 1 
for n=1 wt=2/(-+—), 
ee 
(c+ 2c2)I+2c'I'+ {[(c’+2¢2)I+ 2c’ P—1611'c'co} 3 
for n=2 "= 
2IT'’ 
(c’+-3c2)I+2c'T'+ {[(c’+3c2)I+2c'l’ }?—8Ic'co(I+3I1')}3 
for n=3 w= 4 





These cases correspond to the concentration ratios 
100 percent (A); 50(A):50(B); 33.3(A):66.7(B) and 
25(A):75(B). The frequency for the inverse ratio may 
be obtained by interchanging J, J’ and ¢, cs. 

The values of the torques ci, cz can be evaluated so as 
to fit the observed rotational frequencies for the pure 
crystals and that of ¢’ to fit the observed rotational 
frequency for a 50:50 mix-crystal. The necessary values 
of ¢1, cz, and c’ for the two variable rotational fre- 
quencies observed by Vuks? are 


(a) for rotational vibration about the axis with 
greatest moment of inertia 7=3155X10-" gXcm?; 
I’=1384X 10 gXcm?; c:= 32k; co= 26k; c! =21k. 


2II' 





(b) for rotational vibration about the axis with inter- 
mediate moment of inertia J=3004X10-° gXcm?; 
I'=1234X10-° gXcm?; c:= 107k; co= 78k; c' = 74k. 
where & is a constant. 


With the above values of ¢;, c2 and c’ we have calcu- 
lated the rotational frequencies for the other concen- 
trations and plotted them in Figs. 1 and 2. The figures 
also show the frequencies obtained experimentally and 
those obtained by Saksena‘ on the basis of statistical 
average. The diagrams only suggest a possible explana- 
tion for the variation of frequency with concentration in 
binary mix-crystals, on the basis of assuming a unique 
linear lattice for the mix-crystal. 
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Complex dielectric constants have been measured at frequencies from below 20 c/s to 5 mc/s over the 
temperature range —40° to —75°C in glycerol, —45° to —90° in propylene glycol, and —80° to — 140° in 
n-propanol. The results for -propanol are described by the Debye equation, but the values for the other 
two require a modified equation corresponding to a broader range of dispersion at higher frequencies. In all 
three liquids, evidence is found for a second dispersion region at still higher frequencies, which accounts for 
much of the difference between the radio frequency and optical dielectric constant. The relaxation times are 
quantitatively described over wide ranges by an empirical rate equation of a form which also fits viscosity 
data. The significance of the various results is discussed. 





I. INTRODUCTION 


HE work reported here resulted from incidental 

measurements on glycerol in the supercooled 
liquid state at ca —50°C. These results showed that 
the dielectric relaxation process has simple and charac- 
teristic, but unexpected, properties not readily ex- 
plained in terms of any simple picture of molecular 
association or bonding of hydroxyl groups. This be- 
havior, reported in a previous note,! has been followed 
over the range of temperature for which the frequencies 
of measurement adequately defined the strongly tem- 
perature dependent dispersion. Similar measurements 
have been made on propylene glycol and -propanol 
in order to determine the effect of number and position 
of hydroxyl groups on the observed properties. 

The available frequency range was such that dis- 
persion regions were observed in the supercooled liquids 
for the most part, but there is no evidence to indicate 
that the behavior is qualitatively different at higher 


1.0 










¢’ 





0,05 





OI lO WT, 10 50 
Fic. 1. Real and imaginary dielectric constants ¢’ and e” in 
reduced units versus wro (log scale) for empirical dispersion func- 
tion (1) (8=0.67, solid curve), and for the Debye equations 
(8=1.0, dashed curves). The frequency scale for the latter is 
shifted to the right by a factor 1.4 to show the differences at high 
frequencies more clearly. 


* This paper is based on a thesis presented by D. W. Davidson 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy in the Graduate School of Brown University. 

¢ Present address: National Research Council of Canada, 
Ottawa. 

1D. W. Davidson and R. H. Cole, J. Chem. Phys. 18, 1417 
(1950). 
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temperatures in any of the liquids. The present results 
are in reasonably good agreement with earlier, less 
extensive ones? where comparison is possible, but the 
wider frequency range available for this work has per- 
mitted a more nearly complete determination of the 
dielectric properties and a more quantitative descrip- 
tion of them. 


Il. EXPERIMENTAL 
A. Purification and Handling of Materials 


Glycerol (synthetic—Shell Chemical Corporation) 
and propylene glycol (Eastman CP) were distilled in a 
stream of dry nitrogen at low pressure—B.p. (glycerol) 
143-144°C at 2.3 mm, b.p. (propylene glycol) 86.5-87°C 
at 5.3 mm. Specific conductances were in the range 
10-*-10-§ mho/cm at room temperature, and were 
not appreciably reduced by additional distillations. 
n-Propanol (Eimer and Amend, reagent grade) was 
dried by rolling with activated alumina and distilled, 
the fraction boiling in the range 96.2-96.7°C (760 mm) 
being used. Specific conductance 1.8 10-* mho/cm at 
25°C. In none of the runs reported here was there any 
indication of solid formation in the supercooled glycerol. 
After completion of these runs the cell was opened and 
no trace of solid found. In the runs where opaque solid 
globules were later found, the capacitances and con- 
ductance values had been found to drop rapidly with 
time, especially at low frequencies. 


B. Measuring Cell 


The test condenser used in this work is of stainless 
steel with coaxial cylindrical electrodes and Teflon 
insulation, as described by Gross and Taylor,’ inter- 
changeable central electrodes giving air capacitances 
of 4.8 and 9.1 yf. The cell was not completely airtight, 
and over a period of a day or two the liquids showed 4 
gradual slow rise in direct current conductance, which, 
however, had no measurable effect on the observed 


2 For glycerol, S. O. Morgan, Trans. Am. Electrochem. Soc. 65, 
109 (1934) ; for propylene glycol, A. H. White and S. O. Morgat, 
Physics 2, 313 (1932); for m-propanol, references 13 and 23. 

=P. M. Gross, Jr., and R. C. Taylor, J. Am. Chem. Soc. 72, 
2075 (1950). 
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DIELECTRIC 


dielectric behavior (after subtraction of dc conductance 
from total observed conductance). 


C. Temperature Control 


For temperatures down to —75°C, the cell was 
placed in an acetone bath in a large Dewar flask and the 
temperature regulated by adding small amounts of 
solid carbon dioxide. Control of temperature to+ 0.05°C 
was possible over the period of thirty to forty minutes 
for a complete frequency run. 

At temperatures below —75°C, a noninflammable 
five component bath liquid described by Kanolt* was 
used which remains fluid to cemperatures below — 140°. 
The temperature was regulated to +0.1°C by adding 
small amounts of liquid nitrogen to a shallow metal 
tray in the Dewar above the cell and bath liquid 
surface. 

Temperatures were measured by a copper-constantan 
couple immersed in the liquid volume of the cell and a 
Leeds and Northrup Type K potentiometer. The couple 
was calibrated at the freezing point of mercury, subli- 
mation point of carbon dioxide, and by comparison 
with a standard thermocouple. 


D. Electrical Measurements 


A capacitance-conductance bridge described else- 
where’ was used over the frequency range 20 c/s 
to 5 mc/s. At frequencies for which absorption con- 
ductances were very large (greater than 10~* mho), 
corrections of the capacitance data for effects of residual 
inductance in the conductance network were made, 
these being determined by an iteration process. 

For measurements of the very slow relaxation at the 
lowest temperatures a transient method was employed 
in which the charging current following application of a 
linearly rising potential across the dielectric was re- 
corded. This method® gives the equivalent of charge 
resulting from a constant voltage as a function of time 
after its application, and made possible measurements 
at times too long to be practical for study by steady 
state bridge methods. With the combination of both 
procedures, a range of eight decades in time could be 
used to study the relaxation process. 


Ill. ANALYSIS OF THE DATA 


The major portion of the dielectric dispersion in 
"-propanol from — 80°C to — 145°C is described quanti- 
latively by the familiar Debye formulas. The data for 
Propylene glycol and glycerol can be fitted except at 
high frequencies by an empirical dispersion formula 
Previously reported! which reduces to the Debye result 
a8 a limiting case. Because the parameters of this 
€xpression provide a compact summary of a quantity 
es 

‘C. W. Kanolt, U. S. Bur. Standards Paper No. 520 (March, 


1926) ; described as Mixture No. 39 in this paper. 


i940) H. Cole and P. M. Gross, Jr., Rev. Sci. Instr. 20, 252 


"Davidson, Auty, and Cole, Rev. Sci. Instr. 22, 678 (1951). 
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Fic. 2. Complex dielectric constant loci for glycerol at —50°C, 
propylene glycol at —84°C, and n-propanol at — 140°C. 


of data too great to be reported in full, the results will 
be presented in this way after a discussion of the 
methods used to determine the parameters. 


A. Steady State Measurements 


The empirical expression for the complex dielectric 
constant e* as a function of radian frequency w (=27 
Xcyclic frequency) is 


e* = €' —ie’’ = €,,+ (€9— €x)/(1 +iwrto), (1) 


where €9 and ¢, are the limiting low and high frequency 
dielectric constants and 7» is a relaxation time. The 
parameter 8 may assume values between zero and one, 
and reduces to the Debye result in the latter case. The 
real and imaginary parts of Eq. (1) are given by 


e’ — €.= (€o— Ex) (cosy)* cosB¢, (2) 
e’’ = (€9— €,)(cosg)* sinBg, 


where tang=wz7p. 

These equations are plotted in Fig. 1 as a function of w 
for the case B=0.67, and the Debye curves (8=1) are 
shown as dashed lines for comparison. 

It is apparent that the chief difference is the more 
gradual falling off of the curves at higher frequencies. 
Analysis of the data is facilitated by using two derived 
expressions: one for the complex plane locus of 
versus e’, and the other for the quantity wr» as a function 
of e’’ and €’. 
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Fic. 3. Frequency plots to verify Eq. (4) and determine re- 
laxation time 79. Curve I, glycerol at —50°C (6=0.60) ; curve II, 
propylene glycol at —64°C (8=0.66); curve III, n-propanol at 
— 113°C (6=1.0). The solid points represent data after correction 
for dc conductance. 


The equations are most conveniently written in polar 
coordinates 


r=[(e'—e.)’*+e"?}} and 
and one readily finds from Eqs. (2) that 
r= (€o— €x)[ cos(0/B) }, (3) 


6=tan~'e’’/(e’—€,), 


and 
or wto=tan(6/~). (4) 


The locus of Eq. (3) in the complex plane is, as shown 
in the upper two examples of Fig. 2, an arc with inter- 
cepts on the ¢’ axis at €) and €,, the limiting curve as 
w—0 being a semicircle with center on the real axis, 
and as w> a straight line making an angle 62/2 with 
the e’ axis. If Eq. (1) is valid, this plot then determines 
the values of €, €., and 6 directly. The frequency de- 
pendence predicted by Eq. (4) is readily verified, and 
the value of 7» determined, by plotting tan(@/6) 
=tane’/(e’—«.)8 against frequency. This should give a 
straight line, as shown in the log-log plots of Fig. 3, 
and the frequency f. for which tan(@/8)=1 gives 
to9=1/27mf.. We note that this frequency is lower than 
the one for which e” is a maximum, and corresponds to 


tand=tanB¢, 
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Fic. 4. Plot of transient dielectric constant values versus time 
(log scale) for glycerol at —71°C. Solid curve computed from 
Eq. (5) with 8=0.56, ro>=0.141 sec; dashed curve, exponential 
with time constant 7»>= 0.067 sec. 
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the point on the complex plane locus for which @= Br/4, 
as indicated in the plots of Fig. 2. 


B. Transient Measurements 


The transient response data obtained give the equiva- 
lent of the charge following application of a unit step 
voltage across the dielectric sample which we may 
conveniently, if loosely, call the “transient” dielectric 
constant e(/) for a condenser of unit capacitance. By the 
Fourier integral theorem, this transient value is given by 


1% (iw) | 
=- f e*'dw. 
0 


9 . 





iw 
For the expression (1) for e*(iw), this becomes’ 
€(t) = n+ (€0— €x) Tt/r0(8)/T(B). (5) 


The ratio of the incomplete gamma function T%/r9(8) to 
the complete function 7(8) is given in tables by 
Pearson.*® 

The choice of best values for both 6 and 7» to fit the 
observed points would be a tedious process in the 
absence of other information, but in our case the values 
of 8 and e, were known from bridge measurements of 
the high frequency part of the dispersion and determi- 
nation of the best values for €9 and 7» was then a 
relatively simple matter. The agreement between ob- 
served and calculated values of e(/) in the representative 
case of glycerol at —70°C is shown in Fig. 4, a loga- 
rithmic time scale being used for clarity. An exponential 
approach to the final values, as the Debye type equation 
predicts, is shown as a dashed line for comparison. 


C. High Frequency Data 


In analyzing the data, it soon became apparent that, 
while most of the dispersion was described quite accu- 
rately by Eq. (1), a second dispersion process occurs for 
all three liquids at frequencies high compared with 1/r. 
Except at the lowest temperatures, this was evident 
only as a slight decrease of the values of ¢’ below the 
straight line locus obtained by extrapolation of lower 
frequency data, and corresponding values of ¢” in 
excess of those to be expected. 

The nature of these departures is shown in typical 
cases in Fig. 5, where only a small high frequency pat! 
of the complete locus is plotted. The present results 
unfortunately do not define this second dispersion 
adequately for two reasons: the available bridge method 
did not extend to sufficiently high frequencies except a! 
the lowest temperatures, and the values are not @& 
accurate as one would like because of the small capac 
tance values and the presence of residual bridge errots 
at the highest frequencies. When possible, extrapolation 


7G. A. Campbell and R. M. Foster, Bell Telephone Monograph 
B-584 (1931), Pair 524.2. 

8K. Pearson, Tables of the Incomplete Gamma Function (H. M 
Stationery Office, London, 1922). (The arguments wu and p 
ployed in the tables are related to ours by the equatid! 


u=B\(t/79), p=B—1.) 
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DIELECTRIC RELAXATION 


of this second dispersion locus to the e’ axis were made, 
and these intercepts eg are listed in Table IV as a matter 
of interest for the discussion. They should, however, 
be considered as only approximate values which we 
hope to improve by further measurements under better 
conditions. 


IV. RESULTS 


As the typical complex plane loci in Fig. 2, frequency 
plots of Fig. 3, and transient curve of Fig. 4 illustrate, 
the observed dielectric behavior of all three liquids is 
quantitatively described, except at the highest fre- 
quencies, by the empirical dispersion Eq. (1) or its 
transient equivalent (5). Representative values of €0, €., 
7, and 6 necessary to fit the measurements are listed in 
Table I. In the case of m-propanol, the value of 8 is 
unity within experimental error at all temperatures 
(complex plane locus a semicircle). 

Values obtained from repeat runs on different samples 
are given in parentheses in a few cases to indicate the 
reproducibility. To save space this is done for glycerol 
only as similar agreement was found for the other two 
liquids. The starred values were obtained from the 
transient analysis. 


V. DISCUSSION 
A. Equilibrium Dielectric Constants 


The limiting dielectric constants €) at low frequencies 
all show the gradual increase with decreasing tempera- 
ture characteristic of polar liquids. As expected for 
hydrogen-bonding substances, the numbers are larger 
than predicted for Onsager’s equation® and their sig- 
nificance can be examined in terms of Kirkwood’s 
generalization of Onsager’s results which takes explicit 
account of short range molecular interaction in a way 
which can be calculated for a suitable model. Kirk- 
wood’s equation’? can be written 


2 2€ aN po" 
€&— Ex = —(1t9?-+ 2¢( )( )e (6) 
9 2eo+ No” kRTV 


where yo and mp are the dipole moment and dielectric 
constant for induced polarization of the molecule in 
question, V is Avogadro’s number, V, the molar volume, 
and kT has the usual meaning. The value of the corre- 
lation parameter g, for which Oster and Kirkwood"! 
have given approximate expressions in the case of 
water and normal alcohols, is unity if hydrogen bonding 
or other short range forces are not important, and 
Eq. (6) then reduces essentially to Onsager’s result. 

If, as for glycerol and propylene glycol, insufficient 
data exist for a reasonable model of the hydrogen 
bonding, the necessary values of g for Eq. (6) to give 
agreement with experiment can be taken as a semi- 

*L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936). 

J. G. Kirkwood, J. Chem. Phys. 7, 911 (1939). 


"G. Oster and J. G. Kirkwood, J. Chem. Phys. 11, 175 (1943); 
G. Oster, Bull. Soc. Chim. France 16, D 353 (1949). 
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Fic. 5. High frequency dielectric constant loci for m-propanol at 
— 140°C and glycerol at —70°C. 


empirical measure of the short range molecular co- 
ordination. Table II gives values of g found in this 
way from data of Table I, the molecular dipole moment 
uo (Debye units), and m?. From this table, it is seen 
that the values of g are smaller for glycols than for 
n-propanol, and that they all increase appreciably at 
lower temperatures. 

Oster and Kirkwood give the value g=2.57 for a 


TABLE I. Parameters of the dispersion equation for glycerol, 
propylene glycol, and m-propanol. 











A. Glycerol 
= €0 Cen To(sec) B 
28 42.1 
0 48.2 
— 10 50.9(51.0) 
— 20 53.7 
— 30 56.8(57.2) see see see 
— 40 60.5 4.20 1.15107 0.608 
(60.2) (4.13) (1.12 10-) (0.607) 
— 50 63.9 4.10 1.25 10-4 0.603 
— 60 67.4* 4.16 2.5 X10-* 0.593 
2.23X 10-** 
— 65.5 70.5* 4.3 1.86 10-2* 0.595 
— 70 74.2* 4.19 0.118* 0.566 
(73.9*) (4.1) (0.141*) (0.562) 
— 74.6 76.2* 4.18 0.96 0.550 
B. Propylene glycol 
5 & €0 €oo To(sec) B 
— 35.5 43.1 
— 45.4 45.7 3.53 3.85 X 1077 0.663 
— 55.4 49.5 3.59 2.11 10~* 0.664 
— 65.5 53.8 3.52 1.68 X 107% 0.666 
— 75.0 $1.7 3.51 1.89 10~* 0.662 
— 80.0 60.1 3.58 9.0 X10 0.663 
— 84.1 63.7* 3.56 4.1 x10°* 0.664 
— 89.1 65.3* 3.57 2.5 *10-* 0.650 
C. n-Propanol 
°C €0 €co To(sec) 
24.5 20.47 tee 
18.6 21.15 ee 
— 0.7 24.34 “ 
— 24.7 28.4 ee tee 
— 46.3 32.6 tee ~9xX 10~ 
— 644 36.8 tee 2.39 X 10-8 
— 78.2 40.5 tee 6.2 K10°% 
— 89.0 43.7 tee 1.49 1077 
— 100.4 47.6 4.90 4.71107 
— 113.0 52.2 S.ae 2.07 X 10-6 
— 126.6 54.6 5.32 2.12 10- 
— 140.4 64.0 5.40 5.6 «10-4 
— 144.7 67.4 5 


56 1.89X 10-8 
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TABLE II. Values of Kirkwood’s correlation parameter g. 











n-Propanol Propylene glycol Glycerol 
wo=1.69 mo? =2.11 pwo=2.0 mo? =2.17 wo=2.67 mo? =2.22 
ec g ° & eC 8 
20 3.19 —35 3.34 28 2.35 
—40 3.56 — 84 3.76 —70 2.66 
—80 3.67 








model of m-propanol in which linear OHO-bonded 
molecules with free rotation about the bonds are 
assumed. The higher experimental values may arise 
from inadequacies of the model, approximations made 
in deriving Eq. (6) from the theory, or uncertainty as to 
the proper value of mo” (see discussion in D). However, 
the fact that the ‘‘experimental” values increase only 
slightly for propylene glycol and are appreciably less 
for glycerol suggests that a less regular and effective 
coordination exists when hydrogen bonding may take 
place on two or three hydroxyl groups of the molecule. 


B. Relaxation Times 


The relaxation times 79 vary strongly with tem- 
perature for all three liquids in the fashion to be 
expected of a chemical rate process. If, however, one 
attempts to fit the data to a simple rate law of the form 
to= A exp(B/T), large systematic deviations are found. 
Curiously enough, most of the data are fitted within 
their experimental error by the expression, 


7=A expB/(T—T.), (7) 


some deviation being found for -propanol at the 
lowest temperatures. This relation is identical in form 
with an empirical equation proposed by Tammann and 
Hesse’? for the temperature dependence of viscosity of a 
number of polar liquids. 

The nature of the agreement over several decades in 
79 is shown in Fig. 6, where values of log7o are plotted 
against 1000/(7—T..), the same values of T., as found 
by Tammann and Hesse being used for glycerol and 
n-propanol. A significant further result is that the 

















Fic. 6. Relaxation times ro (log scale) as a function of the re- 
ciprocal of (7 —T..). Curve I, glycerol (T..= 132°K) ; curve II, pro- 
pylene glycol (7.,.= 120°K) ; curve III, m-propanol (7..=73.5°K). 


2G. Tammann and W. Hesse, Z. anorg. allgem. Chem. 156, 
245 (1926). 
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values of B required to fit the dielectric data also are 
the same, within combined experimental error, as 
the values from the viscosity data for glycerol and 
n-propanol as shown in Table ITI. 

The agreement is too good to be fortuitous and gives 
strong support to the conclusion that in these liquids 
the processes by which dipole reorientation and molecu- 
lar flow in shear are realized must be intimately related. 
A further interesting line of evidence is the fact that 
the measured low frequency conductances of these 
liquids also follow a similar rate expression. The slow 



































































drift of these values with time in our experimental — jf, 
arrangement makes this result less well established, 
but the inference is plain that the translational mobility 
of conducting ions in these liquids is governed by the fe 
same sort of process. This general similarity of di- J un 
electric rate process to viscosity and conductance in — pa 
these liquids has been noted by Kobeko e¢ al." and our nif 
results amplify and confirm theirs. C01 
The question of the significance of the characteristic J wh 
temperature 7., in Eq. (7) is an interesting one. Taken 
literally, Eq. (7) would require an infinitely slow relaxa- 
tion process in the limit T=T7,,. Our data extend only : 
for 
TABLE III. Parameters of dielectric and viscosity data equations. oth 
par 
Temperature 
Measurement range (°C) logA B(°K) 7T.(°K) two 
n-Propanol Dielectric —75 to —160 —10.99 461 73.5 hig] 
Viscosity —97 to —136 — 4.06 459 73.5 C 
Propylene glycol Dielectric —45 to — 90 —13.56 770 120 tern 
Glycerol Dielectric —40 to — 75 —14.41 957 132 chai 
Viscosity Oto—- 40 — 4.76 950 132 
rela 
pres 
to temperatures some tens oi degrees higher than 7;, 
and show very rapid increases in 7, at the lowest 
temperatures. The values of T,, are 20° to 40° below 
the so-called ‘“‘glass” temperatures at which viscosities qT 
of the order 10" poise are realized." sl 
In the case of n-propanol, the lowest temperature § Py 
values do show the slower rate of increase one would mers 
expect. form 
The observed correspondence of dielectric relaxation § 

‘ : “Ae : ; ; our 
time with viscosity 7 is predicted by Debye’s hydro- 
dynamic model® according to which the molecular 
relaxation time rp is given by rp=3nv/kT, v being the I 
volume of the molecule (assumed spherical). Calcula- 
tions of the volumes vy necessary for numerical agree- Jf and f 
ment give values which are much too small for glycerd 
and propylene glycol (ca. 0.1 10-* cc), and of reason 
able size for n-propanol (60-900 10-*4 cc).f The m 

18 Kobeko, Kuvshinski, and Shishkin, J. Tech. Phys. U.S.S.R- 
5, 413 (1938). lee 
14 W, Kauzmann, Chem. Revs. 43, 219 (1948). : (+2) 
1% P. Debye, Polar Molecules (Dover Publications, New York, HF to the. 
1929), p. 84. mode] 
t The spread in these values arises from uncertainty as to the 6 R’ 
relation between rp and the value 7 derived directly from the (1941). 
dispersion measurements, the difference between the two de UR 
pending on one’s assumptions as to the average field acting " Press, ( 






cause dipole reorientations. For the Lorentz field rp=[ (eo)! 










> are 
r, as 
and 


gives 
quids 
ylecu- 
lated. 
. that 
these 
: slow 
rental 
ished, 
bility 
yy the 
of di- 
nee in 
1d our 


eristic 
Taken 
relaxa- 
d only 


uations. 














an Tx, 

lowest 
> below 
;cosities 


yerature 
e would 


laxation 
; hydro- 
olecular 
eing the 
Calcula- 
ul agree 
glycerol 
f reason 
The in- 


USSR 


Jew York, 


yas to the 
, from the 
e two de 
| acting 1 


=[ (cat)! 









1.0 |----—---------— 
(1/2) 


0.5 











0,0 
0,01 Ol o T/T, 


Fic. 7. The fraction f(71/70) of processes with relaxation times 
less than 7; computed for 8B=0.60. 





ference is natural that for the glycols much smaller 
units than the ‘molecule are involved, while for -pro- 
panol the individual molecule may well be the sig- 
nificant structural unit to consider. These ideas are 
consistent with the nature of the dispersion functions 
which we now consider. 


C. The Dispersion Functions 


The characteristic differences in frequency dependence 
for the alcohol on the one hand and the glycols on the 
other show that, while most of the dispersion in m-pro- 
panol is represented by a simple relaxation process, the 
two glycols exhibit dispersion both at relatively much 
higher frequencies and over a broader frequency range. 

One can describe the broader dispersion formally in 
terms of a distribution of simple relaxation processes 
characterized by a distribution function F(r/79) for 
relaxation times 7 in the interval dIn(r/79), the ex- 
pression being 


” F(r/t0) 
iar) c= (ae) f ——d |n(r/70). (8) 
—«» [t+iwr 


The solution of this integral equation for F (7/70) 
using the imaginary part only has been given by Fuoss 
and Kirkwood.!® An alternative and here more con- 
venient procedure is to solve Eq. (8) in the complex 
form as a Stieltje integral for which the solution by 
Fourier transforms is known.” The result is 


1 





F(r/79)= -—[e*(10/re'*) — *(r9/re-**) ], 


€9— Ex 271 


and for the e* of Eq. (1) this gives 


sinBar ¥ B 
F(r/1)= ) » TK Te 


us ve” F. 








(9) 
= 0, ‘> T0- 


ee 

(«+2)]ro, while for the Onsager field rp™ro. The true relation, 
‘o the extent that a valid one is simply expressed by a local field 
model, presumably lies between these extremes. 

ry M. Fuoss and J. G. Kirkwood, J. Am. Chem. Soc. 63, 385 
me E. C. Titchmarsh, Theory of Fourier Integrals (Clarendon 
tess, Oxford, 1949), p. 92. 
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TABLE IV. High frequency dielectric constants. 














re no? n*(150y) €d €ap 
Glycerol — 70 2.22 3.5 3.4 4.18 
Propylene glycol — 84 2.17 — 2.9 3.56 
n-Propanol — 140 2.11 2.2* 2.9 5.40 








* Estimated by comparison of data for several normal alcohols. 


There is thus a maximum, or cutoff, time ro of a con- 
tinuous distribution for times 7 less than 7». The result 
is not what one would expect from a picture of associ- 
ated molecules of varying size, in view of the fact that 
the maximum values of 7 are already small for a single 
molecule and the necessary distribution extends in the 
direction of smaller times. The function (9) implies a 
broad distribution for 6 of the order 0.6, as can be 
seen by considering how the fraction f of processes 
with relaxation time less than a given 7; varies with 7}. 
This is given by 


nite sinBa\ (7 \P 
fleu/n)= f ( )( ) d In(r/rTo) 
—w Tv 7 ¢: 


singr 
-( Brn 1—8), <7, 


us 








=|, Ti> To, 


where B is the incomplete beta function for which 
tables exist.1* A plot of f(71/70) versus 71/79 for B=0.6 
is shown in Fig. 7, and one sees, for example, that ten 
percent of the assumed processes must have 7; less 
than 70/20. 


The breadth of the distribution in the wrong direction 
for a simple picture of molecular association suggests 
that we have rather a situation in which reorientation 
of hydroxy] dipole groups is made possible by breaking 
of hydrogen bonds to neighboring ones. The existence 
of a single relaxation process for the low frequency 
dispersion in #-propanol implies that a single unit 
rather than a linear polymer with a variety of modes of 
reorientation is involved. This hypothesis is not in- 
compatible with the coordination number of two in- 
ferred from x-ray studies!’ or with the large g-factor 
(see A) for the equilibrium dielectric constant, as we 
have only to suppose that breaking and reforming of 
intermolecular bonds occurs in such a way that each 
molecule spends most of its time having two neighbors 
in positions consistent with bond angles. 

Attempts to relate such a picture to rate theory con- 
siderations of activation energies” meet the difficulty 
that a strongly temperature dependent free energy AF* 


18K. Pearson, Tables of the Incomplete Beta Function (Uni- 
versity Press, Cambridge, 1934). 

19W. C. Pierce and D. P. MacMillan, J. Am. Chem. Soc. 60, 
779 (1938). 

20 W. Kauzmann, Revs. Modern Phys. 14, 12 (1942). 
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must be assumed if a rate law of the form, 


to= (h/kT) exp(AF*/RT), 
is to agree with the empirical expression (7) that 
7o= A expB/(T—T..). 


In this situation, AF* has no simple interpretation nor 
can activation energies and entropies be deduced. 
Frenkel?! has discussed such temperature dependent 
activation energies in terms of changes in local order 
of the liquids, a plausible conclusion which can neither 
be confirmed nor refuted in the absence of a more 
quantitative model. 

A further complication for glycerol and propylene 
glycol is the fact that on the basis of the rate theory a 
distribution of free energies of activation below a 
maximum cutoff value is required, the width being such 
that 90 percent of the free energies lie in a range 3RT 
for 8=0.6. The experimental values of 6 change only 
slightly with temperature over the range investigated, 
even though the times 7» change by a factor of 10°, 
hence the form of the distribution is essentially in- 
dependent of temperature despite the changes in magni- 
tude of AF* one would have to assume. 

A possible approach to the explanation of these 
observations may be in terms of the activation energy 
for formation of “holes” by use of free volume of the 
liquid. It is of interest to note in this connection that 
Danforth?? was able to lower the dispersion range in 
glycerol to radio frequencies at 0°C by pressures of 
several thousand atmospheres which increased the 
density by 12 percent. 


D. High Frequency Dispersion 


The observation at low temperatures of a second 
high frequency dispersion region is of interest as it 
indicates that a large part of the difference between the 
square of the refractive index and the limiting value e€, 


"J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, 1946), Chapter IV. 
2 W. E. Danforth, Phys. Rev. 38, 1224 (1931). 
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of the low frequency dispersion may be attributed to 
this second temperature dependent dipole polarization, 
Measurements by Cartwright and Errera*™ in the far 
infrared (50-1504) at room temperature permit rough 
estimate by use of the Lorenz-Lorentz formula of 
n7(159u) at the temperatures for which we have been 
able to estimate the high frequency limit eg of our 
second dispersion, as indicated in Fig. 5. These values 
are listed in Table IV together with the extrapolated 
optical value mp? and the limiting value e¢,. of the low 
frequency dispersion. 

The values of 2?(150u) are only approximate but do 
suggest by comparison with eg that most of the differ- 
ence between 7(150u) and ¢€. is accounted for by the 
observed radio-frequency dispersion. Our data are too 
limited to permit very detailed discusston of this dis- 
persion, but the center frequency is approximately 
500 kc/s for n-propanol at — 140°C as compared to the 
cutoff frequency f.=1/2r79=290 c/s of the low fre- 
quency dispersion, and the frequency range is appar- 
ently wider than for a Debye type curve. The data so 
far obtained indicate that the frequency range varies 
with temperature in the fashion to be expected of a 
dipole relaxation process, and in fact the central fre- 
quencies appear to follow a rate law of the same form 
found for the low frequency dispersion. These results 
will be presented in detail later, when more compre- 
hensive data are available. Indications of a second dis- 
persion region at room temperature have been found 
by Girard and Abadie™ in microwave measurements, 
and the same process may well be involved. 


ACKNOWLEDGMENT 


We wish to thank the Research Corporation for a 
grant which made possible development of the transient 
equipment used in this work and a fellowship for one 
of us (D.W.D.). 


23C. H. Cartwright and J. Errera, Proc. Roy. Soc. (London) 
A154, 138 (1936). 

24 P. Girard and P. Abadie, Trans. Faraday Soc. 42A, 40 (1946); 
a," Chim. France 12, 207 (1945); J. Chem. Phys. 44, 313 
1947). 





dio: 





hav 
the 
muc 


expe 
of et 
25°C 
resul 


ethy] 
betw: 
press 
dense 


Was n 








THE JOURNAL OF CHEMICAL PHYSICS VOLUME 19, NUMBER 12 DECEMBER, 1951 
4 The Dielectric Constant of Ethylene at High Pressures 
ar H. G. Davin, S. D. Hamann, AnD J. F. PEARSE 
zh High Pressure Laboratory, Division of Industrial Chemistry, Commonwealth Scientific and 
of Industrial Research Organization, University of Sydney, Australia 
a (Received August 13, 1951) 
ur 


l€S 


The dielectric constant of ethylene has been measured at pressures up to 500 atmospheres and at tempera- 
tures of 25°C and 50°C. At both temperatures the Clausius-Mosotti function has been found to pass through 
a maximum with increasing density. The results have been discussed with reference to Kirkwood’s theory of 





ed 

OW dielectric polarization. 

do 

ie INTRODUCTION 

the . , 

i HE study of the dielectric constant of gases over a 
ite. wide range of densities is of interest in the de- 
ely velopment of theories of dielectric behavior. A review 
the of work done in this field has been recently given by 
fee. Miller. 

ai. The Clausius-Mosotti (C-M) treatment requires that 
= (e—1)/(e+2)d, where ¢ and d are the dielectric constant 
ries and density of the gas respectively, should be inde- 
re pendent of density. Also for gases with non-polar 


fre- molecules, the C-M ratio should be independent of 
temperature. However, variations in the value of the 





orm 
ults C-M ratio with density have been found for carbon 
pre- dioxide,** ammonia,‘ and propane.? Several authors 


dis- have advanced explanations for these variations,*—* but 


und the agreement between theory and experiment leaves 
nts, much to be desired. 

It was decided in this work to extend the range of 
experimental data by measuring the dielectric constant 
of ethylene at various densities and at temperatures of 

ee 25°C and 50°C, and to consider the implications of the 
dei results. 
- one APPARATUS 
The procedure adopted for this study was to confine 
oie ethylene at a known temperature and various pressures 
between the plates of a gas condenser contained in a 
— pressure vessel and to measure the capacity of the con- 


capacity. 


Gas Condenser 


The condenser and containing vessel were similar to 
those used by Michels.? The former consisted of two 


coe 


'J. G. Miller, Trans. Am. Soc. Mech. Engrs. 70, 621 (1948). 
*F. G. Keyes and J. L. Oncley, Chem. Revs. 19, 195 (1936). 
*A. Michels and L. Kleerekoper, Physica 6, 586 (1939). 
‘F. G. Keyes and J. G. Kirkwood, Phys. Rev. 36, 1570 (1930) ; 
37, 202 (1931); J. G. Kirkwood, J. Chem. Phys. 4, 592 (1936). 
vd. H. Van Vleck, J. Chem. Phys. 5, 556, 991 (1937). 
‘Michels, de Boer, and Bijl, Physica 4, 981 (1937). 
if: J. F. Béttcher, Physica 9, 937, 945 (1942). 
,W. F. Brown, J. Chem. Phys. 18, 1193, 1200 (1950). 
A. Michels and Mrs. C. Michels, Trans. Roy. Soc. 
(London) (A) 231, 409 (1933). 












denser and the pressure of the gas. To achieve this, it 
was necessary to have a supply of pure ethylene, a means 
of compressing it in the gas condenser, and equipment 
for accurately measuring temperature, pressure, and 
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concentric brass cylinders with the outer supported from 
the inner cylinder by silica disks. The outer cylinder was 
in electrical contact with the pressure vessel and con- 
nection with the inner cylinder was made through a low 
capacity insulated plug of the type described by 
Michels.® The design of the condenser was such as to 
ensure minimum distortion of the cylinders at high gas 
pressures. 

The containing pressure vessel was made of high 
tensile steel. It was rigidly and independently supported 
in an oil thermostat. The capacity measuring equipment 
was mounted on the same support and a rigid coaxial 
lead connected the gas condenser to this equipment. 

The temperature of the oil thermostat was maintained 
constant to +0.005°C by an electronic temperature 
controller (see Wylie).!° It was measured by a Leeds and 
Northrup Platinum Resistance Thermometer and G-2 
Mueller Bridge. The thermometer and bridge were 
calibrated by the U. S. National Bureau of Standards 
and the Ice Point resistance of the thermometer was 
determined in this laboratory. 


Pressure Balance 


The pressures were measured by a modified Buden- 
berg-type Pressure Balance which has been described by 
one of the authors.'' The balance was used in conjunc- 
tion with a U-tube containing mercury and an oil 
injector as described by Keyes.” The pressures were 
measured over the whole range (20-530 atmospheres) 
with a piston-cylinder unit of nominal piston area of 
0.02 sq. in. It was calibrated against the vapor pressure 
of carbon dioxide at 0°C (see Bridgman). In this 
calibration it was found that a change in the weight on 
the piston of one part in 95,000 was sufficient to make or 
break contacts in the U-tube and readings were re- 
producible to one part in 25,000. The calibrated value of 
the gauge constant was assumed to be correct up to 530 
atmospheres. Keyes” has shown this assumption to be 
justifiable. 


R. G. Wylie, Natl. Standards Lab. C.S.I.R.O. Report No. 
PA-2 (1948). . 

J. F. Pearse, submitted for publication in J. Sci. Instr. 

2 F, G. Keyes, Proc. Am. Acad. Arts Sci. 68, 505 (1933). 

QO, C. Bridgman, J. Am. Chem. Soc. 49, 1174 (1927). 








Mercury Gas-Compressor 


This unit was based on a design developed by Michels 
and described by Tongue." It was used in conjunction 
with a “Cook” 3000 atmospheres two-stage pump.’® 


Ethylene Storage Cylinder and Transfer Vessel 


The gas was stored in a high tensile steel pressure 
vessel of one liter capacity. The transfer vessel, the use 
of which will be described later, was made of stainless 
steel and had a capacity of 150 ml. 


Electrical Equipment 


The method used for capacity measurements was that 
described by P. Cohen Henriquez.'® The circuit con- 
sisted of a pentode valve, type 6F6G, with a 1000 Kc 
quartz crystal controlling the grid circuit. The anode 
circuit was tuned by means of an inductance in parallel 
with the gas condenser and a standard variable con- 
denser. The anode voltage was supplied by a stabilized 
power pack and the heater current was taken from a 
6-volt battery. Such a circuit exhibits the usual mini- 
mum of anode current at the capacity corresponding to 
the natural frequency of the crystal with the important 
feature that the slope of the curve on the high capaci- 
tance side is very steep. A suitable operating point is 
chosen on the steepest portion of the curve and capaci- 
tance adjusted until the anode current is at the chosen 
value. To obviate errors in the capacity measurements 
caused by drifts in the oscillator circuit, a reference 
condenser was included, as suggested by P. Cohen 
Henriquez.'® 

The standard condenser was constructed from a 
transmitting condenser. The spindle, supported in a 
lapped conical bearing, was rotated by a worm and 
wheel drive fitted with an anti-backlash device. The 
worm spindle carried a graduated drum on which one 
division was equivalent to 1/100 uuF. The instrument 
was calibrated by the Division of Electrotechnology of 
the C.S.I.R.O. and found to be consistent to +0.02 uwuF 
over a long period. The whole of the capacity measuring 
equipment was screened. 


EXPERIMENTAL PROCEDURE 
Preparation of Ethylene 


The gas was prepared by the dehydration of ethyl 
alcohol by Pyro-phosphoric acid at 220-240°C. An 
apparatus was set up in which to carry out this prepara- 
tion in a continuous manner. The alcohol was led into a 
flask containing 100 cc of Pyro-phosphoric acid (pre- 
pared in situ by dehydration of ortho-phosphoric acid) 
at the required temperature. The ethylene was passed 
successively at atmospheric pressure through a dry ice 

4H. Tongue, The Design and Construction of High Pressure 
Plant (Chapman and Hall, Ltd., London, 1934). 

15D. M. Newitt, High Pressure Plant and Fluids at High Pres- 


sures (Oxford University, New York, 1940). 
16 P, Cohen Henriquez, Physica 2, 429 (1935). 
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and alcohol trap, a wash bottle containing concentrated 
sulfuric acid, another containing 50 percent caustic 
soda, a further dry ice and alcohol trap, and a liquid air 
trap in which it was finally condensed. 

When sufficient gas had been collected in the last 
trap, production was ceased and the permanent gases 
were pumped off. The ethylene was then fractionally 
distilled in batches in a low temperature fractionating 
column similar to that described by Lu, Newitt, and 
Ruhemann.!? The middle fractions of ethylene were 
condensed in the gas transfer vessel immersed in liquid 
air. The vessel was then warmed and the ethylene 
passed into the mercury gas-compressor and pumped 
into the gas storage cylinder. One hundred liters of 
ethylene were prepared. Before preparation and storage 
of the gas, the glass apparatus was pumped out at a 
pressure of less than 1/10th micron and flamed and the 
gas compressor and vessels were pumped out for several 
days. A sample of the ethylene was analyzed and 99,7 
percent by volume was adsorbed by bromine water. The 
residual gas was shown to be non-condensable at liquid 
air temperature. 


Calibration of Gas Condenser 


The vacuum capacity of the gas condenser was de- 
termined in the usual way by calibration with benzene." 
Carefully fractionated benzene, dried for several weeks 
over sodium, was refluxed and stored over sodium ina 
glass vessel. It was degassed and distilled in vacuum into 
the previously evacuated gas condenser. Mercury U- 
tube valves were used in the system to prevent con- 
tamination of the benzene by tap-grease. 

The vacuum capacity at 25°C was found to be 
148.96+0.05 puf (taking €:;=2.2725 for benzene),” 
compared with the value 149.4 uuf calculated from the 
condenser dimensions. The change in capacity of the 
evacuated condenser between 25°C and 50°C was found 
to be +0.04 uf (calculated value, +0.07 uyf). Since 
this variation is smaller than the probable error in the 
calibration, the same value of the vacuum capacity was 
used at both temperatures. 


Capacity Measurements 


The condenser was filled from the storage vessel (via 
the gas compressor) with ethylene at the desired pressurt 
and temperature (25°C or 50°C). Readings of the 
standard condenser and pressure balance were take! 
when the values appeared constant. These were checked 
after an interval of five minutes to confirm that the 
system was in equilibrium. Measurements were made 
over a range of pressures, the points being chosen % 
that the capacity of the gas condenser changed in 4 
proximately equal steps (~5 yuf). Before and after 

17Lu, Newitt, and Ruhemann, Proc. Roy. Soc. (London 
A178, 506 (1941). | 

18 R. J. W. Le Fevre, Dipole Moments (Methuen and Compa): 
Ltd., London, 1938). 


19, Hartshorn and D. A. Oliver, Proc. Roy. Soc. (Londs 
A123, 664 (1929). 
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Fic. 1. Clausius-Mosotti function for ethylene at 25°C. 


series of observations the gas condenser was evacuated 
and its capacity in this state checked. Throughout the 
measurements this value did not vary by more than 
+0.03 puff. 

The change in the condenser dimensions with pressure 
was shown by calculation to cause negligible error in the 
capacity measurements even at the highest pressures. 


RESULTS 


In order to determine densities from measured pres- 
sures the P—V—T data of Michels and Geldermans”® 
for ethylene were used. To convert the values of 
Amagat density so obtained to densities in moles/liter 
the normal volume is required. This was calculated from 
the relationship, 


V,=22.414/(1+-A) liters, (1) 


using the value of \ found by Cawood and Patterson.*! 
The figure obtained was 22.251 liters. 

The values of the Clausius-Mosotti function are 
shown in Tables I and II and in Figs. 1 and 2 for the 
temperatures 25°C and 50°C. For convenience in 
extrapolation an attempt was made to fit the low 
density values by a least squares analysis to an expres- 


| Sion of the form, 


(e—1)/(e+2)d= A+ Bd+Ce?, (2) 


d being the density and A, B, and C constants for a 
given temperature. A reasonable fit was impossible for 


the 25°C values but was achieved at 50°C with the 
constants: 


A= 10.69+0.01 cm’ mole 
B=25 +7  cm* mole” 
C=540 +820 cm? mole. 


- curve corresponding to these values is shown in 
ig, 2, 


‘SS Senes 
* A. Michels and M. Geldermans, Physica 9, 967 (1942). 
W. Cawood and H. S. Patterson, J. Chem. Soc. 619 (1933). 


It will be noticed that the experimental points do not 
strictly lie on a smooth curve, but rather on a periodic 
curve superimposed on a smooth curve. For example, in 
our results there is a positive ‘‘peak’’ at density 0.002 
mole/cc and a negative “peak” at density 0.004 
moles/cc on each curve. This phenomenon is noticeable 
in the results of other workers, e.g., Michels and 
Kleerekoper*® for CO. and Keyes et al” for CHs, N2, COs, 
and NH3. 

The evident agreement between the zero-density 
values of the Clausius-Mosotti function at the two 
temperatures (see Figs. 1 and 2) is in accord with the 
known absence of dipole moment in ethylene. The value 
(10.69) deduced from these measurements agrees well 


TABLE I. Clausius-Mosotti function for ethylene at 25.00°C. 








Clausius-Mosotti 





Pressure Density Dielectric function 
(int. atmos) (moles/liter) constant (cc/mole) 
21.696 1.0262 1.0332 10.680 
28.221 1.4121 1.0461 10.708 
35.593 1.9187 1.0631 10.737 
45.530 2.7894 1.0926 10.733 
46.209 2.8621 1.0951 10.740 
54.615 3.9657 1.1337 10.760 
55.083 4.0438 1.1366 10.772 
59.263 4.8685 1.1666 10.804 
60.606 5.1959 1.1790 10.836 
62.426 5.7033 1.1985 10.881 
64.491 6.3823 1.2251 10.937 
64.924 6.5386 1.2311 10.938 
66.888 7.2822 1.2602 10.960 
66.908 7.2899 1.2603 10.954 
67.930 7.6769 1.2748 10.930 
72.839 9.146 1.3316 10.881 
80.368 10.359 1.3809 10.876 
94.287 11.524 1.4297 10.872 
94.564 11.541 1.4303 10.868 
125.62 12.851 1.4859 10.846 
125.89 12.860 1.4862 10.845 
181.59 14.092 1.5402 10.829 
272.12 15.247 1.5925 10.816 
385.54 16.193 1.6364 10.807 
534.27 17.082 1.6778 10.789 
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Fic. 2. Clausius-Mosotti function for ethylene at 50°C. 


with the existing data” for 25°C, viz.: 


Boltzmann (1874) 9.74 cc/mole 

Klemencic (1885) 10.81 cc/mole 

Smyth and Zahn (1925)  10.72cc/mole 

Watson, Rao, and Ramaswamy (1934)  10.74cc/mole 
DISCUSSION 


The C-M relationship may be written in the form, 
(e—1)/(e+-2)d=42aN/3, (3) 


where € is the dielectric constant of a substance, d is its 
density in molar units, a is its molecular polarizibility 
and NW is Avogadro’s number. If a is assumed to be 
constant the C-M function, (e—1)/(e+2)d, should also 


TABLE IT. Clausius-Mosotti function for ethylene at 50.00°C. 








Clausius-Mosotti 





Pressure Density Dielectric function 
(int. atmos) (moles/liter) constant (cc/mole) 
23.527 0.9980 1.0324 10.711 
42.234 2.0181 1.0665 10.753 
56.186 3.0007 1.1002 10.774 
67.851 4.0529 1.1372 10.787 
75.783 4.9229 1.1688 10.823 
82.733 5.7899 1.2013 10.859 
89.241 6.6510 1.2342 10.886 
95.683 7.4839 1.2665 10.902 
102.42 8.2699 1.2981 10.931 
102.87 8.3177 1.2993 10.906 
110.32 9.045 1.3278 10.891 
112.05 9.194 1.3342 10.902 
121.50 9.900 1.3626 10.891 
121.97 9.931 1.3643 10.902 
135.96 10.721 1.3962 10.882 
138.62 10.846 1.4021 10.899 
157.39 11.593 1.4327 10.872 
188.48 12.480 1.4706 10.865 
229.19 13.304 1.5064 10.855 
277.71 14.029 1.5384 10.846 
347.23 14.808 1.5735 10.837 
448.26 15.653 1.6118 10.821 
529.43 16.186 1.6366 10.815 








2 Summarized by Watson, Rao, and Ramaswamy, Proc. Roy. 
Soc. (London) A143, 558 (1934). 


be constant. It has been found experimentally, however, 
that the function is to some extent dependent on 
density. Explanations of this effect have been based 
upon two considerations: (a) that a may vary with 
density,* (b) that the Lorentz molecular model is not 
applicable at high densities and the equality (3) does not 
necessarily hold.**%8 No quantitative information has 
yet been provided by the first approach and we shall 
consider our results in the light of the theory which 
Kirkwood developed to replace the Lorentz derivation 
of Eq. 3. 

Kirkwood‘ determined statistically the effect of 
translational fluctuations on the average local electric 
field in a molecule and obtained an expression of the 
form: 


(e—1)/(e+2)d=Po(1+yPod+ 5PirP+---) (4) 


where d is the density of the gas and P» is its molar 
polarization at zero density. He showed that the 
coefficient y is given by 


y= (Po/b)[1+(A/36RT)] (5) 


in the special case of a gas consisting of hard spherical 
molecules with mutual attractive potentials, V(r), which 
vary inversely as the sixth power of the intermolecular 
distance, r. A and b are the constants of the van der 
Waals equation of state. 

There is some uncertainty as to the values that should 
be used for A and 6 in Eq. (4) and the adequacy of the 
van der Waals type of intermolecular field is, in any 
case, rather doubtful.2 For these reasons we have 
calculated y from equations based upon the more 
accurate representation of intermolecular forces which 
is given by the Lennard-Jones* expression: 


V(p) = 4E*(p-?— p-*) (6) 
p=1/Tfo. 


% J. E. Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 
(1924). 
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H 2 


InEq. (6) — E* is the minimum potential energy between 
two molecules and 7 is their separation when V(p)=0. 
Putting (6) into the limiting expression for low densities: 


3Po 7” 
b daaeibe oie 


p-4e-BV dp (7) 
bo Yo 


(where B=1/kT, b)>=22Nr,*/3) and using the parame- 
ters bb>=115.5 cc/mole, E*/k=199.2°K calculated by 
Bird, Spotz, and Hirschfelder™ from the second virial 
coefficient data for C2H,, we find: y=+0.143 at 50°C. 
This figure is somewhat lower than the value y=+0.22 
+0.06 given by the least squares quadratic fit of our low 
density experimental data. In this respect our results 
are qualitatively similar to those of Keyes and Oncley 
for COs and C3Hg. For these gases yor; is about twice 
Yeale- 

It is hardly profitable to speculate on these differences 
since the C-M/d curves are apparently of quite complex 
form even at the lowest densities,* and the extrapolated 
values of y may be subject to very large errors. There is 


* Bird, Spotz, and Hirschfelder, J. Chem. Phys. 18, 1395 (1950). 

*The steps in these curves which are found in nearly all the 
recorded data suggest that there may be relatively sharp changes 
in the molecular distribution functions with density. 


MOLECULE ORBITALS 














TABLE III. 
CO: CoH 
Temp. 50°C 100°C 25°C 50°C 
d (for max. C-M) 0.0123" 0.0135" 0.0070 0.0083 mole/cc 
d (critical) 0.0104» 0.0079» mole/cc 








a The data for CO: are taken from A. Michels and L. Kleerekoper, Physica 
6, 586 (1939). 
b Values from International Critical Tables 3, 248 (1928). 


an obvious need for more accurate C-M measurements 
in the density range 0-0.002 moles/cc. These were not 
possible with our apparatus. 

A point of interest is that the densities at which the 
slopes of the C-M/d plots abruptly change sign corre- 
spond quite closely with the critical densities of the 
gases. This is shown in Table III. 

It may also be significant that above this density the 
C-M function decreases with increasing density, an 
effect which is generally found in liquid systems. 
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Semilocalized Orbitals. I. The Hydrogen Molecule 
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Semilocalized orbitals are defined and applied to the hydrogen molecule. The basic criteria for the analytic 
form of this kind of orbital is that it shall assume either molecular or atomic orbital form for certain special 
values of the variational parameters. A binding energy of 4.20 ev is found in comparison with 3.60 and 
3.76 ev obtained from the best molecular and atomic orbital calculations. The physical interpretation of 


the results is briefly discussed. 


OST of the quantum-mechanical calculations of 
molecular properties are either based on the 
molecular orbital or atomic orbital methods. We will 
introduce a third method utilizing semilocalized orbitals. 
The basic criteria for the analytic form of the semi- 
localized orbital is that it will assume either L.C.A.O. 
molecular or atomic orbital form for special values of 
the variational parameters. In general the semilocalized 
orbital will have neither form. We will give an analytic 
(lefinition in the next section. 
We shall then employ a special form of semilocalized 
orbital to calculate the binding energy of the hydrogen 
—— 


* Formerly University of Utah Research Fellow. 


molecule, and discuss very briefly the physical sig- 
nificance of the results. 


I, SEMILOCALIZED ORBITALS 


In order for semilocalized orbitals to satisfy the basic 
criteria for analytic form we will adopt the following 
definition : 


(1) In the method of semilocalized orbitals the molecular 


eigenfunction will consist of the antisymmetrized product of 
individual one-electron orbitals. 


n! 


¥= DZ dePHi(lv2l2)- + vale). (1) 
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Fic. 1. Shape of the charge distribution for the one-electron 
eigenfunctions in a molecular orbital treatment of the hydrogen 
molecule. 


P is one of the m! permutations of m things and operates on the 
eigenfunction. Ap assumes the value —1 or +1 according to the 
parity of the permutation P. 

(2) The individual one-electron eigenfunctions shall be com- 
posed of linear combinations of atomic orbitals or of linear com- 
binations of “distorted” atomic orbitals. The “distortion” of the 
atomic orbitals can be accomplished by the introduction of a 
scale factor,! displacement of the center of electronic charge from 
the individual nuclei,? or in any manner in which the “distorted” 
atomic orbitals assume the simpler atomic orbital form for special 
values of the variational parameters. 

(3) The individual one-electron eigenfunctions shall consist of 
a linear combination of at least two atomic or “distorted” atomic 
orbitals and shall not contain more than one such orbital for 
each atom of the molecule 


Vi=gitrArget::-Aj¢gi- : (2) 
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Fic. 2. Shape of the charge distribution for the two one- 
electron eigenfunctions in an atomic orbital treatment of the 


hydrogen molecule. 


' J. Hirschfelder and J. Kincaid, Phys. Rev. 52, 658 (1937). 
2 E. Gurnee and J. Magee, J. Chem. Phys. 18, 142 (1950). 
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We shall illustrate the preceding definition using the 
hydrogen molecule as an example. The antisymmetrized 
product of the individual one electron eigenfunctions is 
the linear combination of two Slater determinants 


¥i(1)a(1)yi(2)a(2) 
inst | 

¥1(1)6(1)¥1(2)8 (2) 
Ya(1)a(1)Y2(2)x(2)| 
Expanding the determinants we get 


W= {Y¥i(1)P2(2) + 1(2)Y2(1)} 
X {a(1)8(2)—a(2)B(1)}, (4) 


Vi=GatrAge, (5) 
Y2=Agat $0; (6) 


where ¢, and g are the atomic orbitals or “distorted” 
atomic orbitals assigned to nuclei A and B. 
When X is unity, the orbitals assume molecular 


V=(1/N) 








TABLE I. 








Binding energy Total energy 











Method Inev In percent In ev In percent 
Best atomic orbital* 3.76 79.66 30.965 96.91 
Best molecular orbital 3.603 76.27 30.808 96.79 
Semilocalized orbital 4.20 88.98 31.405 98.38 








®S. Wang, Phys. Rev. 31, 579 (1928). 
b C. Coulson, Proc. Cambridge Phil. Soc. 34, 204 (1938). 


orbital form. When d is zero, the same orbitals assume 
atomic orbital form, if g, and g are atomic orbitals. 

The orbitals of Eqs. (5) and (6), when ¢, and ¢ are 
atomic orbitals distorted by the introduction of a scale 
factor, are those used by Coulson and Fisher.* 

Expansion of the eigenfunction of Coulson and Fisher 
shows that it is a rewritten form of the ‘“‘Heitler-London 
plus ionic terms” eigenfunction in Weinbaum’s‘ treat- 
ment of the hydrogen molecule. 

There is however a possible difference in physical 
interpretation and this will be discussed in the last 
section of this paper. In any case, it should be remarked 
that this reformulation is very important, since it 
enables one to use directly either the formalism of the 
Slater method or the Dirac vector method in the treat- 
ment of complex molecules. We shall also retain the 
language of these methods. We refer to the integral, 
SvdhviDAXVMyi(k)dridre as an exchange In- 
tegral and /Yy.(k)v,(DHXY(k)bi(dridre as a cole 
lombic integral. 

To digress for a moment from the hydrogen molecule, 
for heteropolar molecules the valence electrons 4 


3C. Coulson and I. Fisher, Phil. Mag. 40, 393 (1949). 
4S. Weinbaum, J. Chem. Phys. 1, 593 (1933). 
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assigned to the orbitals, 


yi= Yat Aig (7) 


V2=Dogat oo. (8) 


Substitution of (7) and (8) into the molecular eigen- 
function and subsequent expansion will not give a 
“Heitler-London plus ionic terms” eigenfunction, but 
an eigenfunction with an extra parameter. Greater 
differences will arise with increasing molecular com- 
plexity, but these will be discussed in the course of 
actual computation. 


and 


I. CALCULATION FOR THE HYDROGEN MOLECULE 


For the calculations which follow we have utilized 
the transformation from spherical to elliptic coordinates. 
The 1—s hydrogen atomic orbitals transform in the 
following manner 


Se = (Z3/a})e-2ra = (Z3/ a3) e—(ZR/2) (uty) 
gy = (Z3/m)e-2Z0 = (23/2?) e—(ZR/2)(u-¥) 


where p=(ratm)/R and y=(ra—m)/R. 

Apart from sign, the coefficients of u and y in the 
exponents are equal. 

Destroying this equality we have 


ga=(1/N)eCaut By (9) 


Qo= (1/N)e—(e#-8 | (10) 


thus introducing the parameters a and £ instead of the 
single parameter Z. Increasing a@ increases the electronic 
charge distribution along the line joining the hydrogen 
nuclei. 

Increasing 6 tends to concentrate the charge around 
the two nuclei. Equations (9), (10), (3), (5), and (6) 
then define the molecular eigenfunction. 

The values of a, 8, and \ were determined by the 
use of the integrated Fock-Hartree equation for the 
hydrogen molecule with nonorthogonality correction 
using successive variations to achieve a minimization 
of the energy. The value of a was 0.835, B was 0.775, 
and \ was 0.137. 

Using these values and the complete hamiltonians the 
binding energy of the hydrogen molecule was found to 
be 4.20 ev. Since the James and Coolidge’ eigenfunction 
without 712 terms gives a calculated binding energy of 
4.27 ev, we may assume that we are within 0.07 ev of 
the greatest accuracy to be obtained from any one- 
‘lectron eigenfunctional approximation. 

The best atomic orbital and molecular orbital calcu- 


es 


‘H. James and A. Coolidge, J. Chem. Phys. 1, 825 (1933). 
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_ Fic. 3. Shape of the charge distribution for the two one-electron 
eigenfunctions in a semi-localized orbital treatment of the hydro- 
gen molecule. 


lations are compared with the semilocalized orbital 
method in Table I. ; 


Ill. PHYSICAL INTERPRETATION 


We shall conclude with a few remarks concerning 
the physical interpretation of the results. Omitting ex- 
change terms from the variational calculation, and 
using the eigenfunction of Coulson and Fisher, the semi- 
localized orbitals assume atomic orbital form. We can 
conclude that the deviation from atomic orbital form 
is the result of exchange forces. 

The approximate shapes of the charge distributions of 
the one-electron eigenfunctions for atomic, molecular, 
and semilocalized orbital methods are given in Figs. 1-3. 
Both atomic and semilocalized orbitals can be inter- 
preted as postulating two resonance states. In the first 
resonance state, the state of electron one is represented 
by the one-electron eigenfunction on the left and the 
state of electron two is represented by the one-electron 
eigenfunction on the right. In the second resonance 
state, the positions of the electrons are reversed. 

On the other the “Heitler-London plus ionic terms” 
eigenfunction has been interpreted as implying reso- 
nance between covalent and ionic states. Using the 
hydrogen 1—s atomic orbitals (Z=1), the calculated en- 
ergy difference between the covalent state (¢.(1) ¢(2)) 
and the ionic state. (¢a(1)¢.(2)) is 67.28 kcal. 

Using the Maxwell-Boltzmann distribution law, the 
ratio of the number of ionic systems to the number of 
covalent systems is e~”-" or approximately 10-®. 

While physical interpretations involving resonance 
states of equal energy may be naive, those involving 
resonance between states of widely different energies 
are likely to be ridiculous. 
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In a previous paper the method of semilocalized orbitals was developed and applied to the hydrogen 
molecule. This method is applied to diatomic hydrogen fluoride simultaneously with atomic and molecular 
‘ orbital calculation. In contrast to the results with the hydrogen molecule, the semilocalized orbitals are 
closer to molecular than atomic orbital form. The semilocalized orbitals give a much better binding energy 
than molecular orbitals and the improvement in dipole moment calculations is especially heartening. The 
results with the atomic orbital method are very discouraging. 





N a previous paper by Mueller and Eyring the 
method of semilocalized orbitals was developed and 
applied to the hydrogen molecule. We shall now proceed 
to apply this method, in conjunction with atomic and 
molecular orbital methods, to diatomic hydrogen fluo- 
ride, using the same integrals, the same hamiltonian, 
and the same atomic orbitals as constituent parts of 
the molecular eigenfunction. 


I, EIGENFUNCTIONS 


The atomic orbitals which are formed into molecular 
eigenfunctions are the Slater’ 1s, 2s, 2pm, and 2p0 
atomic orbitals. 


Letting 
(55/1) eve, = k (1) 
a= (Z'/m)e-27%¢ = ag=k SiNDg COSGa 
ao= (1/3) *x ds= k COS, (2) 


a3=KxsinOasing, b=(1/7)!e-%, 


where 6=2.60 and Z=8.688. The latter is obtained 
from a variational treatment of the fluorine atom. The 
eight nonvalence electrons of the fluorine atom are 
assigned to a1, @2, a3, and a4 in pairs. The valence elec- 
trons in the atomic orbital method are assigned to 
a, and b. In the molecular orbital method the valence 
electrons are assigned to (Aas+4) in a pair, and in the 
semilocalized orbital method to (as-+-A1b) and (A2a4+0). 
We shall refer to the eigenfunctions of the valence 
electrons as @,; and d,2 to avoid repetition. The molecu- 
lar eigenfunction is the linear combination of two Slater 
determinants (which are identical in the molecular 
orbital treatment). It should be noted that hybridiza- 
tion of the binding electrons is not discussed. While 
there are no a priori grounds for rejecting the occurrence 
of such a phenomenon, hybridization is usually associ- 
ated with the promotion of an s-electron to a p-state 
and with multiple valence. 


II. BINDING ENERGY CALCULATION 


To calculate the binding energy, we have first calcu- 
lated the self-consistent field energy of the valence 
electron in the fluorine atom. The reported binding 


1 J. Slater, Phys. Rev. 36, 57 (1930). 


1498 


energy is given by the formula 
€= € + €-t+ €rn— €a— &. (3) 


€, is the self-consistent field energy of the valence 
electrons in the molecule. €, is the coulombic interaction 
of the nonvalence electrons and the hydrogen nucleus. 
er is the energy of nuclear repulsion. €, and & are, 
respectively, the self-consistent field energy of the 
fluorine and hydrogen valence electrons when the atoms 
are separated. The total energy of the system can be 
found by application of the Dirac? vector model. 

With non-orthogonality correction, the total molecu- 
lar energy is, neglecting multiple exchanges, 


E=(C—X KG j)—-ZX Ky )— VL Kn) 


>7 


+K(v, v2)) + (c+k(v1, v2)— DX ACG, 7) 


im>j 


-¥ R(v, )-¥ k(v2, 7)). (4) 


C is the coulombic integral, K(j, K) indicates the 
exchange integral fa;(i)ax(l)Ha;(l)ax(i)dridr2, and 
k(j, K) indicates the corresponding integral without 
the hamiltonian. H is the complete hamiltonian in- 
cluding the effect of the K-shell electrons. The self- 
consistent field energy of the valence electrons is found 
by deleting the part of coulombic energy due to non- 
valence electrons, except where this energy arises 
from interaction with valence electrons, and the term 
Les K (i, j ) ° 

The various parameters in the eigenfunction, as well 
as the binding energy, are found by minimization of the 
self-consistent field energy of the valence electrons. — 

The values of the necessary integrals are found in 
the tables of Kotani and Amemiya’ or were evaluated 
by the author. 


2 E. Corson, Perturbation Methods in the Quantum Mechanics of 
n-Electron Systems (Hafner Publishing Company, Inc., New 
York, 1951), Chapter 10. 

3M. Kotani and A. Amemiya, Proc. Phys.-Math. Soc. Japan 
22, Ex. No. (1940). 
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III. DISCUSSION OF THE RESULTS 


The results of the computation are summarized in 
Table I. 

The most significant result is the great improvement 
of the calculated dipole moment. 

Distortion of nonvalence electrons was not con- 
sidered in the calculation. The small value of \; seems 
to justify this approximation. The distortion of the 
fluorine valence electron is small, even with assistance 
of large exchange forces. It is these exchange forces 
which caused the valence electrons to lose their atomic 
orbital character in the semilocalized orbital calculation 
for the hydrogen molecule. We reason, then, that the 
distortion of the nonvalence electrons is smaller still 
because this deformation is opposed by small exchange 
forces. 

The results for the hydrogen molecule showed that 
the second approximational semilocalized orbitals were 
closer to atomic than molecular orbitals. In the case 
of hydrogen fluoride, when the binding has a strong 


METAL-SOLUTION POTENTIALS 











TABLE I. 
Binding Molecular 
energy dipole 
Method Parameter in A.U.* moment 

Atomic orbital — 0.9688 0.86H-F* 
Molecular orbital 21.75 0.1352 0.67H*F- 
Semilocalized orbital \,=0.14 0.1648 1.56H*+F- 
Observed 0.24408 1.91H*+F-» 








* 1 A.U. =27.205 electron-volts. . 
Py > eae, for zero point energy. All calculations at internuclear distance 
of 0.92A. 
b N. Hannay and C. Smyth, J. Am, Chem. Soc. 68, 171 (1946). 


ionic character, the reverse is true. It appears, then, 
that the maximum utility of the semilocalized orbital 
method may be in the intermediate region of covalent 
binding in heteropolar molecules, particularly in organic 
compounds. 
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The properties of the metal-solution potentials of nickel in nickel free hydroxide and phosphate solutions 
are compared with the properties of unpolarizable electrodes and with the properties of polarizable metal- 
solution systems. The electrochemical equilibria of unpolarizable systems are analyzed in terms of transfer 
mechanisms between the phases present. In the absence of any electrochemical equilibria, the metal-solution 
potentials are interpreted as adsorption potentials. Chemisorption in the inner Helmholtz layer is discussed in 
connection with “reversibility” and polarizability of the system. 


N a recent publication! potential measurements for 

nickel in hydroxide and in phosphate buffer solu- 
tions under carefully controlled conditions were re- 
ported. The nickel samples were thoroughly freed from 
oxygen and oxides. Oxygen was eliminated from the 
solutions before making contact with the nickel. In 
short, oxygen was rigorously excluded at all times. 
Purified nitrogen or argon was used as a gas atmosphere. 
The potentials were measured with a potentiometer 
and an electrometer with capacitive input coupling as 
null point indicator. 

In this way it was possible to obtain stationary and 
teproducible potentials} for nickel in solutions which 





* Present address: Department of Chemical Engineering, Co- 
lumbia University, New York, New York. 

*MacGillavry, Singer, Jr., and Rosenbaum, J. Chem. Phys. 19, 
1195 (1951). 

t The phase boundary potentials of the nickel-foreign ion cells 
Were measured with respect to a reference electrode, as with ordi- 
nary electrochemical cells. The electric states of the two metal 
electrodes were compared by compensation with a potentiometer. 
Thus, the terminology ‘“‘measuring the potential difference” is 
retained. Since the potentiometer reading at balance is taken to 
give the numerical value of an electric property of the complete 





remained free from nickel ions, as far as could be ascer- 
tained, even in acid phosphate solutions. The steady 
potentials observed in phosphate buffers and in potas- 
sium hydroxide solutions in the absence of air are 
represented in Fig. 1. The scale of potentials is referred 
to the standard hydrogen electrode. The properties of 
these nickel-solution potentials showed several charac- 
teristics of interest. 

It was noted that in both sets of solutions the poten- 
tials of nickel showed a strong dependence on the ac- 
tivity of the hydroxy] ions. The plot of the potentials 
versus the pH for the hydroxide solutions showed an 


cell, regardless of the contact potential differences along each 
connecting lead, it is evident that this property is not the differ- 
ence of the Volta potentials of the two electrodes. The potential in 
question is the difference of the total chemical potentials of the 
electrons of the two electrode metals. The total chemical potential 
of the electrons is constant along each lead to the potentiometer; 
when at balance these leads carry no current. The difference be- 
tween these two total chemical potentials is measured by the 
electrostatic potential drop along the potentiometer wire, as read 
on the instrument, since the material of the wire is uniform. Refer- 
ence may be made to the well-known analysis by E. A. Guggen- 
heim, J. Phys. Chem. 33, 842 (1929), especially p. 849. 















1500 D. 


apparently linear dependence over the range measured. 
The analogous plot for the phosphate buffer solutions 
over a much wider fH range showed a more complicated 
dependence. On the acid side the dependence appears 
linear with a slope of 44 mv/pH. This is followed by a 
less well-defined portion for the slightly alkaline solu- 
tions. The dependence on the high alkaline side is again 
apparently linear with a slope of about 43 mv/pH. It 
was noted furthermore, that besides the hydroxy] ions 
other types of ions seemed to influence the potentials. 

Attempts to interpret the observed potentials in 
terms of a Nit*/Ni electrode, or of a hydrogen electrode, 
or of other types of unpolarizable electrodes obeying the 
Nernst theory, led to serious contradictions or to great 
difficulties. This was demonstrated by comparing the 
measured potentials with potentials calculated for the 
unpolarizable electrodes which a@ priori might have been 
established in our half-cells. 
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Fic. 1. Stationary potentials of nickel in potassium hydroxide 
and in 0.100 M phosphate solutions as a function of pH. 
e Run XI ) 
a Run XII }with 0.100 M phosphate solution. 
gw Run XIV) 
X Run 4 and 5 with KOH solutions. 


Instead of comparing numerical values, it may be of 
interest to compare the observed trends of the poten- 
tials with the properties of Nernst half-cells. It will be 
seen that the two sets of properties are at variance with 
respect to each other. To facilitate the comparison, a 
brief account follows of the distinctive properties of 
Nernst or unpolarizable half-cells. 


UNPOLARIZABLE METAL-SOLUTION SYSTEMS 


The theory of Nernst? ascribes to a metal or a metal 
amalgam a characteristic solution pressure. Such an 
active metal would develop a stationary potential 
when in contact with a common ion solution. Stationary 
equilibrium would be attained when the solution pres- 
sure, or the tendency of the metal ions in the electrode 
to go into solution, would balance the osmotic pressure, 

2W. Nernst, Z. physik. Chem. 4, 129 (1889); S. Glasstone, 


The Electrochemistry of Solutions (Methuen and Company, Ltd., 
London, 1937), p. 293 ff. 
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or the tendency of the common ions to escape from the 
solution and to redeposit on the electrode. The postula- 
tion of such a dynamic equilibrium in terms of the 
common metal ions provided a satisfactory interpreta- 
tion of a number of metal-solution systems. 

A comprehensive account of the older literature is 
presented by Kremann and Mueller.* Amalgam elec- 
trodes have been studied by numerous investigators and 
often conform well to the theory. Erdey-Gruz* and co- 
workers in more recent years made a painstaking in- 
vestigation of a number of amalgam electrodes. The 
theory of amalgam potentials forms the basis of polaro- 
graphic theory.® 

Applying thermodynamic theory to this type of 
heterogeneous equilibrium, Nernst derived his well- 
known formula: 

RT a(Met" electrode) 
Raf ~— tg—____—___—. 
nF a(Met” solution) 


The points pertinent here are the following. The formula 
shows that the observed potential difference can be 
expressed in terms of the ‘‘common”’ or so-called “‘po- 
tential determining” ions. Other components, if 
present, do not appear explicitly in the equation and 
influence the potential only in so far as they influence 
the activity of the common metal ions. An important 
quantity in a Nernst formula is the coefficient RT/nF, 
which is restricted to a few definite values, since by 
Faraday’s law 7 must be integer. 

A special property of a half-cell, where the common 
metal ions can transfer freely between the metal and 
the solution, is that such a cell is unpolarizable elec- 
trically. When it is attempted to accumulate electric 
charges on the metal by means of an externally applied 
potential difference, then at once transfers of common 
ions in the one direction will be accelerated while they 
will be slowed down in the other direction. Instead of 
electric polarization a net continuous current will 
result. The electric current is accompanied, of course, 
by a degree of concentration polarization increasing 
with current density. 

If a particular metal is inert and possesses no meas- 
urable solution pressure, it often happens that a hy- 
drogen electrode or an oxygen electrode may be 
established. Other gas electrodes have been investi- 
gated. The components taking part in the heterogeneous 
equilibria of a gas electrode are the electrons of the 
metal, the active molecules in the gas phase, and the 
corresponding ions in solution. All species of charged 
and neutral components transferring between the 
phases present will appear explicitly in the Nernst 

3 Handbuch der allgemeinen Chemie, edited by W. Ostwald and 
K. Drucker, Vol. 8, Part I, by R. Kremann and R. Mueller, on 
“Elektromotorische Kraefte” (Akademische Verlagsgesellschaft 
m.b.H., Leipzig, 1920). 

4T. Erdey-Gruz, and A. Vazsanyi-Zilahy, Z. physik. Chem. 
rh 292 (1936); T. Erdey-Gruz and L. Erdey, ibid. 183A, 401 


5T. M. Kolthoff and J. J. Lingane, Polarography (Interscienct 
Publishers, New York, 1946). 
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equation for a gas electrode as the potential determining 
components. 

Metal-solution systems obeying the Nernst theory 
are usually referred to as “reversible” half-cells. The 
term “reversible” in this connection has a restricted 
meaning as it refers specifically to the heterogeneous 
equilibrium or the electrochemical equilibrium between 
the phases present. It should be understood that in the 
absence of electrochemical equilibria, an inert metal- 
solution system may be in stable equilibrium’ in all 
other respects. Each phase individually would be in 
equilibrium, and also all adsorption equilibria would 
still be established in the metal-solution double layer. 

For analogous reasons as before, it is evident that all 
systems in electrochemical equilibrium will approxi- 
mate to unpolarizable electrodes. An applied potential 
difference causes an electric current to flow in the 
corresponding direction by shifting the equilibrium. 
This characteristic property has considerable practical 
importance. When measuring the potential of a “re- 
versible” half-cell by the Poggendorff compensation 
method, it is possible to use a galvanometer as null 
point indicator. If the cell potential is not correctly 
balanced, then the unbalance will cause a current to 
flow which can be indicated by a galvanometer. No 
deflection of the galvanometer means that correct com- 
pensation has been obtained. 


LIMITATIONS OF THE NERNST THEORY 


It is clear that the perfectly unpolarizable half-cell 
is a theoretical conception. Although many metal-solu- 
tion systems apparently are unpolarizable and reversible 
with respect to electric currents, it is not certain a 
priori that this is true for any arbitrary metal-solution 
cell. Actual systems may tend to show deviations 
and may appear poorly reversible electrochemically, 
when the natural rates of dissolution or of rede- 
position are relatively slow. The natural rate of dis- 
solution will be less the more inert the metal in a given 
metal-solution combination happens to be. As pointed 
out by Haber,’ the rate of redeposition will become in- 
sufficient if the concentration of common ions is exces- 
sively small. Haber’s views would apply even more to 
electrolytic processes. When an alkaline solution is elec- 
trolyzed, by far the greater percentage of hydrogen 
generated at the cathode, especially at higher current 
densities, would be formed by the disruption of water 
molecules, rather than by the dissociation of water 
molecules giving hydrogen ions as an intermediate step. 
The latter mechanism could not account for a measur- 


| able rate of hydrogen evolution from alkaline solutions. 


Retardations of the rate of amalgam formation have 
been investigated at the dropping mercury electrode.*® 
Possible limitations of the Nernst theory in case of 
4 cadmium electrode were subjected to an investigation 
—— 
*D. C. Grahame, Chem. Revs. 41, 441 (1947). 


"F. Haber, Z. Elektrochem. 10, 433, 773 (1904). 


*M. Kalousek, Collection Czechoslav. Chem. Communs. 13, 
105 (1948) 
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by Mueller and Duerichen.* Their techniques were very 
exacting. It was concluded that the potentials vary 
according to the Nernst theory down to the lowest 
concentrations used. The results do not seem entirely 
definite, since it is not quite clear that the potentials 
for the lowest concentrations did reach stationary 
values. Thus, it is possible that actually the lower limit 
of agreement with the Nernst theory was reached and 
perhaps exceeded. 


ELECTROSTATIC THEORY OF THE DOUBLE LAYER 


Besides the considerations briefly summarized, the 
nature of metal-solution potentials may be interpreted 
from the point of view of electrostatic theory. Nernst 
himself indicated that his postulate of a dynamic 
equilibrium because of two opposing pressures across 
the interphase leads to the formation of an electric 
double layer. This is in accordance with the views ex- 
pressed by Helmholtz.’ Starting directly from general 
electrostatic principles, Helmholtz concluded that when 
two conductors make contact an electric double layer 
will be established. When this double layer has been 
built up, a steady potential field is generated by the 
spatial distribution of electricity in the interphase. 

Gurney" described this field for the idealized fixed 
double layer or equivalent condenser and for the double 
layer made up of ions and molecules. When the indi- 
vidual charges are smoothed out into continuous charge 
densities, the equipotential surfaces run parallel with 
the double layer. When the actual ionic and molecular 
structure of the double layer is considered, then the 
equipotential surfaces show a degree of periodicity 
along the double layer. In the direction of the normal 
across the interphase, the electric potential varies from 
point to point attaining a steady value in the interior 
of each phase. Generally, there will be a net potential 
difference between the two phases. It is caused by the 
preferential adsorption of ions and the orientation of 
dipole molecules. In other words, all components 
present in the double layer contribute to the metal- 
solution potential. 

It is important to stress here that according to elec- 
trostatic theory the potential field is determined by the 
spatial distribution of charges regardless of the mecha- 
nism by which the double layer is formed. In this sense 
the theoretical considerations of Helmholtz and Gurney 
are of a quite general nature. The Nernst theory is 
based on the existence of an electrochemical equilibrium 
between the phases present in the half-cell. In such a 
case, the Nernst type of equation for the half-cell 
potential can be derived. Only the potential determining 
components appear in this equation. In the absence of 
any electrochemical equilibrium, it is not possible to 
derive such a thermodynamic equation for the electrode 
938) Mueller, and W. Duerichen, Z. physik. Chem. 182A, 233 

10H. Helmholtz, Wied. Ann. Phys. 7, 337 (1879). 


1 R. W. Gurney, Ions in Solution (University Press, Cambridge, 
1936), p. 38. 

















1502 


potential. However, it now must be possible to represent 
the metal-solution potential as a function of all com- 
ponents present in the interphase. Hence, this other 
type of metal-solution potentials may be interpreted as 
adsorption potentials. 

Here, an analogy may be drawn with the distinction 
between gas pressure and vapor pressure. The pressure 
of a pure gas by itself depends on two variables, the 
volume and the temperature. In case the gas phase is 
in equilibrium with a liquid phase, then the vapor 
pressure is explicitly dependent on only one variable, 
the temperature, but no more on the volume. From the 
kinetic point of view, the pressure is always caused by 
the molecular collisions against the wall. 

The concept of ‘‘adsorption potentials” apparently 
was first mentioned by Baur.” He merely states the 
concept, but it is probable that he had in mind the 
electrostatic picture as explained. 

The concept of adsorption potentials was developed 
further for the interpretation of other phase boundary 
potentials, the water-oil and the water-air potentials. 
Ehrensvard and Sillen” investigated the potentials at 
water-oil boundaries. They stated that a satisfactory 
interpretation as adsorption potentials would imply 
that no thermodynamic equilibrium exists between com- 
ponents of both phases and that only adsorption equi- 
libria may exist on each side of the phase boundary. 
They mention especially the postulate that the inter- 
phase is impermeable:to ions. Naturally, it has to be 
decided experimentally just when a water-oil system 
will conform to these postulates in its actual behavior. 
Adsorption potentials at water-air boundaries have 
been investigated by Schulman and Rideal™ and 
others.'® The increase of the surface potential due to a 
surface film is interpreted in terms of the apparent 
dipole moment. 

Thus, one is led to inquire if under suitable conditions 
combinations of a metal and a solution can be found 
where no transfers occur across the interphase. It was 
realized that this appears to be possible in the case of 
mercury. Koenig’ based the theory explaining the 
electrocapillarity of mercury on this postulate that no 
charged particles cross the interphase. The conditions 
under which transfers are inhibited were discussed by 
Craxford.!” If then a mercury half-cell is polarized 
electrically, no continuous current can result theoreti- 
cally but instead the double layer is distorted and con- 
sequently the surface tension is varied. 

At this point, short comment on the hydrogen elec- 
trode may be added. The factors of the electrochemical 
equilibrium are the protons, which move back and 

2 FE. Baur, Z. Elektrochem. 19, 590 (1913). 

1G. C. H. Ehrensvard, and L. G. Sillen, Nature 141, 789 
(1938) ; Z. Elektrochem. 45, 440 (1939). 

4 J. H. Schulman, and E. K. Rideal, Proc. Roy. Soc. (London) 
A130, 259 (1931). 

1% N. K. Adam, The Physics and Chemistry of Surfaces (Clarendon 
Press, Oxford, 1938), second edition, p. 33. 


16 O. Koenig, J. Phys. Chem. 38, 111, 339 (1934). 
17S. R. Craxford, Trans. Faraday Soc. 36, 85 (1940). 
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forth between the solution and the gas phase forming 
molecules by combining with electrons, and the elec- 
trons which transfer between the gas phase and the 
metal. Although no charged particles transfer directly 
between the metal and the solution," still an electric 
current can cross the interphase by virtue of the in- 
fluencing of the electrochemical equilibrium. 

In short, there are two alternative possibilities which 
are mutually exclusive. A metal-solution system tends 
to become unpolarizable as soon as at least one electro- 
chemical equilibrium becomes operative, which implies 
that certain charged components exchange between the 
metal and the solution. Hydrogen electrodes are special 
in this respect as explained. In the absence of any elec- 
trochemical equilibrium, a metal-solution system be- 
comes polarizable. A half-cell may approximate to 
either extreme depending upon its nature and on the 
conditions. Each extreme type must have certain 
characteristic properties. Those of unpolarizable Nernst 
systems have been investigated extensively. As to the 
properties of the other type, mercury has been in- 
vestigated.'* Other inert metals seem to have been in- 
vestigated much less in this respect. It will be seen that 
the metal-solution potentials of nickel measured by us 
are an indication that under proper conditions nickel 
behaves like an inert metal. 

When metal-solution half-cells are polarizable, they 
have a natural resistance against the passage of an 
electric current through the interphase. Excessive 
polarization might force a current through by forcing 
charged particles across the interphase. Then the 
passage of current is entirely because of forced mecha- 
nisms, but not caused by the influencing one way or the 
other of a naturally occurring reversible mechanism. 
For this reason, the compensation method with a 
galvanometer as null instrument would not be workable 
for measuring the potentials. To obtain a sensitive and 
reliable test for unbalance, an electrometer would have 
to be used. As will be explained in another article, the 
use of an electrometer with capacitive input coupling 
appears soundest on theoretical grounds. 


COMPARISON OF PROPERTIES OF UNPOLARIZABLE 
AND POLARIZABLE SYSTEMS 

In conclusion of the analysis presented, the main 

properties of the two idealized types of metal-solution 
systems will be summarized and contrasted. 


Polarizable Systems 


If no electrochemical equilibrium involving both the 
metal and the solution is operative, then the half-cell is 
polarizable by the application of an external potential 
difference ; no continuous direct current can be made to 
pass through the half-cell; consequently, the metal- 
solution potential cannot be measured correctly with a 
galvanometer as null point indicator, but a suitable 

18T. Erdey-Gruz, and P. Szarvas, Z. physik. Chem. 177A, 


277 (1936). S. E. S. ElWakkad, and T. M. Salem, J. Phys. and 
Coll. Chem. 54, 1371 (1950). 
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electrometer may be used instead; its potential is 
determined by all the ions and all the oriented dipoles 
preferentially adsorbed in the interphase; and no equa- 
tion for the potential involving special “‘potential de- 
termining” components is derivable. 


Unpolarizable Systems 


In case an electrochemical equilibrium involving the 
metal and the solution is operative, then the system 
approximates to an unpolarizable half-cell; application 
of an external potential difference causes a continuous 


direct current to flow through; the metal-solution. 


potential may be measured with a galvanometer as 
null instrument but may be measured as well with an 
electrometer ; a special equation for the electrode poten- 
tial may be developed in terms of the “potential de- 
termining” components; the slope characteristic for this 
dependence is restricted to the values RT/nF with n 
integer; however, it is also true according to electro- 
static theory, that all charged components in the double 
layer contribute to the metal-solution potential differ- 
ence. This last point of view is not of much use until 
more will be known about the adsorption of individual 
components in the double layer. 

It is stressed again that all metal-solution potentials 
may be measured with a suitable electrometric scheme. 
A galvanometer will be usable as well, the better a 
metal-solution combination approximates to a_per- 
fectly unpolarizable electrode. 


FOREIGN ION NICKEL-SOLUTION POTENTIALS 


The phenomena observed for nickel in foreign ion 
solutions may give information about the nature of the 
half-cells studied and the structure of the double layer. 
The potentials of nickel in hydroxide solutions showed a 
strong dependence on the pH. However, the potentials 
could not be interpreted as nickel hydroxide potentials, 
since the measured potentials would indicate a concen- 
tration of nickel ions greater than possible at the alka- 
linity of the solutions, while as a matter of fact, no nickel 
ions at all could be found in solution. The hydroxy] ions 
could not be considered to be potential determining by 
virtue of an oxygen electrode, since oxygen was ex- 
cluded at all times. Then, the slope of the dependence 
is not in agreement with the slope for a reversible half- 
cell and other anions seem to have an influence as well. 
The potentials of nickel in other alkaline solutions gave 
evidence for this effect. 

An interpretation as polarizable half-cells is entirely 
possible, since then there are no theoretical restrictions 
on the dependence of the potentials on the composition 
of the solutions. The behavior appears to indicate a 
strong adsorption of hydroxy] ions in the double layer. 
This is in agreement with observations made for 
mercury by Erdey-Gruz and Szarvas.!* They concluded 
that in many electrolyte solutions the anions are prefer- 
entially adsorbed by mercury. 

_The graph of the nickel potentials in phosphate solu- 
tions looks very much similar on the highly alkaline 


METAL-SOLUTION POTENTIALS 





1503 





side. Again there is a strong dependence on the fH, but 
the difference between the corresponding potentials in 
hydroxide and in phosphate solutions at the same pH 
seems to be greater than the experimental error in this 
region. On account of the slope an explanation in terms 
of polarizable half-cells is indicated. In the earlier pub- 
lication it was suggested that again adsorption of the 
hydroxyl ions plays a dominant part in this region, 
while the other components in the double layer have 
some influence also. In terms of an unpolarizable half- 
cell this would be hard to explain, since the pH meas- 
ures the activity of the hydroxyl ions. Again, a polar- 
izable half-cell might very well show this behavior. 

More information will be required for further inter- 
pretation of the observed potentials. It may be stated 
that none of the other properties is in apparent agree- 
ment with properties of unpolarizable electrodes. The 
nature of polarizable half-cells would impose no restric- 
tions. 


CHEMISORPTION IN THE DOUBLE LAYER 
AND POLARIZABILITY 


It was suggested in the earlier article that the mag- 
nitude of the shifts of the nickel potentials in alkaline 
solutions might indicate that the anions are chemi- 
sorbed by the metal. Grahame’ in his further develop- 
ment of the Koenig" double-layer theory estimated the 
charge densities in the inner and outer Helmholtz 
layers. He concluded that chemisorption of anions at 
the inner Helmholtz layer on mercury probably is an 
important factor. Since the chemisorbed ions apparently 
can leave the solution while on the other hand no new 
phase in bulk is formed, the question arises as to the 
reversibility and the polarizability of a system where 
chemisorption occurs. 

To bring out the essential aspects, let it be assumed 
that a certain pH range has been found where hydroxyl 
ions actually are chemisorbed on nickel by the forma- 
tion of covalent bonds. The electron of a hydroxyl ion 
when it is chemisorbed would pair with an electron 
from the metal. If the chemisorption is reversible, the 
hydroxyl ion could break away from the metal and re- 
turn to the solution. Since the two bond electrons are 
equivalent, the electron originally on the ion has an 
equal chance to go into the metal. The electrons then 
do exchange between the metal interior and the interior 
of the solution exactly as the electrons of a halogen 
electrode. However, a further reaction beyond the 
chemisorbed state to a nickel-oxygen electrode or a 
nickel-oxide electrode is not probable, since the nickel 
cells were kept free from oxygen and oxides, and oxygen 
entering a nickel-foreign ion cell at once shifted the 
potential to very much more positive values. The ex- 
perimental evidence is against further reaction. In case 
further reaction did occur, the system would be un- 
polarizable in principle, since the oxygen atoms would 
also exchange between two phases. This leaves the as- 
sumption that the hydroxy] ions transfer only between 
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the inner Helmholtz layer and the solution. This defi- 
ciency in transfer mechanism would make the system 
polarizable in principle, even if the degree of polariz- 
ability might remain small. 

The reasons for this may be put as follows. An ex- 
ternal potential difference tending to make the nickel 
more positive, would bring additional hydroxyl ions 
into the inner Helmholtz layer besides the hydroxyl 
ions present already. A finite variation of potential 
would cause a finite variation of the ratio of covered 
area to free area and this would cause the intensive 
properties to vary. The metal-solution potential de- 
termined by the double layer structure would vary 
until the double layer potential balances the applied 
potential. Liberation of more oxygen at an oxygen 
electrode would increase the volume of the gas phase, 
but would not cause variations of the intensive variables 
of the system. 

The argument may be translated in thermodynamic 
terms. Let it be considered first that the OH™ ion is 
chemisorbed as a unit: 


OH- (solution) =OH- (helmholtz), 


hence, the total chemical potential ~ must be the same 


everywhere: 
fie(OH~) = fi,(OH-), 


ROBB AND H. G. DRICKAMER 


or 


us(OH-) — Fy,= un(OH-)— Fyn, 
and therefore 
Vi- Y.= 1/F{ un(OH-) -" us(OH-) } . 


It is seen that the potential of the inner Helmholtz 
layer occurs in this equation instead of the potential 
of the metal. 

The equilibrium may be interpreted also as follows: 


OH- (solution)—=OH (helmholtz)+-e (metal), 
hence the equality 
fis(OH-) = un(OH)+ An(e) 


or 


us(OH-) — Fp .= un(OH)+ pm(e) — Fm 
and therefore 
Vn— Y= 1/Ft un(OH)+ pm(e) = us(OH-) } . 


Now it is possible to vary the metal-solution potential 
Wm—Ws, Without varying the state of the metal and of 
the solution; since the hydroxyl groups can accumulate 


_ in the inner Helmholtz layer but cannot go beyond this, 


the term yu;,(OH) can vary with ¥,—ws. This amounts 
to electric polarization of the double layer. 
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Diffusion in CO, up to 150-Atmospheres Pressure* 


W. L. Ross anp H. G. DRICKAMER 
Department of Chemistry, University of Illinois, Urbana, Illinois 
(Received August 17, 1951) 


Diffusion coefficients have been obtained for the system CO.— CO: up to 150 atmospheres pressure and 
from 0°-45°C. The coefficients are consistent with theory up to a density of 0.067 g/cc. In the range from 
0.067-0.70 g/cc the coefficients are higher than predicted by theory. This may be attributed to a reduced 
collision diameter due to orientation of the nonspherical molecules. At higher densities the experimental 
coefficients are lower than the theoretical ones. This is expected as the theory breaks down at these high 
densities. At densities above 0.65 g/cc no measurable temperature coefficient of D was obtained. This may 
be explained by increased orientation at lower temperatures and in the liquid state. 


IFFUSION coefficients, measured for gases at 
atmospheric pressure and below, have shown re- 
markable agreement with the diffusion theory of Enskog 
and Chapman, as calculated for the interaction po- 
tential of the Lennard-Jones molecular model. The ex- 
tension of this work into the dense gas and liquid region 
is an important step in the understanding of the 
transnort properties of compressed systems. 
Essentially, self-diffusion coefficients of C”’O2 were 
obtained by measuring the rate of diffusion of COs: in 
CO,. A correction of one percent was made to account 
for the greater mass of the radioactive molecule, but all 
other properties were assumed to be alike for the tagged 
and untagged molecules. 


* This work was supported in part by the AEC. 


The diffusion took place in two porous packed cells, 
with analysis being made at the end of the one cell. A 
scintillation crystal and counting circuit enabled con- 
tinuous analysis to be made without sampling. 

Diffusion coefficients were measured from 9.7 to 150 
atmospheres pressure and from 0 to 45°C. A density 
range from 0.0147 to 1.00 gram per milliliter was 
covered, extending the work of Timmerhaus and 
Drickamer,! who measured D’s for the same system toa 
density of 0.059 g/ml. 

The theory of Enskog and Chapman? using the 

1K. D. Timmerhaus and H. G. Drickamer, J. Chem. Phys. 19, 
1242 (1951). 

2S, Chapman and T. G. Cowling, Mathematical Theory of Non- 


Uniform Gases (Cambridge University Press, London, 1939), pp. 
134-167. 
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Fic. 1. Schematic drawing of diffusion apparatus for measuring diffusion coefficients. 


Lennard-Jones model with the dense gas correction of 
Enskog* and the nomenclature of Hirschfelder, e¢ al.‘ 
gives for the self-diffusion coefficient 


16(kT)} 
Dy= (1) 


4 ? 
3 (2p) ro°nW 1 yx 





where 
x= 1+ (5/12) rne’®+0.1275(ano*)?+ ---. (1’) 


This equation is somewhat inconsistent in that the dense 
gas correction is developed only for the case of solid 
elastic spheres, but it is the best available to date. It is 
assumed here that 7» and a, the solid elastic sphere 
diameter, are identical. 

Phenomenologically the experimental system de- 
scribed below was similar to that used by Timmerhaus 
and Drickamer.! In their paper it was shown that, for 
the latter part of a run, the following equation applies 


4 1 
I,-I=- exp(-“1) (2) 
; T [? 


so a plot of In (J;—J) versus t should give a slope of 
S=—(?/P)D. Where I; could not be obtained, as on a 
very long run, an entity 


6= (I —Tt2)/(Lt3—Tt4). (3) 
was introduced. Curves of 6 versus S for many combi- 


TABLE I. Comparison of packings. 











Actual 
Type of length Effective 
Run no. packing both cells length R . 
Timmerhaus and ‘F’ Fritted metal 29.4cm 60.05cm 2.04 
rickamer 
1-23 ‘F’ Fritted metal 4.97cm 10.51cm 2.11 
24-36 ‘F’ Fritted metal 3.33cm 6.80cm 2.04 
42-50 ‘H’ Fritted metal 0.32em 517 2.04 (assumed) 
200 mesh screening 2.93cm accom 4 56 
68-78 ‘M’ Fritted glass 3.11cm 6.10cm 1.96 
79-104 ‘M’ Fritted glass 1.41cm 2.76cm = 1,96 
Average pore size 
‘F’ Porosity fritted metal 20 microns 
‘H’ Porosity fritted metal 5 microns 
M' Porosity fritted glass 14 microns 








Ttititinesnimcmniees 


: Reference 2, pp. 273-294. 
Hirschfelder, Bird, and Spotz, J. Chem. Phys. 16, 968 (1948). 


nations of 1, fa, 3, and /4 were prepared and were used as 
discussed in the following material. 

The apparatus for the measurement of diffusion 
coefficients of dense gases and liquids at high pressure is 
shown schematically in Fig. 1. Essentially it consisted of 
(1) a diffusion bomb and turning mechanism, by means 
of which two cells, containing different gases, were 
brought into contact with each other; (2) a scintillation 
counter, which measured the amount of radioactive gas 
diffused through one of the cells; and (3) auxiliary 
equipment for filling the cells, and generating and 
measuring the pressures. The diffusion bomb consisted 
of four main pieces: (1) a steel block with a large hole in 
the top, (2) a flat metal disk which was pinned to the 
bottom of the above hole, (3) a cylinder which fitted 
into the hole and rotated on the inserted disk, and (4) a 
nut to hold the cylinder tightly against the insert. 

There were two diffusion cells, one in, the cylinder 
(Cell A) and one in the insert (Cell B). In the filling 
position they were 135° apart. The insert and cylinder 
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Fic. 2. Plots of x*D/I? versus average time as obtained from Eq. (3). 
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Fic. 3. Diffusion coefficients at low densities at 25°C. 


face were surface ground to maintain a seal between the 
cells in this position. The cells were filled by simultane- 
ously opening valves from two storage bombs both of 
which were pressurized from the same source (pressure 
was applied to oil by an injector and transmitted to the 
gas by mercury). The cells were then rotated by the gear 
mechanism and diffusion was measured. The cells were 
filled with various media to prevent convection. The 
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Fic. 4. Diffusion coefficients at 42°C. 
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TABLE II. 

Run r 6 P p D 
no. Packing lactual ~ atm gm/ml = cm?/sec 
2 F Fritted metal 4.97 cm 23 16.05 0.0313 0.0065 
3 23 16.05 0.0313 0.0065 
6 44.7 9.70 0.0160 0.0111 
8 44.6 9.20 0.0157 0.0131 
10 24.9 9.50 0.0174 0.0110 
11 24.9 16.70 0.0346 0.00577 
12 44.8 16.30 0.0295 0.00529 
13 45.2 16.30 0.0291 0.00519 
14 44.8 27.20 0.0522 0.00415 
15 25.3 34.20 0.0756 0.00325 
16 45.3 34.30 0.0680 0.00340 
17 25.2 34.30 0.0757 0.00271 
18 25.1 47.60 0.1235 0.00179 
19 0.3 34.30 0.0956 0.00131 
20 0.4 34.30 0.0955 0.00183 
22 13.6 47.80 0.147 0.00119 
24 #42+$F Fritted metal 3.33 cm 21.0 36.40 0.088 0.00260 
25 22.0 38.40 0.092 0.00197 
26 30.2 47.20 0.1155 0.00166 
27 44.7 47.70 0.1045 0.00197 
28 30.2 47.70 0.118 0.00158 
29 23.8 16.70 0.0328 0.00410 
31 0.75 34.30 0.095 0.00130 
32 13.4 47.50 0.145 0.00114 
33 43.8 61.20 0.152 0.00149 
34 44.6 68.10 0.180 0.00105 
35 44.5 68.10 0.180 0.00130 
% . 25.0 61.20 0.210 0.00106 
42 Screening and 2.94cm 22.8 36.40 0.0855 0.00228 

fritted metal +0.32 cm 
43 22.5 36.40 0.0858 0.00250 
44 22.4 30.60 0.0675 0.00306 
45 23.3 47.70 0.128 0.00150 
46 30.2 59.50 0.173 0.00126 
47 30.3 61.20 0.1835 0.00105 
48 30.3 65.50 0.217 0.000822 
50 si 40.4 80.80 0.292 0.000638 
69 M Fritted glass 3.14cm 23.8 70.60 0.058 0.00269 
70 30.8 45.60 0.1093 0.00192 
71 40.6 57.60 0.1415 0.00154 
72 40.6 68.00 0.189 0.00113 
73 41.5 75.00 0.230 0.000924 
74 40.5 79.50 0.275 0.000804 
75 40.4 85.60 0.3602 0.00053 
76 32.06 74.30 0.3898 0.000563 
77 32.06 74.65 0.4535 0.000538 
78 oe 40.25 86.05 0.400 0.000507 
80 M Fritted glass 1.41cm 40.25 86.05 0.400 0.000550 
81 40.08 96.30 0.608 0.000293 
82 25.3 124.90 0.852 0.000105 
83 32.06 73.60 0.3335 0.000345 
85 40.26 86.05 0.40 0.000300 
86 40.26 108.50 0.680 0.000182 
87 40.26 129.90 0.745 0.000149 
88 25.1 65.10 0.722 0.000216 
89 25.1 90.20 0.802 0.000104 
90 25.1 90.20 0.802 0.0000822 
91 0.2 71.07 0.960 0.0000456 
92 0.3 38.40 0.922 0.0000599 
93 0.2 137.90 0.998 0.0000404 
96 40.21 144.90 0.774 0.000104 
99 25.1 89.05 0.800 0.000103 
100 25.2 149.90 0.878 0.0000702 
101 25.2 65.10 0.72 0.000133 
102 40.1 107.90 0.68 0.000166 
103 40.2 119.80 0.72 0.000130 
104 25.4 65.10 0.716 0.000111 











effective path length in each medium was obtained as 





described by Timmerhaus and Drickamer! by over- 
lapping runs at lower density where the diffusion coefli- 
cient had previously been determined. The ratios be- 
tween the effective and actual path length for the 
various media are shown in Table I. The diffusion 
coefficients for the various media varied with density in 
exactly the same way, so the results cannot be attributed 
to any property of the media. 
The radiation was counted continuously by a scintilla- 
tion crystal at the back of Cell B. This provides 4 
considerable advantage over any sampling method. 
Pressures were measured, after filling, with a dead 
weight gauge. The entire ensemble was submerged in an 


oil bath maintained to +0.01°C. 
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As discussed above, the diffusion coefficient could be 
evaluated either from a plot of Eq. (2) or by use of Eq. 
(3). This latter method was especially effective where 
convection was present at the beginning of a run. 
Figure 2 shows plots of 6 versus tw for a run with no 
convection and for one with considerable convection. 
Even in this latter case a good value for D is obtained. 
Convection was especially severe near the critical point 
where p/n goes through a maximum. 

The results are shown in Table II and Figs. 3-6. The 
coefficients have been corrected for the difference in 
mass between CO, and COs. The major points of 
interest are as follows: 

(1) At low densities (below about p=0.067 g/cc) 
the diffusion coefficients are consistent with the theory 
of Eq. (1). This is in agreement with the work of 
Timmerhaus and Drickamer. 

(2) At densities higher than 0.067 g/cc and up to 
about 0.70 g/cc the diffusion coefficients are greater 
than theory predicts (see Figs. 4 and 5). The effect is as 
if the collision diameter 7p were reduced with increasing 
density The effective values of rp are given in Table ITI. 
With a nonspherical molecule such as CO, it is possible 
that orientation effects tend to reduce ro at high density. 
Hirschfelder, e¢ al.5 have shown that 7p calculated for 
CO: from the third virial coefficient is about 11 percent 
less than that calculated from the second virial coeffi- 
cient This is in good agreement with our results. 

(3) At high densities the diffusion coefficients are 
lower than theory predicts (see Fig. 6). Since higher 
terms in x are significant above a density of 0.70 g/cc, 
itis not surprising that the predicted values are high. In 
any case the theory probably breaks down at densities 
greater than 1.5 times the critical density. 

It should be noted that at these high densities no 
measureable temperature coefficient was obtained This 
is possible because of greater orientation and smaller ro 
at lower temperatures and in the liquid state. 

The results indicate that no simple theory is adequate 


TABLE III. Calculations for molecular diameters for COo. 


a 




















Temp. Density Dexp Dtheo ro calc 
Cc gm/ml cm?2/sec cm?2/sec angstroms 

42 0.05 0.00400 0.00387 3.95 
0.08 0.00259 0.00233 3.82 

0.12 0.00175 0.001481 3.73 

0.18 0.00120 0.00092 3.62 

0.30 0.000684 0.000476 3.53 

0.40 0.000488 0.000317 3.50 

0.50 0.000370 0.000225 3.47 

0.60 0.000287 0.000168 3.47 

25 0.05 0.00400 0.003683 3.86 
0.08 0.00260 0.00222 3.19 

0.12 0.00169 0.00141 3.71 

0.18 0.00116 0.000875 3.57 


a Hirschfelder, Curtis, Bird, and Spotz, Properties of Gases (John 
iley and Sons Inc., New York, to be published). 
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Fic. 5. Diffusion coefficients at 25°C. 


to explain diffusion for nonsymmetrical molecules at 
elevated densities. 

W. L. Robb would like to acknowledge the assistance 
of the Pan American Refining Corporation and the 
General Electric Educational Fund for fellowship 
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NOMENCLATURE 


D,,= diffusion coefficient ; 
J;=counts per minute at end of run; 
I,=counts per minute at time /; 
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k=Boltzmann’s constant; 
l= total length of diffusion cell; 
m=molecular mass; 
n=number of molecules per unit volume; 
ro= collision diameter for the Lennard-Jones model ; 
T=absolute temperature ; 
t=time; 


ISIHARA, HASHITSUME, AND TATIBANA 


Wy“ = integral depending on ¢ and T only; 
¢=interaction energy at point of greatest attrac- 
tion for the Lennard-Jones model; 
n= viscosity ; 
u=reduced mass=m/2 for self-diffusion ; 
p=density ; and 
o=collision diameter for solid elastic spheres. 
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Statistical Theory of Rubber-Like Elasticity. IV. (Two-Dimensional Stretching) 
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The failure, revealed by the experiment of Treloar, of statistical theories of the rubber-like elasticity is 
removed. It comes from the neglection of the nongaussian character and of the nonlinear connectivity of the 
network structure. The theoretical formula derived here includes the semi-empirical formula given by 


Treloar. 


INTRODUCTION 


HE dynamic properties of a well-vulcanized rubber 

have been treated theoretically by several in- 
vestigators with considerable success.'! However, one of 
the present authors has shown that these theories differ 
in a few important respects.” First, they are classified in 
two groups according to whether the molecular weight 
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Fic. 1. Two-dimensional stretching. 


1 W. Kuhn, Kolloid-Z. 76, 258 (1936) ; Naturwiss. 24, 346 (1936). 
(His recent investigations are not yet available to us.) F. T. Wall, 
J. Chem. Phys. 10, 132, 485 (1942); 11, 527 (1943). H. M. James 
and E. Guth, J. Chem. Phys. 11, 455 (1943) ; J. Appl. Phys. 15, 294 
(1944); J. Chem. Phys. 15, 669 (1947); J. Polymer Sci. 4, 153 
(1949). P. J. Flory and J. Rehner, J. Chem. Phys. 11, 512 (1943). 
L. R. G. Treloar, Trans. Faraday Soc. 39, 36, 241 (1943); 40, 59 
(1944) ; The Physics of Rubber Elasticity (Oxford University Press, 
Oxford, 1949). T. Sakai, Proc. Phys.-Math. Soc. Japan 17, 226 
(1943). J. J. Hermans, J. Colloid Sci. 1, 235 (1946); Trans. 
Faraday Soc. 43, 591 (1947). P. J. Flory, J. Chem. Phys. 15, 397 
(1947). H. M. James, J. Chem. Phys. 15, 651 (1947). R. Kubo, J. 
Phys. Soc. Japan 2, 47, 51, 84 (1947). 

2 For convenience, we shall number the present article IV, 
whereas the preceding articles are: I. T. Sakai and A. Isihara, J. 
Phys. Soc. Japan 3, 171 (1948); II. A. Isihara, J. Phys. Soc. 
wet or” (1948) ; III. T. Sakai and A. Isihara, J. Colloid Sci. 4, 

1 (1949), 


of a chain M, or that of a kinetic unit m of a chain enters 
into the expression of elastic modulus. These alternative 
expressions have different meanings from the viewpoint 
of the gas kinetic theory.” Second, most of the theoretical 
equations du not reproduce the S-shape of the stress- 
strain curve, which characterizes the simple elongation. 
As was pointed out in the previous papers,” the main 
reason for these two departures comes from the non- 
gaussian character of the configurational entropy. 
Now another deviation of the statistical theories has 
been revealed by Treloar,’ and it appears fundamental. 
His experiment is concerned with the two-dimensional 
stretching of the sample. Let the principal extension 
ratios be A, Ae, and A; and the corresponding stresses be 
ty, tg, and t;=0 (Fig. 1). He found that, in the plot /; 
against \;?—),?, the experimental points did not fall on 
a single line: 
h=C,(Ar—d;3"), (1) 


which was predicted theoretically, but on a series of 
discrete linear arrays, where in any one of these arrays 
o,=1,/d, was constant. Taking the strain invariants of 
Mooney’ into consideration, he has obtained the semi- 
empirical formula which must replace Eq. (1): 


i4= (Cy+Cod¢’) (AY— d3”). (2) 


This formula reproduces the experiments well, and thus 
it becomes the next problem to deduce it from the 
molecular theories. The very object of this paper exists 
in this point. As will be shown in the next section, the 
failure of the prediction (1) comes from the neglect of 
the nongaussian character of the network structure. On 
this point, it belongs to the same category as the two 
departures mentioned in the earlier part of this section. 


3L. R. G. Treloar, Proc. Phys. Soc. (London) 60, 135 (1948). 
4M. Mooney, J. Appl. Phys. 11, 582 (1940). 
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THEORY OF RUBBER ELASTICITY 


THE NETWORK THEORY 


As usual, we shall have to do with the ideal network, 
in which one assumes no steric hindrance or interaction, 
no free chains, no plasticity, and the coherent character 
discussed by James.*® Some of the junctions which may 
be considered to be located on the surface of the sample 
are distinguished as “fixed junctions” from the other 
“free junctions.”’ The fixed junctions play the role of 
external parameters determining the shape and the 
volume of the network. The Greek letters a, 8, y, --- 
are used for these functions, whereas the Roman i, j, k, 

- for the free junctions, and a, b, c, --- for the two 
kinds of junctions. 

Now, we consider two neighboring junctions a and 8, 
the coordinates of which are r, and rp, respectively. The 
number of elements of a chain connecting these junc- 
tions is designated by Na». Taking the direction of 
(r——1») as the polar axis, let 24,(w)dw be the number of 
the elements (kinetic units) of the chain oriented in the 
solid angle dw of a direction w. Then, the assumption of 
chains with no correlation leads to the following free 
energy expression : 


F=kT X free) lognan(w)dw+U(AyAr2d3), (3) 


where the summation is extended over all the chains of 
the network, and the internal energy U is assumed to be 
a function of the “volume” \;\2A;3 only. In the thermo- 
dynamical equilibrium, F must be minimum with re- 
spect to the variation of ma»(w) satisfying the following 
auxiliary conditions: 


J relo)do= N a; (4) 


frees) cosOqxdw= | ra—rz| /L. (S) 


Thus, #¢2(w) is determined as a function of polar angle 
945 as follows: 


Nadar(w) = exp(Has COSAas). (6) 


In these equations / is the length of an element, and Aa» 
and u., are Lagrange’s undetermined multipliers, which 
in turn must satisfy the following equations: 


AarVas= 4a sinh(ua, »)/ Ma by (7) 
|to—Fo|/(Navl)=L(uar), (8) 


where L(ax) denotes Langevin’s function. Therefore, 
the free energy expression is rewritten: 


F=kT > { tan] Pa—¥a| /I—Nas loghas}+U(Ard2A3), (9) 


which must be minimum over again with respect to the 
Variation of the coordinates of free junctions. From this 


condition these coordinates are given as functions of 
LS 


*H. M. James, J. Chem. Phys. 15, 651 (1947). 
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those of the fixed junctions. When Nai/>|ra—ro|, the 
typical equation determining them becomes: 


|ri—re|? 


N,,7l? 


Xi— Xp 





x +4 


b(4it) J N iol 


which is nonlinear as has already been noted.? 
To solve such equations, it is convenient to introduce 
the notation of James:° 


= 2d 1/(N.v), 


b( #a) 


(11) 


Vab= Yba= —1/(N ad) (aX). 


If we confine ourselves within the approximation of the 
linearization of Eq. (10): 


Li Vijxj= — Le ViaXa, (12) 


then the free junctions shift linearly with fixed junctions, 
so that we can put for example 


t;=x,°r, 2:=2;°X3, 


(13) 


and we arrive at the following equation of the stress- 
strain relation for the simple elongation (assuming 
Ay A2A3= 1) . 


1 4 
n=Ci(u-—) +e (rH-—), (14) 
A, 3A;3 


which is characterized by the following two elastic 
constants: 


Vi=y De, 


jef-sf{* 
C\=kT Y ———-; ( Geary 
N PF i 25 


|r rj *—5,/°|¢ 


N «j*l4 


(15) 


In these equations, the stress ; is refered to the original 
cross section, and the summations of Eqs. (15) are ex- 
tended over all the chains in unit cube of the sample (see 
references I, II). 

Now, we shall go a further step by solving Eq. (10) in 
the second approximation. In this case the x-coordinate 
of the 7-th free junction is determined as follows: 














v,=Ai(Dz'+De2'dP?+Dey'he+Daz'ds?); (16) 
1 
D,'=-- ~ %_° z Vial’j1, 
a. - 7 
x°—xp° 3 - ij 
Wiha Te ) (17) 
i o(4j)\ Nol Tr 
xj — X49 (9; O— 0 
Dey ‘= is :> ~ 2 -(* ) = ’ 
i b(43) Nol N iol r 


where I is the determinant composed of y;;, I';; is the 
cofactor of y;;, and the suffix zero means the equilibrium 
position before stretching. Thus, if we introduce the 
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the free energy of Eq. (3) becomes 
F= U(AyA2X3) = Ts, (19) 


=—k(AarP+AyrA2+A Asv+Bdi'+ Brot 
+Badstt+CryrPrP+CyadPrPv+Cz2dFd"). (20) 
Therefore, we obtain the following general expression 
of stresses for the original cross section: 
O1= —A2As + 2kTAVM(A.+2B A? - 
+Cryh2P+Cz2d3"), 
T2= —AzsA1L G+ 2RkT AWA +-Cy cdr 


+2B,rA2+Cy,2d2), (21) 
o3= —ArA2g+2kTA3(A2+C,2A2 
+C2,2?+2B.d2), 
where — ¢ is the internal pressure: 
— gp=dU/d(Ayd2X3). (22) 


In the case of two-dimensional stretching in the 
xy-plane, we can put o3;=0. Thus, ¢ assumes the form: 


r 
y= 2bT-——(A,+-Cesdr?-C eyo? +2B,A2?). 


(23) 
1A2 
For initially isotropic material, we can put 
A,=A,=A,=A, 
B,=B,=B,=B, (24) 


Cry=Cy2=Cr2=C. 








| E _ =1[? i° — | 2 
' N ial N ial 





| Lea Oy 0 i; °— 0" Yi "= yo 2 xj°—x," > a Ie 
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N Ny Nyol Nid Nya 





Xa°— Xp° 2 Ya'— yp° 2 
+ > i Neal sa ) ( 5 ) | 
axB N asl N asl 


Then, the entropy (20) becomes 


S= - R{A (Ar+ A+ A2)+ BaAt+ Ag+ d3') 
+C(APA2+ ArAP+AZvA,”)}. (25) 


(18) 





Introducing the notations 


2kTA=Ci, 4kTB=C3, 2kTC=Ci, (26) 


the following stress equations for the two-dimensional 
stretching are derived: 


== {Cr+ Cadr?+C3(Ar-+A3*)} (AP—As’), 
lo= Xoo ={C “t+CarL? +C3(A2?+Az3 2} (A? — A;37). 


Here ?’s are the stresses for the actual cross section. 


(27) 


DISCUSSION OF THE RESULTS 


The equations just obtained coincide with the semi- 
empirical formula of Treloar, but are characterized by 
three elastic constants Ci, C2, and C3. Thus our theo- 
retical formula is more general than his result. As has 
been shown, our theoretical equations are originated in 
the nonlinear character of the network structures 
(Eq. (16)). 

In the case of a simple elongation, these equations are 
reduced to: 


1 Ce 
a 6i(m-) +0) se (14) = | (28) 
A? C3 A? 

















(25) 
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sional 
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(28) 








in comparison with Eq. (14). Because of the complexity 
of the forms of the constants C’s we cannot compare the 
magnitude of C2 with that of C3. However, if we take 
only the first terms of Eqs. (18) the ratio C2/C; is 
approximately 3 and Eq. (28) is reduced to Eq. (14). 

Returning to the case of two-dimensional stretching, 
we shall now analyze the experiment of Treloar. As has 
already been explained in the introduction, the unex- 
pected situation arises when we plot /; as a function of 
\Z—A;? at constant o;. One value of o; corresponds to 
one linear array, on which the value of o2 varies from 
point to point. Technically, this plot is somewhat 
difficult because ¢; and o2 in Eq. (27) are connected non- 
linearly with each other, and that the values of the 
constants C,, C2, and C3; are unknown. 

These values may be determined, for instance, by 
comparing Eq. (28) with the corresponding experiment. 
Unfortunately such a plot is determined almost by the 
value C;, and the determination of C2 or C3 has to do 
with small quantities which are nearly of the order of 
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Fic, 2. Schematic representation of the plot f, vs \y2—A;? at a 
constant value of a1. 


magnitude of the experimental error. This difficulty is 
increased if we are forced to read experimental values 
from curves. 

Fortunately, however, we can see that the position of 
such linear arrays does not depend on the values of C2 
or C; seriously. We shall explain this fact schematically 
by Fig. 2. In the left half part of this figure the straight 
lines 4;= Ayo, with various values of \y, e.g. Ai’ and Ay”, 
are shown. The curves \;= A,’ and \;=)y” in the right 
half part of the figure represent the relation between 4; 
and \;2—),;? under the condition of \; constant. These 
curves become infinite at the positions \,;;—A?=)y”? 
and \;?—);?=),/, where 3 vanishes and A», becomes 
infinite because of \;Ac\3=1. The curve of ¢; against 
\’—\?? with a constant value of o1, say o;’, may be 
obtained by connecting the points such as A and B in 
this figure. As we can see from the figure, these points 
fall in the vicinity of such points as A’ and B’, which lie 
on the asymptotes \y,—As?=A7? and AP—AZ=—A1’”, 
respectively. Therefore, the curve connecting A and B 
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Fic. 3. Theoretical curves for ¢; vs \;?>—),? at constant values of 
o1 in kg/cm*. Circles represent the experiment of Treloar. Curve 
with o:=7.716 kg/cm? is the corresponding theoretical one. 


nearly coincides with that connecting A’ and B’. The 
latter curve (parabola) does not depend on the special 
values of Ci, Co, and C3. 

We determined the value of C; sa that it gives the 
right order of magnitude of the elastic constant of 
rubber-like substances, which is about 10 kg/cm?, and 
took the value 3000 g/cm?. C2 was determined by virtue 
of the fact that, from Eq. (18), the ratio C2/C, is ap- 
proximately of the order of magnitude (|x,°—x,°| /N ;,l)? 
~1/100, and the value 10 g/cm? was selected for the 
convenience of calculation, although this value seems to 
be rather small. Three times the value of C2 was 
adopted for C; from the preceding consideration. 
Figure 3 represents the curves corresponding to such 
values of constants. 

In this figure, the circles represent one set of the 
experimental values of Treloar.* The linear array with 
oi:=7.716 kg/cm? represents the corresponding theo- 
retical value. The coincidence is good, but this comes 
from the particular situation explained in this section 
and is somewhat accidental. The other experimental 
values also fall in the vicinity of the theoretical curves. 
As we have not determined the values of constants C;, 
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Fic. 4. Theoretical curve of stress o; on original cross section as 
functions of extension ratio \; at various values of \2. The dotted 
curve corresponds to the case of simple elongation. 
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C2, and C; so as to reproduce the simple elongation curve 
of the experiment faithfully, some of the experimental 
circles lie beyond the theoretical simple elongation curve. 

In passing, we want to add that we have obtained 
another set of constants C;= 4400 g/cm?, C2= 118 g/cm? 
and C3;=—218 g/cm? which reproduce the experiment 
of Treloar (Fig. 5 of his article) more completely. 

Again, it should be noted that Treloar’s formula, 
Eq. (2), does not contain the term of C3. The difference 
with ours comes from the fact that he has not adopted 
the strain invariant 


Att Ast Ast= (Ar Ae?+ As”)? 2(APAP+ AgPAZ?+ As?A1?) 
in his theory. 


J. T. DUBOIS AND 








W. A. NOYES, JR. 





Recently, another interesting datum of two di- 
mensional stretching has been given by Boonstra.* We 
have not tried to fit our formula with his results because 
we must select another system of elastic constants C,, 
C2, and C3. However, in Fig. 4 we have plotted o; asa 
function of \; at various values of Xz using the same 
values of C’s as used in Fig. 3; the plot may be compared 
with Fig. 2 of Boonstra. 

In conclusion, we hope that the values of the three 
elastic constants, especially those of C2 and C3, can be 
determined by experiments. 


6B. B.S. T. Boonstra, J. Appl. Phys. 21, 1098 (1950). 
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Photochemical Studies. XLVI. Photosensitization by Benzene and Pyridine Vapors* 


Jean T. Dusotist AND W. ALBERT NOYES, JR. 
Department of Chemistry, University of Rochester, Rochester, New York 


(Received August 13, 1951) 


Attempts to sensitize the dissociations of the following molecules by means of benzene vapor have been 
made: hydrogen, oxygen, hydrogen chloride, nitrous oxide, methy] chloride, methyl bromide, methy] iodide. 
Positive results were obtained only with methyl iodide. The decompositions of methy] chloride and methyl 
bromine sensitized by pyridine vapor were also studied with negative results. The reasons for the results 


are discussed briefly. 


HE transfer of energy between polyatomic mole- 
cules and other molecules on collision has been 
studied very little from a quantitative standpoint. This 
problem is basic to many problems of reaction kinetics 
and of photochemistry. A few results of a semiquanti- 
tative nature are available from studies of fluorescence, 
and energy chains have often been postulated during 
photochemical reactions. Nevertheless, in few, if any, 
of these cases involving polyatomic molecules are the 
results susceptible of definite interpretation. 

Benzene and pyridine vapors offer, at first glance, 
good possibilities for studies of this type since their 
spectra are known and have been analyzed.':? More- 
over, neither of these molecules decomposes when ex- 
posed to radiation of wavelength 2537A.*:* Benzene does 


* This wor. was supported in part by Contract N6onr-241, 
Task I, with the ONR. 

t Holder of a Shawinigan Chemicals, Ltd. Fellowship during 
1947-48 and 1948-49. Present address: Chemistry Group, Flight 
Research Laboratory, Research Division, Hq., Wright Air De- 
— Center, Wright-Patterson Air Force Base, Dayton, 

io. 
a0 Nordheim, Sklar, and Teller, J. Chem. Phys. 7, 207 

9). 

2H. Sponer and H. Stucklen, J. Chem. Phys. 14, 101 (1946). 

3 (a) G. I. Krassina, Acta Physicochim. U.R.S.S. 10, 189 (1939) ; 
(b) N. A. Prilezhaeva, Acta Physicochim. 10, 193 (1939); (c) J. E. 
Wilson and W. A. Noyes, Jr., J. Am. Chem. Soc. 63, 3025 (1941) ; 
(d) G. S. Forbes and J. E. Cline, J. Am. Chem. Soc. 63, 1713 
(1941); (e) J. R. Bates and H. S. Taylor, J. Am. Chem. Soc. 49, 
2438 (1927). 

‘R. H. Linnell and W. A. Noyes, Jr., J. Am. Chem. Soc. (to 
be published). 


not show mercury sensitized decomposition at 2537A 
unless the temperature is raised considerably.® It also 
shows some at 1849A. 


EXPERIMENTAL 


The benzene was a Merck, cp, thiophene-free product. 
It was degassed in high vacuum at —77° and further 
purified by bulb to bulb distillation, the middle third 
being retained. The vapor of the benzene thus prepared 
showed a small evolution of gas uncondensed by liquid 
nitrogen when exposed to a General Electric Company 
AH-6 arc, whether or not short wavelengths were re- 
moved by interposition of a one percent solution of 
acetic acid. At a benzene pressure of 1.1 cm the gas 
evolution amounted to about 9X10-* mm/hr, but the 
evolution ceased after 20 to 25 hours. Fresh benzene 
could be added and the effect observed again so that 
the cessation was not due to a deposit on the windows 
which absorbed the radiation. It was proved by addition 
of hydrogen that a steady state was not being attained. 
No reduction in hydrogen pressure resulted. It was 
concluded that a trace of impurity, present in too small 
amount to be detected chemically, was responsible for 
this small gas evolution. Thiophene might behave in 
this manner.® All benzene vapor used in these experi- 
ments was exposed to radiation until gas evolution 


5 J. Y. Scott and E. W. R. Steacie, Can. J. Chem. 29, 233 (1951). 
6 FE. Sernagiotto, Atti accad. nazl. Lincei 23, 70 (1914). 
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ceased, and the gases uncondensed at —77° were re- 
moved. 

The purification of the pyridine has already been 
described.* 

Oxygen was prepared by heating solid potassium 
permanganate to about 250° and was passed through a 
trap immersed in liquid nitrogen to remove condensable 
impurities. Tank hydrogen was purified by diffusion 
through a heated palladium thimble. Tank nitrous oxide 
was bubbled through concentrated potassium hydroxide, 
dried over phosphorus pentoxide, and fractionated by 
bulb-to-bulb distillation with liquid nitrogen. The 
middle third was retained. Hydrogen chloride gas was 
obtained from cp concentrated hydrogen chloride solu- 
tion, dried by calcium chloride, calcium sulfate, and by 
passage through a trap immersed in dry ice and acetone. 
It was purified finally by bulb-to-bulb distillation with 
liquid nitrogen. 

Methyl iodide was Eastman Kodak Company white 
label, purified by fractionation in a Todd’ column with 
a reflux ratio of 20:1. Its purity was verified by its 
infrared spectrum. Methyl chloride was obtained from 
the Mathieson Alkali Works and was purified by bulb- 
to-bulb distillation. Methyl bromide was obtained from 
the Eastman Kodak Company and was purified by 
bulb-to-bulb distillation at —77°. 

Some difficulty was experienced in obtaining repro- 
ducible results with methyl iodide. This was particu- 
larly true as regards the rate of photochemical decom- 
position of the pure material and as regards the 
percentage of radiation absorbed at relatively low 
pressures. In the present experiments it was necessary 
to have mercury vapor present to remove the iodine. 
Since methyl iodide is known to react with mercury, 
the possibility of interference by methyl mercury iodide 
had to be explored. At different times the methy] iodide 
was stored as follows: (1) in a bulb separated from the 
rest of the apparatus by an ordinary mercury cutoff; 
(2) in a bulb separated from the rest of the apparatus 
by a stopcock lubricated with fluorolube; (3) in a bulb 
painted black on the outside, containing gold foil to 
remove mercury vapor and separated from the rest of 
the apparatus by glass float valves actuated by mercury. 
Methyl iodide from all three sources was photochemi- 
cally decomposed at constant incident intensity at a 
series of pressures. The results obtained by supplies 
(1) and (3) gave similar rates of ethane formation at 
various pressure, and all three supplies gave the same 
results at sufficiently high pressures. However, the 
material stored behind the stopcock lubricated with 
fluorolube attained the high pressure rate at a lower 
pressure than did the other two. It proved impossible 
to ascertain completely the reason for this phenomenon, 
but it was concluded that the stopcock grease intro- 
duced some impurity which affected the rate. There 
was a visible change in the appearance of the fluorolube 


—— 


"F. Todd, Ind. Eng. Chem. 17, 175 (1945). 
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TABLE I. Results of exposure of mixtures of benzene vapor and 
other gases. (Radiation sources: (a) Low pressure dc Hg arc; 
(b) Hanovia type S-100 medium pressure Hg arc; (c) General 
Electric Company AH-6 high pressure Hg arc. The 1849A line 
was removed in all cases by a 1 percent aqueous solution of acetic 
acid. T~25°.) 











Benzene 
pressure Other gases and Light 
mm pressures in mm sources Remarks 
2 Hz (0.1) a,c No reduction in Hg: pres- 
sure, no evidence for H 
atoms by MoQ3. 
3 O» (0.1) a,c Nochange in O: pressure. 
a2 H, (0.1-0.5) c  Nochange in pressure of gas 
Oz (0.1-0.5) uncondensed by liq. Ne. 
23 H2 (10-*-2X 10) c  Nochange in pressure of gas 
Oz (~107) uncondensed by liq. Ne. 
2.5-92 NO (6-80) c No products formed uncon- 
densed by liq. Ne. 
2-3.5 HCI (0.1-100) c No Hs», no decrease in HCl 


when measurable. 


8.5 CH;Cl (12) b 25 percent acetic acid and 
5 cm Cl, at 1 atmos inter- 
posed. No CH, or CoH¢ 


formed. 
40 CH;Cl (10) b 
74.5-110 CH;Br (10-22) b 


No CH, or CoH¢ formed. 
No CH, or CoH, formed. 








during exposure to methyl iodide. Supplies (1) and (3) 
gave quantum yields of ethane formation independent 
of methyl iodide pressure in general agreement with 
results obtained by other workers.* It was concluded 
from these experiments that the slow formation of 
methyl mercury iodide at room temperature did not 
alter the course of the photochemical decomposition of 
methyl iodide. 

During the experiments pressures of gases either un- 
condensed by liquid nitrogen or by pentane mush 
(about —160°) were measured. The former would be 
oxygen, hydrogen, nitrogen, methane, and nitric oxide 
(if the pressure is lower than 0.1 mm) together with 
traces of ethane. The latter would be ethane after 


TABLE II. Results of exposure of mixtures of pyridine vapor and 
other gases. (Radiation source b. 7~25°.) 











Pyridine Alkyl halide 
pressure and pressure 
mm mm Remarks 
4-14 CH;Cl (25) No CHg, CoHg, or CoH, formed. Short 
wavelengths removed by 25 percent 
acetic acid and longer wavelengths 
by Cle. No decrease of total pressure 
(to within 0.5 mm). 
2-18 CH;Br (9) No CH,, CoHs, or CoH, formed. No 


decrease of total pressure (to within 
0.5 mm). 








8 See R. D. Schultz and H. A. Taylor, J. Chem. Phys. 18, 194 
(1950). 














1514 J. T. DUBOIS AND 
removal of the more nonpersistent gases. During some 
of the experiments with methyl iodide the methane was 
determined by removal at a temperature of about 
—210° at which ethane cannot be removed by a 
Toepler pump. 

The presence of hydrogen atoms was detected by 
molybdenum trioxide in some instances. The sensitivity 
of the molybdenum trioxide was verified by exposure to 
hydrogen atoms produced by the mercury sensitized 
dissociation of hydrogen. 

Three light sources were used at oné time or another: 
(a) Low pressure dc mercury arc; (b) Hanovia Type 
S-100 medium pressure mercury arc (Alpine burner) ; 
(c) General Electric Company high pressure AH-6 arc. 


RESULTS 


The results for all gases except methyl iodide mixed 
with benzene are summarized in Table I, those for 
methyl chloride and methyl bromide mixed with pyri- 
dine are shown in Table II, and those for mixtures of 


TABLE III. Results of exposure of mixtures of benzene vapor and 
methyl iodide. (T~25°. Light source C.) 











Methyl 

iodide Benzene Rate of CoHe Cell 

pressure pressure formation length 

mm mm mm X10%/hr cm 

2.2 0 0.79 58 
a2 47 0.93 5b 
0.87 47 1.93 30 
0.87 0 LE 30 
9 27 7.8 30 
9 50 8.2 30 
9 118 9.8 30 
9 0 6.8 30° 
8 26 7.0 30 
8 60 8.1 30 
8 82 8.7 30 
8 118 i. 30 
8 0 6.5 30° 








® Average of 2 runs. 

b Average of three runs. 

© Mean of all blank runs at a given pressure. 
methyl iodide and benzene are given in Table III. It 
will be noted that negative results were obtained in all 
cases except as regards mixtures of benzene vapor and 
methyl iodide. Actual quantum yields were not deter- 
mined, but a yield as low as 10~ could have been 
detected. 

Ethane was the main product formed either during 
the direct or benzene sensitized decomposition of methyl 
iodide. Traces of methane were also formed, but the 
amounts were always so small as to make the determi- 
nation of the absolute amount subject to great un- 
certainties. 

Methyl] iodide is the only substance studied which 
absorbs appreciably at 2537A, the main wavelength 
used in these experiments. Thus it is necessary to 
obtain an estimate of the fractions of the radiation 
absorbed by the two molecular species. Since the 
radiation was not strictly monochromatic, this could 
only be done approximately. By use of a photocell the 
fraction of the incident radiation absorbed by each 


W. A. ROYVES, JR. 


substance alone was determined as a function of pres- 
sure. These data would have been sufficient for mono- 
chromatic radiation and would permit a calculation of 
the fraction absorbed by each species. The fraction of 
the radiation absorbed at constant methyl iodide pres- 
sure as benzene is added was also determined. 

The quantum yield of ethane formation in mixtures 
of benzene and methyl iodide relative to those in 
methyl iodide alone may be determined from the data 
in Table III and a knowledge of the relative amounts 
of light absorbed. The latter was measured by a photo- 
electric cell on the assumption that the response was 
independent of wavelength over the relatively small 
range of wavelengths absorbed. Thus with a pressure 
of 8 mm of methyl iodide and an assumed quantum 
yield of unity for its dissociation in the presence of 
mercury vapor,’ one finds 0.8 with benzene present, 
and no significant trend with benzene pressure. At 9 mm 
pressure of methyl iodide the figure is also 0.8, but at 
0.87 mm pressure of methyl iodide the figure is only 
0.3. The latter figure is very uncertain. 

It is impossible to calculate the quantum yield of the 
pure benzene sensitized reaction since it is impossible to 
calculate the fraction of the light absorbed by each 
component. Such a calculation is impossible in a mixture 
for which either one or both components shows a fine 
structure in its absorption spectrum unless the width 
of the incident line is small compared to single lines in 
the fine structure so that single absorption coefficients 
independent of pressure can be used. This condition is 
not met in the present experiments and indeed would be 
practically impossible of fulfillment with a molecule 
such as benzene which exhibits a fine structure practi- 


cally impossible to resolve. Methyl] iodide almost cer- 


tainly shows continuous absorption in the region in 
question” and hence would be less troublesome. 

Certain conclusions are possible with regard to the 
benzene sensitized reaction, however. Thus at a methyl 
iodide pressure of 8 mm and a benzene pressure of 
82 mm, the light absorbed is about 1.9 times that 
absorbed in the same cell by the methyl iodide alone. 
A minimum of 45 to 50 percent of the light must be 
absorbed by the benzene. The rate of ethane formation 
is 1.3 to 1.4 times as great as in the absence of benzene. 
Hence the quantum yield of the benzene sensitized 
reaction must be at least 0.4, relative to pure methyl 
iodide as unity, and is probably higher. 


DISCUSSION 


The conditions for simple photosensitization by col- 
lision represented by the equations 


Sthy=S*, (1) 


S*4+M =S-+dissociation products, (2) 


#4 D. Schultz and H. A. Taylor, J. Chem. Phys. 18, 194 
1950). 

10H. Sponer, Molekiilspektren (Julius Springer, Berlin, 1935), 
p. 108. See also W. West and L. Schlessinger, J. Am. Chem. Soc. 
60, 961 (1938). 
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may be stated as follows: (1) the energy which S* may 
supply must be sufficient to dissociate M from the 
energy level in which it lies at the time of collision; 
(2) If the dissociation of M results from its transfer to 
a truly repulsive upper state, the Franck-Condon prin- 
ciple leads to the conclusion that the probability of 
energy transfer will be small unless the upper state is 
reached from the ground state with small change in 
configuration and in internuclear distances. The energy 
to be supplied may, under some conditions, exceed 
greatly the minimum energy required for dissociation ; 
(3) Certain conditions concerning multiplicity, sym- 
metry, etc., must be met. These conditions will often 
be difficult to specify unless detailed assumptions are 
made concerning the nature of the process. 

Negative results are indicated for all cases listed in 
Table I. Condition (1) is fulfilled for all molecules 
except oxygen if the benzene molecule is assumed to 
retain the 4.88 ev energy acquired by absorption of the 
2537 A line. The same would be true if the upper elec- 
tronic state were to lose all vibrational energy prior to 
collision with M.! Condition (2) would require that 
more energy be supplied than is available for Hs, HCl, 
and probably for CH;Cl, CH;Br, and N2O. The detailed 
application of condition (3) cannot be made, but the 
conservation of spin would make energy transfer im- 
probable with He, O2, and perhaps N,O, since the upper 
electronic repulsive states would have different multi- 
plicities from the ground state. The case of N2O may 
not be excluded definitely because of condition (3), 
since upper repulsive states may exist which would 
dissociate into singlet states for the products." 

Thus methyl iodide is the only molecule studied for 
which positive results would be expected if the sensitiza- 
tion process may be expressed by the simple reactions 
(1) and (2). However the process might be described 
schematically by the formation of an intermediate 
complex as in the case of sensitization by mercury and 
other atoms in *P; states. Equation (1) would then be 
followed by 

S*4+MX=SX+M, (3) 


SX=S+X. (4) 


The detailed rules for this type of process may not be 
given, but (1) sufficient energy must be supplied, and 
(2) probably the rule regarding conservation of spin 
would apply. This mechanism might make dissociation 
of CH;Cl and CH;Br possible provided intermediates 
of the type CsHeCl and CsHgBr are sufficiently stable. 
There are indications that such might be the case for 
bromine and iodine atoms,!? but the situation for 





"W. A. Noyes, Jr., J. Chem. Phys. 5, 807 (1937); Henriques, 
Jr., Duncan, and Noyes, jr., J. Chem. Phys. 6, 518 (1938). 

"E. Rabinowitch and W. C. Wood, J. Chem. Phys. 4, 497 
(1936); Trans. Faraday Soc. 32, 907 (1936). 
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chlorine atoms is less certain. The negative results 
obtained with CH;Cl, CH;Br, and HCl would indicate 
that the intermediate complex is either insufficiently 
stable or is formed with too low a probability to permit 
sensitization by reactions (3) and (4). 

The positive results with methyl iodide are sus- 
ceptible of more than one interpretation. West and his 
co-workers have already shown" that certain aromatic 
hydrocarbons may sensitize the decomposition of alkyl 
iodides in hexane solution. They state that more 
aromatic molecules are potential sensitizers than are 
potentially capable of fluorescence. Thus certain mole- 
cules may not fluoresce because the energy is degraded 
by internal conversion" but are nevertheless competent 
sensitizers if suitable foreign molecules are present. The 
fluorescence efficiency of benzene is low, and yet benzene 
does not quench its own fluorescence effectively.'® 

The results on benzene sensitized dissociation of 
methyl iodide are susceptible of only a semiquantita- 
tive interpretation. The fact that the quantum yield 
shows no conclusive trend with benzene pressure is 
evidence for the lack of self-quenching by benzene. The 
quantum yield is dependent, as would be expected, on 
the pressure of methyl iodide, even though exact calcu- 
lations of the quantum yield of the sensitized reaction 
are impossible. If one neglects self-quenching, assumes 
the lifetime of excited benzene to be 10~7 sec, and that 
process (2)-competes with internal conversion and 
fluorescence, one may derive the equation 


Pp=(M)/((M)+hs/ke), (S) 


where k; would have the value of 10’ sec~!, ®p is the 
quantum yield of dissociation, (M) is the concentration 
of the dissociative molecules, and ke is the constant for 
reaction (2). Thus k;/k2 may be given the limits of 
6X 10!*and 4X 10" molecules/cc and k2=0.2 to 2 10-” 
(molecules sec)~! cc. This would indicate that with an 
uncertainty of a factor of about ten, every collision 
between excited benzene and methy] iodide is effective 
in producing dissociation. This is in essential agreement 
with the conclusions of West and his co-workers in the 
liquid phase." The uncertainties in treating the data do 
not warrant a more detailed treatment. If a long-lived 
state of benzene (possibly a triplet state) were formed 
which could dissociate methyl iodide by collision, these 
conclusions would be invalid. There is no evidence that 
this is the case although further work should be done 
on this point. 


13 W. A. Noyes, Jr. and P. A. Leighton, The Photochemistry of 
Gases (Reinhold Publishing Corporation, New York, 1941), p. 294. 

14 W. West and W. E. Miller, J. Chem. Phys. 8, 849 (1940). 

15 P, Pringsheim, Fluorescence and Phosphorescence (Interscience 
Publishers, Inc., New York, 1949), p. 245. 

16 Reference 12, p. 265. 
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The Concentration of Molecules on Internal Surfaces in Ice 
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In this paper the experimental expression for the “local conductivity” of ice is given. This expression has 
two terms, one of which has already been discussed and brought into close relation with the structure of ice, 
that is, with its heat of sublimation and its lattice constant. This paper brings out another relation, deriving 
it from the second term of the experimental expression. It is concluded from an analysis outlined here that the 
second term of the local conductivity gives the concentration of molecules in “internal surfaces.” For the 
specimen of ice to which this method was applied the concentration of molecules on internal surfaces comes 


out as 1.0310!” molecules/cc. 


This is proposed as a new method of studying imperfections (internal surfaces) in dielectric crystals, and 
one which seems to be well suited to this purpose. It gains its advantages from the fact that itis not dependent 
upon the regularity of the imperfections, as in x-ray diffraction methods, or upon the connectivity of the 
system of internal surfaces, as in direct current conduction. 





N investigating conduction in dielectrics the writer 

has found it convenient and useful to define a 
quantity which is related to the motions required to 
form the dielectric polarization as the ordinary dc 
conductivity is related to ionic migration. This quantity 
is described as the polarization conductivity or local 
conductivity. It is a property of dielectrics which 
exhibit anomalous dispersion, and it can be measured as 
the limit approached by the alternating current con- 
ductivity as the frequency increases, the direct current 
conductivity having been subtracted. 

The significance of this quantity and the relations into 
which it enters will be described more fully in other 
connections, for the present discussion is confined to 
describing an application which contributes to the study 
of the ‘secondary structure” of ice and which should be 
capable of extension to other solids of suitable type. 


THE “LOCAL CONDUCTIVITY” OF ICE 


By means of a simple theory, similar to that for ordi- 
nary ionic conduction, the local conductivity of ice for 
the temperature interval 0°C to —35°C has been shown 
to be essentially determined by two fundamental con- 
stants of the crystal, its heat of sublimation and a 
suitable lattice constant.! However, when the measure- 
ments are extended to still lower temperatures it be- 
comes evident that the local conductivity of ice is an 
expression with two terms: the full expression is 


O p= 631E-M500/ RT + 1 06K 10-8e-8179/ RT (Ohmcm)—. (1) 


The lowest temperature at which accurate measure- 
ments were made was —139°C (at —190°C the local 
conductivity was barely detectable). The conclusions 
already derived about the polarization in ice’ were ob- 
tained from the first term in the above experimental 
expression.* We now show that the second term yields 

1E. J. Murphy, Phys. Rev. 79, 396 (1950). 

* Equation (1) is an experimentally determined relation ex- 
pressing data obtained by the writer and published in part in 
E. J. Murphy, Trans. Am. Electrochem. Soc. 65, 133 (1934), and 


E. J. Murphy and S. O. Morgan, Bell System Tech. J. 18, 502 
(1939), and in particular in Fig. 5 of the latter. 
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independent information about the structure; namely, 
the concentration of molecules in internal surfaces. 
The expression for the local conductivity o, is in the 


form 
6 p= aoe WUETL goge-W2! kT... (2) 


where & is Boltzmann’s constant, W; and W2 are 
energies, and TJ the absolute temperature. Because this 
is a local conductivity and thus associated with a 
dielectric polarization rather than with dissociation into 
ions, the energy W(i=1, 2) in the Boltzmann factor 
may be interpreted immediately as an activation 
energy. 

The activation energy in the first term is 11.5 kcal/M 
(or 0.5 ev). This activation energy agrees essentially 
with the heat of sublimation which in turn has been 
attributed to the breaking of two hydrogen bonds per 
molecule. (Each H,O molecule in ice is held in place by 
four hydrogen bonds, but as each bond is counted twice 
the heat of sublimation represents the breaking of only 
two bonds ser molecule.) 

The experimental activation energy for local con- 
duction in the second term (W2) is 5.17 kcal/M. This is 
somewhat less than one-half of the activation energy in 
the first term (Wj), that is, W2/Wi=0.45. If then W: 
represents the breaking of two hydrogen bonds in the 
act of forming the polarization, W2 may be taken to 
represent a polarization depending upon the breaking of 
one hydrogen bond per molecule, if a basis can be found 
for this interpretation. In the following discussion it is 
assumed that Ws» is an activation energy representing 
the breaking of one hydrogen bond but that its value is 
5.17 kcal/M, rather than precisely 0.5W1.§ 


TWO-TERM CONDUCTION IN GENERAL 


When there are two terms in an experimental con- 
duction expression, as illustrated by Eqs. (1) and (2), a 


+ The meaning of this statement will be discussed more fully in 
another connection where its use can be brought out more fully. 

§ W2 isa less accurately measured experimental constant than 
W,, and it may be that its true value is more accurately given by 
0.5W;, rather than the directly observed value. 
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INTERNAL SURFACES OF ICE 


certain general restriction applies to the possible in- 
terpretations. For an expression of this kind can only be 
observed experimentally when oo: is much smaller than 
oo1, if Wz is appreciably smaller than W;; otherwise, the 
term with the smaller activation energy completely 
submerges the other term, which then is unobservable 
by this method. Consequently, whatever the explana- 
tion adopted for the term of smaller activation energy, 
it must yield a small value for the coefficient oo2. We 
now consider various ways of achieving this, by re- 
turning to the theoretical expression for o, derived in 
reference 1. This expression, based upon a simple 
model, is 


op=(9X10"h)"ne’d? exp(—W/kT) (ohm cm)“ = (3) 


or 


02> ne’d?/9X 10"4, (4) 


where ¢ and / are universal constants, n is the number of 
protons per cc contributing to the second term in the 
local conductivity, and d is the distance moved by a 
proton in making its contribution to the polarization. 

Four possible ways of making oo2 small as compared 
with oo; appear in Eq. (4): (1) Making d much smaller 
than the value (0.39A) which served to give agreement 
between theory and experiment for the first term. But 
we know of no lattice constant of suitable length to give 
such a factor. (2) The possibility exists, in general, that 
neighboring molecules occasionally find themselves in 
especially favorable configurations for forming the 
polarization by preserving the activation energy among 
a set of neighboring molecules. In effect this amounts to 
local conduction by a comparatively small number of 
units, each consisting of a considerable number of unit 
cells and with a negative entropy of activation. This 
would introduce a further fractional factor in Eq. (4); 
but many neighboring unit cells would have to cooperate 
to produce as small a factor as is observed experi- 
mentally. Moreover there is no independent evidence 
for the occurrence of such structures. Therefore this 
possibility, like the first-mentioned one, is set aside. 
(3) The explanation of the second term, which ordinarily 
would be the first considered, is the presence of im- 
purities. But the ice was prepared from good con- 
ductivity water and its impurity content is as small as 
could be achieved without disproportionate elaboration 
of the purification aspect of the experiments. For our 
purpose it is sufficient that there are no known impurities 
present which could account for the second term; we 
therefore set this possibility aside. (4) We are left then, 
with the remaining possibility that the second term 
tepresents the contribution of molecules in internal 
surfaces. 

To summarize: both (3) and (4) single out from the 
totality of molecules in the crystal a comparatively 
small set which are in a different environment from the 
bulk of molecules. We have chosen to make oo2 small by 
making m small, and to do this by identifying (for the 
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second term) with the concentration of molecules on 
internal surfaces. This choice will be shown in the later 
discussion to lead to interesting results. 


INTERNAL SURFACES 


In the homogeneous interior of a specimen of ice each 
H:0 molecule is held in place by four hydrogen bonds. 
On an external surface each H,O molecule is held in 
position by only two hydrogen bonds. For our purposes 
then we define an internal surface similarly. Definition: 
a molecule is in an internal surface if it is held in position 
only by about half the maximum number of bonds, that 
is, by two instead of by four hydrogen bonds in the case 
of ice. In order for this condition to prevail there must 
also be in the internal surface some space not occupied 
by H;O molecules in crystal arrangement. This defini- 
tion says nothing about how large a set of molecules is 
required to form an internal surface, about the shape of 
the surface, or about how it is produced. Nothing is 
implied except what is stated in the definition; namely, 
that there are molecules held in position by less than the 
maximum number of bonds, specifically by about one- 
half that number. The smallest internal surface would 
be one produced by the removal of a single molecule, or 
by some equivalent process which produced one mole- 
cule which is held in position by only two bonds. 

On the basis of the hypothesis adopted here, the ratio 
of the coefficients of the two terms of the conduction 
formula (Eq. (2)) is the ratio of the number of molecules 
in internal surfaces to the total number of molecules in 
the crystal ; its value is 1.67 X 10-*. Multiplying the total 
number of molecules per cc by this fraction gives 
1.03X10!’, as the number of molecules on internal 
surfaces per cubic centimeter of ice. (The second term 
had a somewhat different value for different specimens 
of ice, as would be expected on this interpretation of its 
origin. Therefore the concentration given above refers 
to a particular specimen, and other specimens may have 
somewhat different concentrations.) The concentration 
can also be obtained by substituting the value oo= 1.06 
X 10-* (ohm cm) in the theoretical expression for the 
conductivity and solving for m, the concentration of 
molecules contributing to this term in the conduction. 
The two calculations of concentration are not inde- 
pendent, but the second method is mentioned because it 
brings out the fact that the theoretical expression may 
be applied to the second term as well as to the first. 

The above calculation gives the concentration of a 
certain kind of structural defect in the crystal lattice by 
giving the number of molecules contained in such defects. 
It is evident that this is not a complete specification of 
the defect, for the shape of the internal surface is not 
given. 


COMPARISON WITH FREE-ION CONDUCTION 


The interpretation of the second term which we have 
used here recalls the proposal made by Smekal? in 1927 


2 A. Smekal, Z. tech. Physik 8, 561 (1927). 
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that the second term so often observed in the dc con- 
ductivity of crystals is due to “Lockerstellen,” that is, 
to distortions of structure equivalent to what we mean 
by internal surfaces. When applied to dc conductivity 
this explanation of the term of lower activation energy 
suffers from the handicap that the “‘connectivity”’ of the 
system of internal surfaces should determine the dc 
conductivity quite as much as the number of molecules 
contained in them; for example, an isolated internal 
surface would not affect the dc conductivity. On this 
account it has not been possible to draw quantitative 
conclusions about the concentrations of ions on internal 
surfaces merely by taking the ratio of the two terms of 
the dc conduction formula. But the local conductivity is 
essentially independent of the connectivity of the 
system of internal surfaces; for example it receives 
contributions from isolated internal surfaces. The total 
number of molecules in isolated internal surfaces would 
ordinarily be expected to be greater than the number in 
connected internal surfaces; for the probability of 
multiple intersections of randomly distributed internal 
surfaces is small. (How small would depend on the size 
of the internal surfaces and how they were created ; and 
the possibility would exist of comparing dc and ac 
conductivity so as to get a rough measure of the degree 
of connectivity and the size of the connected internal 
surfaces.) 

In dealing with dc conduction on internal surfaces the 
degree of ionization of the molecules present there is a 
variable. But in dealing with the local conductivity the 
degree of ionization is not a variable, for we are mainly 
concerned with molecules rather than ions. It is however 
a fact that a third factor enters in this connection; 
namely, the contribution to apparent polarization 
coming from space charges in internal surfaces. This is a 
comparatively small effect, because the degree of dis- 
sociation is small in most cases. In any case it can, in 
principle, be separated from the main effect by means of 
its relaxation time. 
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DISCUSSION 


The second term in the local conductivity of a dielec- 
tric exhibiting sufficiently simple anomalous dispersion 
can then be used as a measure of the concentration of 
molecules on internal surfaces. On the other hand, a 
second term in the direct-current conductivity (the 
conductivity due to free ions) could not be so used be- 
cause the complicated connectivity of the system of 
internal surfaces is a practically complete barrier be- 
tween the measured conductivity values and any 
molecular interpretation of them. (However, the second 
term in the dc conductivity has been used by the writer 
to obtain the concentration of impurities in a crystal. 
This will be discussed more fully elsewhere.) 

The study of imperfections in a crystal is made diffi- 
cult by the very nature of imperfections: they are 
ordinarily present in small concentration and irregular 
in size and shape. The lack of regularity handicaps 
analysis by x-ray diffraction, which only shows a feature 
of structure when it is repeated regularly a sufficient 
number of times, while the low concentration handicaps 
almost any method of analysis. It is suggested that the 
local conductivity method illustrated in the present 
data for ice may be of use in the analysis of aspects of 
structure such as internal surfaces not easily accessible 
to other methods. 

The advantages claimed for this method depend upon 
three features: (1) the fact that a definition of internal 
surface is used which gives molecules in it a charac- 
teristic activation energy by which they can be recog- 
nized and differentiated from other molecules, (2) the 
fact that the local conductivity does not depend on the 
“connectivity” of the system of internal surfaces nor on 
their shape or the degree of order in them, and (3) the 
fact that the local conductivity does not depend 
significantly on the degree of dissociation into ions in the 
internal surfaces within the limits likely to be practically 
important. 
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The assumptions underlying the lattice theory of liquids of Lennard-Jones and Devonshire are examined. 
Four modifications of this theory have been proposed which avoid some of these assumptions. These modifica- 
tions are (a) by Cernuschi and Eyring, (b) by Ono, (c) by Peek and Hill, and (d) one suggested in this paper. 
It is shown that they may all be deduced as special cases of one mathematical treatment. They are intui- 
tively more attractive than the original theory and avoid any mention of the so-called “communal entropy.” 
They give reasonable values of the second virial coefficient. None of them, though, shows much improve- 
ment over the original theory in calculating the critical constants and vapor pressure curves. 





NOTATION 


To, € The distance and energy characteristic of the 
intermolecular potential. E(r))=0, and —e is 
the minimum of the curve. 

a, E(Q0) The distance between two neighboring lattice 
sites and the energy of two molecules on such 


sites. 
T The reduced temperature = kT //e. 
Vo = 73°. 
bo =2.¢-Nr,’. 
q The reduced cell-size= a°/ro'v2. 
g The coordination number of the lattice= 12. 
v Volume per molecule. 
V Volume per mole. 
x = pq 


g, £1, Zn Integrals related to the free-volume and its 

derivatives. Eqs. (9), (14), (15). When primed 

the same functions at a temperature of 7/(1—@). 

= 2g,/g. Eq. (13). 

= 2gm/g. Eq. (13). 

1—exp{—2¢/zkT}, Eqs. (32), (40), (57), (70). 

Equation (28). 

@?=1—4x(1—x)a. 

The proportions of vacant sites around any one 

lattice site. 

@ The mean value of w=2(i—-x)/(8+1), Eq. 
(33). 

j(w) The generalized free-volume corresponding to 
wz vacant sites around one lattice site. Eq. (25). 

jo, j1 The values of 7(0) and 7(1) in the particular 
approximation being used. Eq. (26). 

J(x, a) Equation (43). 


ew re 3S ve 


I, INTRODUCTION 


N exact theory of the liquid state is being developed 

by the methods of Kirkwood and Born and Green. 

Until this reaches the state at which numerical results 
can be obtained, it seems useful to discuss a less rigor- 
ous, though so far, more fruitful, approach. Liquids 
have been considered both as disordered solids and as 





*This work was carried out under Contract NOrd 9938 with 
the Navy Bureau of Ordnance. 

{Present address: University of Manchester, Manchester, 

ngland. 


1519 


very dense gases for the purpose of constructing ap- 
proximate theories. Probably the first view has been 
more useful, as it is easier to extend these theories to 
include gases than it is to extend theories of dense gases 
to include liquids. It is these lattice, or “‘solid-like,”’ 
theories of the liquid state which will be discussed here. 
The principal characteristic of all such theories is that 
they consider each molecule to be confined to the 
neighborhood of one of the lattice sites by the sur- 
rounding molecules. It is usual to consider only the 
effect of nearest neighbors on the motion of the molecule 
within its “cell.” 

Between the years 1936 and 1941, Eyring and those 
who worked with him,!~’ made much progress in cor- 
relating the various properties of liquids by means of 
theories which assumed a regular lattice structure. These 
papers introduced the important idea that some of the 
lattice sites might be vacant. It was postulated that 
these vacant sites, or “holes,” played a particularly 
important role in determining the behavior of a liquid 
near its critical point. However, this approach was, 
on the whole, empirical. No attempt was made to calcu- 
late the macroscopic properties directly from the inter- 
molecular forces, but rather, theoretical considerations 
were used to relate different macroscopic properties to 
each other. In 1937 Lennard-Jones and Devonshire® 
placed the lattice theory on a more quantitative basis 
by introducing certain assumptions about the geometry 
of the distribution of lattice sites, the size of the cell 
surrounding each site and to which each molecule is 
confined, and about the motion of each molecule within 
its cell. These assumptions allowed them to obtain ex- 
plicit relations between the thermodynamic properties 
and the intermolecular forces. All later refinements have 
been based on this model. Kirkwood® has shown re- 


1H. Eyring, J. Chem. Phys. 4, 283 (1936). 

2H. Eyring and J. Hirschfelder, J. Chem. Phys. 41, 249 (1937). 

$ —_— Stevenson, and Eyring, J. Chem. Phys. 5, 896 
(1937). 

4jJ. F. Kincaid and H. Eyring, J. Chem. Phys. 5, 587 (1937). 

5 J. F. Kincaid and H. Eyring, J. Chem. Phys. 6, 620 (1938). 

6 F. Cernuschi and H. Eyring, J. Chem. Phys. 7, 547 (1939). 

7 J. Walter and H. Eyring, J. Chem. Phys. 9, 393 (1941). 

s ‘iy E. Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 
(1934). 

9 J. G. Kirkwood, J. Chem. Phys. 18, 380 (1950). 
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cently that the partition function derived from this 
model is a first approximation to the exact partition 
function, under certain well-defined approximations. 
However, both the original theory of Lennard-Jones 
and Devonshire and later improvements have been 
developed intuitively rather than as a well-defined 
series of successive approximations. 

The theory of Lennard-Jones and Devonshire is dis- 
cussed briefly. Some objections are mentioned including 
the uncertainty about what Eyring called the ‘‘com- 
munal entropy.” The main part of the article is given 
to a discussion of four modifications of this theory 
which have been proposed since 1939. These all attempt 
to improve the theory by introducing into it Eyring’s 
idea of “‘holes.”” One of their main virtues is that by 
using this idea they avoid any direct reference to the 
communal entropy. It is shown that there is one 
standard mathematical development which allows these 
four modifications to be obtained quite simply as four 
special cases. The form of the equation of state given 
by each is discussed and a comparison is made of the 
numerical results which they predict. 

Classical statistical mechanics is used. Quantum 
corrections are important when considering the solid 
state, but except for helium, hydrogen, and probably 
neon, may be ignored in considering the liquid and 
gaseous states. One form of the intermolecular poten- 
tial, due to Lennard-Jones, is used throughout. The 
energy of interaction of two spherical molecules at 
distance apart 7 is given by 


E(r)=4e{ (ro/r)”— (r0/r)9}. (1) 


Here ro and ¢ are the distance and energy characteristics 
of the potential. From Eq. (1), E(7%o)=0 and E(r92!/6) 
=—e, the minimum value of E(r). This potential has 
been very successful in interpreting both the equi- 
librium and transport properties of gases at low densi- 
ties. As the potential has only two adjustable param- 
eters, any equation of state based upon it conforms to 
the law of corresponding states. 

It is assumed that the internal energy of each mole- 
cule is independent of its environment. Such energies 
are therefore ignored in writing down the partition 
functions. 


Il. THE THEORY OF LENNARD-JONES 
AND DEVONSHIRE 


The assumptions of this theory are: 

(1) Each molecule is considered to be confined to a 
cell by its nearest neighbors. Exchange of molecules 
between cells is ignored. The partition function of the 
whole assembly is, therefore, the product of the V 
individual partition functions. The fact that the whole 
volume is not available to each molecule is probably of 
little importance at high densities. In the limit of 
low densities it means that the partition function is too 
low by a factor of N!/N‘’~e-%. The free energy is 
high by RT. This may be formally accounted for by 
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inserting an extra factor of e” in the partition function. 
The extra term in the free energy is not a function of 
volume and so will not affect the equation of state. 
However, this is not very satisfactory. The factor of e” 
is needed in the perfect gas limit, but not in the perfect 
crystal. Somewhere between these limits, it must be- 
come effective. Hirschfelder, Stevenson, and Eyring’ 
took the view that it appears discontinuously at the 
melting point, where it contributed an extra amount of 
entropy R to the liquid. They called this term the 
“communal entropy.” Rice!® criticized this view and 
maintained the factor appeared more gradually. This 
would make it a function of volume as well as tempera- 
ture and so would cause it to contribute to the equation 
of state. 

(2) Each cell is occupied. Its volume is »=V/A 
The exact shape of the cell should be fixed by defining 
it as that part of space which lies nearer to the cental 
molecule than to any other, but for practical purposes 
each cell is taken to be a sphere. If the lattice sites form 
a face-centered cubic structure the volume of this sphere 
is a’/V2, where a is the distance between lattice sites. 
The number of nearest neighbors, z, to each lattice site 
is twelve for such a structure. This value is used in all 
calculations. 

(3) The potential energy inside each sphere is as- 
sumed to be spherically symmetrical. It is found by 
averaging over all angles the potential due to 12 mole- 
cules at distance a. There are two approximations in- 
volved here: first, the assumption of symmetry, and 
secondly, the assumption that all neighbors are at 
distance a. Peek and Hill" think that the first is the 
greater source of error, particularly when the theory is 
modified to allow for some of the sites being vacant. 
The second assumption is similar to the Hartree ap- 
proximation in quantum mechanics. 

The mean energy of a molecule at a distance r from 
the center of its cell, due to one neighbor at distance @ 
from this center is given by 


E(r)=} f E((r?-+a?—2ar-cos6}*)-sind-dé. (2) 
0 


If z molecules surround each lattice site, then the 
mean energy of the central molecule is given by 


2(E(r)— E(0)) =se{g-*-U(y)—2q-n(y)}. (3) 


Here zE(0) is the energy at the center of the cell. On 
the right-hand side, g is the reduced volume of the cell 
given by (for z=12), 


qg= a /re°V2 = 0/19 =0/09 (4) 
where, 


y=r/a, (5) 


100. K. Rice, J. Chem. Phys. 6, 476 (1938). 
1H. M. Peek and T. L. Hill, J. Chem. Phys. 18, 1252 (1950). 
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and 
Uy) = (14-12y+25.29?+-12y°+-y)(1—y)-"—1, (6) 
n(y)=(1+y)(1—y)4*—1. (7) 
A “free volume” j(0) may be defined by 


j0)=2na'-g= f exp{—sCEG)—EOVET}-dr, (8) 


cell 


or 
8 ’ —g 
s= f yl-exp| Lo UG) —24-*-m(y)} ‘dy, (9) 
0 r 


where, for a face-centered cubic lattice, 
s= (3/4mrv2)'=0.30544. (10) 


At infinite temperature 7(0) is a*/v2, the volume of 
the cell. At finite temperature 7(0) is smaller than this, 
as each part of the cell is weighted with the approximate 
Boltzmann factor. 

The partition function of a single molecule is given by 


f=(2armkT/h?)!-22a°-g-exp{—z-E(0)/2kT}. (11) 


The free energy and other thermodynamic properties 
may be expressed in terms of the partition function of 
the whole assembly, Z=e%-f%. Here the communal 
entropy is arbitrarily included. The equation of state 
is given by (for z=12), 


pV/RT=1+(24/r)Lq*-(1+é)—q?-(1+n)]. (12) 
The symbols é and » are defined by 
E=2gi/g, 1=2gm/g. (13) 


The integrals g; and gm are related to the derivative of 
g with respect to volume or temperature. They are 
defined by 


if yt -1(y) 


xexp|—Lr U(y)—2q*- n(y) ] ‘dy, (14) 


wf y+ n(y) 


xexp| Lr) —2r*-m()}} dy: (15) 


The density enters into the right-hand side of Eq. (12) 
through the reduced cell-size (Eq. 4). (pV/RT) ap- 
proaches the perfect gas limit of unity, if 7 or g become 
large, that is, at high temperatures or low densities. 
Equation (12) shows a critical point, below which the 
isotherms are sigmoid. 

Values of the integrals g, g;, and gm have been worked 
out by Lennard-Jones and Devonshire,’ by Prigogine 
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and Raulier;” by Prigogine and Garikian;" by Hill; 
and by Wentorf, Buehler, Hirschfelder, and Curtiss." 
These are in satisfactory agreement. Prigogine and 
Garikian also used other intermolecular potentials and 
showed that the thermodynamic properties were not 
sensitive to the shape of the potential. 

This theory may be modified slightly to include the 
effect of the “shells” of molecules outside the nearest 
twelve. The coefficients of g~* and g~ in Eq. (12) be- 
come 1.0110(1+£) and 1.2045(1+-7), respectively. 
This step was taken by Lennard-Jones and Devonshire. 
Wentorf, Buehler, Hirschfelder, and Curtiss included 
this effect when they computed the integrals g, g:, and 
&m- They replaced /(y) and m(y) by 


L(y) =(y)+ (1/128) -l(y/2)+ (2/729) -U(y/3), (16) 
and 
M(y)=n(y)+(1/16) -m(y/2)+(2/27)-m(y/3). (17) 


These refinements make little difference to the results 
obtained. 


III. FOUR MODIFICATIONS OF THE THEORY OF 
LENNARD-JONES AND DEVONSHIRE 


These newer theories improve two of the assumptions 
made by Lennard-Jones and Devonshire. The communal 
entropy does not appear, and vacant cells are per- 
mitted. The third assumption, concerning the motion of 
the molecule within the cell, is retained. The general 
theory underlying all four modifications is presented 
first. The four special cases may then be deduced quite 
simply. The treatment of the general case follows most 
closely that of Ono.'® 

Consider the volume V, occupied by NV molecules, to 
be divided into L cells, where L>N. The cell size, V/L, 
must be large enough for interactions between mole- 
cules which are not in adjacent cells to be ignored, but 
small enough for the chance of finding more than one 
molecule in a cell to be ignored. The number of cells, 
L, may change with both temperature and density. 
All cells are occupied in the theory of Lennard-Jones 
and Devonshire, and so the cell size increases as the 
density diminishes. If unoccupied cells are allowed, then 
it is possible to keep the cell size constant as the density 
diminishes and increase the number of holes. This is 
done in the first two approximations below. Alterna- 
tively, both the cell size and the number of holes may 
change with density. This is done in the third and fourth 
approximation. These differences may seem to be purely 
formal, as the cells are only imaginary, but they make 
considerable differences in the numerical predictions of 
the theories, particularly at low densities. 


2], Prigogine and S. Raulier, Physica 9, 396 (1942). 

18T, Prigogine and G. Garikian, J. Chim. Phys. 45, 273 (1948). 

“4 T. L. Hill, J. Phys. Colloid Chem. 51, 1219 (1947). 

16 Wentorf, Buehler, Hirschfelder, and Curtiss, J. Chem. Phys. 
18, 1484 (1950). 

16S. Ono, “Memoirs of the Faculty of Engineering,’ Kyushu 
University, Japan 10, 190, No. 4 (1947). 
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The configuration partition function, Z, is related to 
the total partition function of the whole assembly by 


Z=[(2em-kT)/ (2) PX 2+ Zo. (18) 


There Z, is given by the following sum of integrals over 
each cell, 


Zi=¥ f ar . dry P0 (19) 


The sum is over all arrangements of V molecules in L 
cells which differ by more than a simple permutation of 
the molecules, and in which there is no more than one 
molecule per cell. The total potential energy of the 
system with respect to molecules at infinite separation 
is E. 

Let E(0) again be the energy of interaction between 
two molecules on neighboring sites. Then if zw; cells are 
vacant and z(1—w,) are occupied around the ith mole- 
cule, the potential energy at the center of the cell is 


2(1—w;) E(0) (20) 
and the potential energy of the whole assembly is 
E=(z/2)-(N—X)-E(0), (21) 
where 
X=) wi. (22) 


The quantity X is characteristic of a particular con- 
figuration and is not defined completely by the number 
of holes. Then 


E=(z/2)(N—X)-E()+D0i(1—,)-u:, (23) 


where w; is the instantaneous value of the energy of the 
ith molecule above the center of its cell, if that cell had 
z nearest neighbors. The third assumption in the theory 
of Lennard-Jones and Devonshire has been used in 
writing down the last term of Eq. (23). It has been as- 
sumed that -the energy in a celi with wz vacant neigh- 
bors is (l—w) times that of one with none. The energy 
does not have such a simple dependence on w, and de- 
pends on the arrangement of the vacant sites as well as 
on their number. 
Equations (19) and (23) give 





ities —2(N—X)-E(0) . f 
"ae exp| ET ‘II jo); (24) 
where 

j(wi) = exp{ —(1—w,)u;/kT} -dri. (25) 


cell 


If all the cells around the ith molecule are occupied 
then w;=0 and j(w,) is identical with 7(0) of Eq. (8). If 
all the surrounding cells are émpty, the w;=1, and (1) 
becomes the volume of the cell. Thus 7(w) is a general- 
ization of the concept of a “free volume.” Equation 
(25) shows that 7(w) does not depend on w in any simple 
way. However, it is necessary to assume some simple 
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dependence in order to be able to sum Eq. (24). The 
logarithm of 7(w) is taken to be a linear function of w. 
This line may be fixed at any given temperature and 
cell size, by its intercept at w=0 and w=1, which are 
denoted jo and #1, respectively. That is, 


Inj(w) = w-Injit+(1—w) -Injo. (26) 


The values of jo and j; need not be specified yet, but it 
should be noted that they are not necessarily equal ‘o 
7(0) and j(1). The four approximations described belcw 
correspond to four different choices of jo and 71. Equi - 
tion (26) simplifies the expression for Z, as each tern 
in the sum now depends only on X= }¢w;, rather tha 
oi. the complete details of the configuration. 


—N-s-EW) 
2m ja -exp|———— —| 
2kT 


x¢ 
XE xG(N, L, X) -exp{—|, (27 
kT 


where 
c= (2/2) -E(0)+kT -In(j1/ jo), (28) 


and G(N, L, X) denotes the number of ways of arrang- 
ing V molecules on L sites to give X pairs of “holes” 
and molecules on adjacent sites. The function G cannot 
be evaluated explicitly. It may be estimated by means 
of the “quasi-chemical approximation” worked out in 
different forms by Guggenheim and by Bethe. (See 
Fowler and Guggenheim! pages 246-51, 361-64, 
437-43.) The result is ; 


L —Nz- E(0) 
c(i) nl 
N 





2kT 
x(B-+1—2x) ye p(1—x)(B+1)]2" 
| tae 
(1—x)(6—1+2x) (8+1—2x) 
where 
x=N/L=1q/v (30) 
B?=1—4x(1—x)a (31) 
and 
a=1—exp{—2¢/skT}. (32) 


x is related to the average number of holes around any 
one molecule, zw, by 


@=2(1—«)/(B+1). (33) 


At high densities, x1, LN, and a0. At low densi- 
ties x0, L>N, and @—1, while the cell size, g, and « 
both remain finite. The limiting forms of Eq. (29) at 
high and low densities are: 

(High density) 


; (34) 


] 


—Nz-E(0) | 
2kT 


17R. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, London, 1939). 


Zy= ja’ -exp| 
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If 79 is the same as 7(0), then Eq. (34) is the Einstein 
approxim:.tion Lv ihe partition function of a crystal. 
The pr vence of the factor of e% in Eq. (35) shows that 
the par ition function for a perfect gas is given correctly. 
Ti vs, 124. (29) voids ali men‘ion of the doubtful ‘“com- 
ritoole. .up.” and goes noothly from the highest to 
uw loves. den. ity. 
ree Cnergy per mole corresponding to Eq. (29) is 


Yon 


(A \ - (0) 2amkT 
— j= -~-—-In 
\R7 / 2 wal 2 ( h ) 


—Injo+--{x Inx+ (1—2) In(i—x)} 





be {x In 
2% x(8+1) 





ie 1 B+1-—2x (37) 
ee —x) In ’ 
(1—x)(6+1) 


lhe pressure may be found by differentiating A with 
respect to volume at constant temperature and cell 
size. 711s ec. unot o2 done until it is known what ap- 
provimation ‘vis 7, and 7;. When these have been 
chosen, 1 9. °7, zive. the free-energy as a function of 
dnsity, fcn., erature and cell size. The latter must be 
eluninete. before numerical calculations can be made. 
This muy be done either by putting it equal to some 
arbitrary constant, independent of the density and 
temperature, or else by choosing it to make the free 
energy a minimum at each density and temperature. 
The latter course is to be preferred on theoretical 
grounds. The former, though, has the advantage that it 
sometimes allows explicit expressions to be written 
down for the critical constants. 


The Approximations for the Generalized 
Free-Volume j() 


The four different approximations for 7(w) as a func- 
tion of w must now be considered. Equation (25) shows 
that 7(w) at a temperature of T is the same as j(0) ata 
temperature of T/(1—w) and at the same cell size. 
It is thus theoretically possible to find the dependence of 
j(w) on w from tables of g as a function of temperature, 
using: 


jin en 2nat-e( 0, —), (38) 


“iP 


Figure 1 shows a typical curve for j(w). The value of 
j(1) is always a®/V2, when s=12. The value of j(0) de- 
pends on g and 1; the smaller the cell size or the lower 
the temperature, then the larger, in general, the ratio 
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of j(1)/j(0). It has been assumed in the derivation of 
Eq. (37) that Inj(w) is a linear function of w. Figure 1 
shows that this is not a good approximation. However, 
the four choices which have been made are shown as the 
four dashed lines (a)-(d). At any temperature and 
density, it is reasonable to suppose that the best ap- 
proximation will be that which best reproduces the 
features of the curve near @, the average value of w. 
Therefore, the chronological order, which is followed, 
should go from the worst to the best approximation. 


(a) The Approximation of Cernuschi and Eyring 


Cernuschi and Eyring® determined the distribution of 
molecules among cells by the method which Bethe used 
to treat order-disorder transitions in alloys. It has been 
shown that this method, although very different in ap- 
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Fic. 1. The dependence of j(w) on w. The four approximations 
are shown by dotted lines (a) Cernuschi and Eyring (see refer- 
ence 6) (1939), (b) Ono (see references 16 and 25) (1947), (c) Peek 
and Hill (see reference 11) (1950), and (d) This paper. @ is the 
average value of w at the temperature, density and cell size for 
which the curve was drawn. 


pearance, is the same as the quasi-chemical approxima- 
tion (see Fowler and Guggenheim,’’ pages 589-598). 
However, as Kirkwood'*® pointed out, they did not 
consider the effect of the vacant cells on the partition 
function of the individual molecule within its cell. 
That is, they put 


jo= ji=j(O) = 2na*- g=2rv2- 13+ q-g. (39) 
This gives for a, Eq. (28), (32), 
a=1—exp{—(1/7)(¢*—2¢°)}, (40) 
since 
E(0)/kT = (1/7)(q*— 2¢*) (41) 


from Eqs. (1) and (4). The equation for the free-energy 
may be found by putting these expressions for 7» and 7; 


18 J. G. Kirkwood, J. Chem. Phys. 7, 908 (1939). 
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and a into Eq. (37). The equation of state is given by 

(pV /RT)=—V(0/0V),, ¢(A/RT) (42) 
(6+ 1—2z) 

(1—x)(B+1)) 


The right-hand side of Eq. (43) is a function of « and a 
only. It is denoted by J(«, a) as it occurs frequently in 
equations yet to be deduced. A similar expression occurs 
whenever the quasi-chemical approximation is applied. 
See, for example, Fowler and Guggenheim,” regular 
solutions, Eq. (819, 10), or adsorbed molecules, Eq. 
(1012, 15). 

At low densities x0, @—>1, 6-1. Here J(x, a) may 
be expanded as a power series in x, if the cell size re- 
mains finite. The second virial coefficient may be found 
by comparison with the virial expansion, 


pV/RT=1+B/V+C/V?+---; (44) 


1 
= —~{In(1—x)+ (2/2) In 43) 
x 


this gives 
B=4Noq(1+2a). (45) 


Equation (43) shows a critical point. The isotherms 
are sigmoid for temperatures below the critical. The 
conditions for equilibrium of the vapor and liquid at a 
given temperature are the equality of the pressure and 
partial mole free-energy in each phase. The conditions 


are, respectively, 
OA, OA, 
( ) i (—*) (46) 
Ov, J N1 Ov, 7 Ng 


OA, OA, 
2 
ON, v1 ON, Ug 
when the subscripts denote liquid and gas. These condi- 
tions yield nothing simple unless it is assumed that the 


cell size is a constant, so that (da/dv),=0. Equations 
(46) and (47) then give 


xitx,=1, andso £6,=8,, (48) 


1—x; z B+1—2x, 
in( )-= in(——) (49) 
x1 z—2 B—1+2x, 
The gas and liquid phase become identical at the critical 
point and so Eq. (48) gives 








and 





(50) 


Nie 


t= 


The other critical constants may be found by using two 
relations which hold at the critical point, 


V-(0/0V)r(pV/RT)= (pV /RT) ; (51) 
V2. (8?/dV2) 7(pV/RT)=0. . (52) 


Either of these, together with x.=} gives 
B.=2/(2—2) and @,.=(s—2)/2(z—1). (53) 
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If z has its usual value of 12, then o,=5/11. Thus the 
proportion of vacant cells around any one molecule, is 
on the average, nearly half at the critical point. These 
values of x, and 8, give, for z=12, 
(pV /RT).=2 In2+11 In11—12 Ini2=0.342, (54) 
and 
— E(0) Z RT, 


=2 In or 
— E(0) 








=2.742. (55) 


These numbers are discussed later. Equation (55) is 
interesting. First, it shows that there is no critical point 
if E(O) is not negative. That is, two molecules on ad- 
jacent sites must attract each other for a fluid to pass 
from the gas to the liquid state. Secondly, it shows that 
there is no critical point in a hypothetical one-dimen- 
sional gas, where z= 2. The equation of state of such a 
gas may be obtained rigorously and does, indeed, show 
no two-phase region. 


(b) The Approximation of Ono 


Ono'* allows for the dependence of j(w) on w by 
putting 
jo=j(0) = 2ra*- g= Qrv2 . ro° *q° g,; 


56 
jn=jl)=a/V2=n73-¢. (56) 


This approximation has the correct value at the ex- 
tremes of high and low densities, but need not be very 
good in between. The equation of state is still formally 
given by Eq. (43) though a is now defined by 


a=1—exp{—(1/r)(q*—q~)+(2/z) In2xv2g}. (57) 


The second virial coefficient is given by Eq. (45). If 
the cell size is a constant then the critical point may be 
found as before. Equations (48), (49), (50), (53), and 
(54) still apply. Equation (55) becomes 


~ 
~ 


z—2 


— E(0)/RT,=2 In 





Equation (58) cannot be solved without knowing the 
ratio j:/jo as a function of temperature. Its solution is 
considered later. 

Instead of taking the cell size constant, as Ono did, 
it is possible to minimize the free energy with respect 
to it. The free energy is found from Eq. (37) by inserting 
the appropriate values of jo, Eq. (56) and a, Eq. (57). 
Differentiation with respect to V at constant g gives the 
equation of state and differentiation with respect to 7 
and constant V gives the cell size. The two equations 
may be combined to give, for z= 12. 


(pV/RT)=J(x, a) 


24(1—a@) 


“> [q-*(1+8)—g*(1+n)]. 69) 





r 


The first part of this equation is the same as Eq. (43). 
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The second part is very similar to Eq. (12), the equation 
of state given by the straightforward treatment of 
Lennard-Jones and Devonshire. The only formal differ- 
ence is the appearance of the factor (1—@) in the last 
term. The two equations behave differently, though, in 
the limit of low densities. In the treatment of Lennard- 
Jones and Devonshire, the cell size g is proportioned to 
the molar volume and so the last term on the right of 
Eq. (12) becomes small as g becomes large. In Eq. (59) 
the cell size generally increases as the density dimin- 
ishes but always remains finite. The perfect gas be- 
havior is reached as @=1, that is, as the proportion of 
holes increases to unity. 

Equation (59) may be used to give the second virial 
coefficient. From the first half of the equation B is given 
by Eq. (45). The cell size is no longer arbitrary, but is 
given by the low. density limit of the second half. For 
z= 12 this is 


{1+ (4/r)Lg*(1+8)—q7*(14+1n) J} 
Xexp[ —(1/7)(q-*— 2¢77) + § In2av2-g]=13/12. (60) 


No simple expression for the critical constants may 
be deduced from Eq. (59). If the cell size is a function of 
density then (da/dv),#0, and Eqs. (48)-(50) do not 
hold. 


(c) The Approximation of Peek and Hill 


The average value of w for any density and tempera- 
ture is given in terms of x and a by Eqs. (31) and (33). 
Peek and Hill" assumed that deviations from this 
mean could be neglected and so put 


Jo= ji=j(@) = 2ma*g’ = 2rv2- ro%q-g’. (61) 


Here g’ denotes g at a fictitious temperature of r/(1—@). 
Compare Eq. (38). The same notation is used for 
and 7’. 

They did not consider the case with q constant but 
went straight to the more complicated case of finding q¢ 
by minimizing the free energy. Algebraically this is 
the most complicated of the four approximations. 
Their expression for j(w) is parallel to that of Cernuschi 
and Eyring (see Fig. 1), and so their expression for a 
is the same Eq. (40). The combined equation of state 
and equation for gq is, for z= 12. 


12x (i ) ~1g! — I-4y! 

(6+1) Tee sittin 
24(1—«@) 

= 1-+>—@$_{¢“(1+- 8) —¢*(1+-9)] 








120 /1—B\ /1l—a = ' 
| B )( a ec =" 


X(q*é'—2¢-*n'). (62) 
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The second virial coefficient follows from the limiting 
form of Eq. (62) at low densities. 


12(1—a) 
(rear) (63) 





B= Ng] (1+120)+ 


r 


The equation for cell size becomes 
+ 
{1+ +e)— +9] 
7 


ip 4 
= | 1+-(*—q*) lire —2q*n® J 


1 
xerp| ie ar] =13/12. (64) 


Here & and 7” are the values of these ratios, as r’'>. 
They are pure numbers, see Appendix, Eqs. (83) and 
(84). Equations (62) and (64) are similar to Eqs. (59), 
(45), and (60), though they are much more compli- 
cated. Alternatively, Eq. (64) may be derived by con- 
sidering the limiting form of the free energy at low 
densities and differentiating it. This needs the limiting 
form of g’ as a1, see Appendix, Eq. (85). 

Equation (62) gives no simple equations for the 
critical constants. 


(d) A Fourth Approximation 


The approximation of Peek and Hill is intuitively 
the most attractive of the three already presented, for it 
is the only one which attempts to reproduce 7(w) best in 
the region near its mean value, where it is most im- 
portant. Now a straight line has two disposable param- 
eters, and so it should be possible to improve this ap- 
proximation by choosing the line so that both j(w) and 
its first derivative are correctly given at w=. This 
may be done by writing the Taylor expansion 


Inj(w)=Inj(@)+ (w— @)(0/dw).~a(Inj(w)). (65) 
Comparison with Eq. (26) gives 


ju= j(@)-exp| ~a( =) jlo) ; 


fe) 
fr=j@)-exp{ (1-3) (—) angle]. 6 
Now from Eq. (38) 


0 rT 1 dg’ 
Pa '(w)) =—_———_- —. J —— 7 
(<-) anit )) (1—a)? g’ (5). (67) 


and from Eqs. (9), (13), (14), and (15), putting z= 12, 


dq’\  6g'(1—a)? 
(—) md OE — Dg “yf J (68) 
Ors, r 


1526 i i. 
this gives 
. “s=- - 6 
jo=j(@) exp| —--L¢*t’ —2¢*y’ 
i 
. (69) 
fi j@)-exp| 1-8) Lee —2'}} 
T 
and , 
a= 1—exp| Lett #)— 2741+ n’) ] ; (70) 
- 


The combined equation of state and equation of cell 
size becomes 


= J(x, a) 


24(1— a) 
= 14+——_[q“(1+ #’)-—q*(1+7)]. 


r 


(71) 


It is seen that although the expressions for 79 and 7; are 
complicated, the equation of state has recovered all 
the simplicity of the refinement of Ono’s theory, Eq. 
(59). The only differences between Eqs. (59) and (71) 
is in the primes on é and 7 and in the definition of a. 

At low densities, Eq. (71) gives the same second virial 
coefficient as in Eq. (45) and the following equation for 
the cell size, 


4 
{14-[-b eo Xt+09))| 


—1 
Xesp|—Lrt+e)—2 20+ 9)]} 19/12 (72) 


Equation (71) gives no simple expressions for the 
critical constants. 


IV. NUMERICAL RESULTS 


The merits of these four approximations may be 
assessed by comparing the numerical results which they 
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Fic. 2. The calculated second virial coefficient plotted against 
the reduced temperature, 7. (a) Cernuschi and Eyring, (b) Ono, 
(c) Peek and Hill, (d) this work. The inset shows the variation 
of cell size with + for (d). 
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predict. Some of these results are taken directly from 
the original papers. Others, particularly in the case of 
the approximation of Cernuschi and Eyring, are calcu- 
lated from the equations of the previous section. Values 
of the integrals g, g:, and g» are taken from the tables of 
Wentorf, Buehler, Hirschfelder, and Curtiss, as these 
are the most extensive. These values are not quite 
consistent with the postulates of the preceding section, 
as they are modified to include the effect of the second 
and third coordination shells. The difference is usually 
small and may be partially corrected for by inserting 
coefficients of 1.0110 and 1.2045 before g~* and qg~ of 
Eqs. (59), (60), (62), and (71). Equations (64) and (72) 
do not need modifying, as &* and 7” are the true “‘one- 
shell” values. Some calculations which lie outside the 
range of any tables of g, gi, and gm have been left undone. 

The cell size, g, appears as an arbitrary constant in 
some of the approximations. Here it is taken to be unity. 
This is the value it would have in the perfect crystal, 
at zero temperature and pressure, for molecules which 
interact with their nearest neighbors only. Sato and 
Ono! chose g=1.174, by comparing 7° from second 
virial coefficient measurements with the density of 
liquid argon below the boiling point. A fixed cell size 
puts an upper limit on the density. If g=1, then this 
limit is twice the critical density. The density of liquid 
argon at its melting point is 2.68 times the critical 
density. 


(a) The Low Density Limit 


These theories are primarily designed to give the 
equation of state of liquids. It is a severe test to expect 
them to give good values of the second virial coefficient. 
On the other hand, there is reason to believe that any 
model which does not give a reasonable value for the 
second virial coefficient will not give a good value for the 
critical ratio (pV /RT).. 

The treatment of Lennard-Jones and Devonshire 
gives zero for the second virial coefficient. Equation (12) 
shows that the first correction term is proportional to 
gq, or the square of the density. The second virial 
coefficient is given by Eq. (45) for approximations (a), 
(b), and (d), and by Eq. (63) for approximation (c). 
The cell size is put equal to unity for approximation 
(a) and (b) and is given by Eq. (64) for (c) and by 
Eq. (72) for (d). These equations have two solutions. 
The one corresponding to the minimum in the free 
energy must be chosen. £* and 7% are given in the 
Appendix, Eqs. (83) and (84). Figure 2 shows a plot of 
these virial coefficients against the logarithm of the 
reduced temperature r. The units of B are bo=32- Nr’. 
These calculated values are compared with the exact 
values computed for the intermolecular potential of 
Eq. (1) by the method of Lennard-Jones.” The figure 
also shows the variation of the cell size g with tempera- 

19 T, Sato and S. Ono, Japan. J. Phys. 4, 103 (1949). 


20 J. E. Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 
(1924). 
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ture for approximation (d). Approximation (c) gives a 
similar cell size. It will be seen that g is finite in the 
limit of low densities. 


(a) The theory of Cernuschi and Eyring gives a virial coefficent 
which is everywhere too low. The Boyle point occurs at r= 12.49, 
instead of its true value of 3.42. 

(b) The theory of Ono gives a virial coefficient which is every- 
where too high. The Boyle point is at r=0.96. 

(c) The approximation of Peek and Hill is much better. The 
virial coefficient is too high but the Boyle point has improved to 
r=2.2. 

(d) This approximation is identical with Peek and Hill for 7>4. 
Below that temperature it shows a slight improvement. 


If Ono’s theory is modified to eliminate the arbitrary 
cell constant, Eq. (60), then it gives a virial coefficient 
which is indistinguishable from that of approximations 
(c) and (d) for 7>7. Calculations could not be made for 
lower temperatures as the cell size was too large for & 
and 7 to be found. 

The behavior of B at very high temperatures is 
interesting. Equations (60), (64), and (72) become 
identical in the limit 72. They give 





3q4(1+ &*) — 2q7(1+ 9”) = 7/12. (73) 
This gives for the value of B at high temperatures 
Novof 36(1+ &*) 7 
meee - 
2 T 
The exact value is 
234 
B= Nv:-—-T(2). (75) 
3r% 


Equation (74) shows the correct dependence on +. 
The coefficient of z* is surprisingly accurate, being 
(4.181 No) instead of (3.630-N9). The treatment of 
Cernuschi and Eyring, (a), and the unmodified treat- 
ment of Ono, (b), incorrectly gives the high tempera- 
ture limit of B as a constant, (V2). 

This success with the second virial coefficient made 
it seem likely that the calculations of the equation of 
state of a gas at high temperature and pressure might 
give good results. These hopes were not borne out. 
Figure 3 shows a plot of (pV/RT) against the Amagat 
density for hydrogen at 0°C, taken from the measure- 
ments of Michels and Goudeket.”' The force constants 
for the intermolecular potential were ro=2.968A and 
¢/k=33.3°K. Theoretical curves were calculated for the 
treatment of Lennard-Jones and Devonshire and for the 
approximation (d). It is seen that the two curves ap- 
proach each other at high densities, where o—0, but 
that neither is an adequate representation of the ex- 
perimental results. 


(b) The Critical Point 


The test most often applied to theories of this kind is 
to compare the value which they predict for the critical 


ee 
A. Michels and M. Goudeket, Physica 8, 347 (1941). 
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Fic. 3. The equation of state of hydrogen according to the 
theory of Lennard-Jones and Devonshire and according to the 
fourth approximation (d). The experimental curve is from 
Michels and Goudeket (see reference 21). 


ratio, (pV/RT)., with the experimental one. The mean 
value for neon, argon, and nitrogen is 0.293. Lattice 
theories generally give a ratio somewhat larger tlian 
this. The theory of Lennard-Jones and Devonshire, in 
its most accurate form,’ gives 0.591. The theories of 
Cernuschi and Eyring and of Ono are constrained by 
the form of the equation to give 0.342. This appears to 
be a great improvement. However, too much regard 
should not be paid to this ratio alone, unless the 
theories also give good values for the individual critical 
constants. Thus a simple equation of state containing 
only second and third virial coefficients is constrained 
to give a critical ratio of }, an even better value, subject 
only to the restriction that the second virial coefficient 
is negative and the third positive.” This, though, does 
not mean that such an equation would give an adequate 
representation of the properties of liquids. The ap- 
proximation of Peek and Hill, (c), gives a critical ratio 
of 0.72, which is rather worse than that of the treatment 
of Lennard-Jones and Devonshire. This is rather sur- 
prising as the second virial coefficient is given quite well. 
Unfortunately no value can be given here for the fourth 
approximation, (d), as the critical point appears to lie 
at a cell size of about 5, which is outside the range of 
the tables of g, gi, and gm. This in itself is a weakness of 
the theory, for one of the conditions to which the cell 
size should conform is that it should be small enough 
for the chance of a cell containing more than one mole- 
cule to be neglected. 

Table I shows a more detailed comparison of the 
critical constants. It is seen that although (a) and (b) 
give good values for the critical ratio, they are badly 
in error on the critical temperature.§ It is interesting to 
note that (a), (b), and (c) all give B./by)>= —1.0 to —1.2, 
(Fig. 1). The correct value is —1.63. If this criterion 
held for (d), then its critical temperature would be at 

2 J. S. Rowlinson, J. Chem. Phys. 19, 831 (1951). 


§ Sato and Ono" have r,= 1.13, but their calculations are wrong 
on this point. (Private communication from Dr. Ono.) 
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TABLE I. 








pevo/e 


0.121 
0.434 


0.469 
0.128 
0.261 


Ratio Te 


0.293 1.28 
0.591 1.30 





Mean value for Ne, A, Nz 

Lennard-Jones and Devon- 
shire* 

Cernuschi and Eyring? 

Ono® 

Peek and Hill¢ 


0.342 
0.342 
0.719 


2.74 
0.75 
1.18 








¢See references 16 and 19. 
4 See reference 11. 


*See reference 15. 
b See reference 6. 


7-= 1.3, the correct value. It is impossible to say, though, 
without performing the calculation, how good values 
it would give for the other cirtical constants. The last 
column of Table I shows the average value of w at the 
critical point, which one would expect to be about 3. 
The value of Peek and Hill is very low. 


(c) The Liquid-Vapor Equilibrium 


The vapor pressure curves will be presented for two 
of the approximations, Lennard-Jones and Devonshire 
and Ono (b). The last two approximations need values 
of g, gi, and gm, at higher values of g than are available, 
to treat the vapor phase. The figures of Lennard-Jones 
and Devonshire” for the vapor pressure curve will be 
quoted directly. Equations (48) and (49) will be used to 
make the calculations for the theory of Ono. Here the 
critical point occurs at r,=0.75. The available tables 
do not go below r=0.70 and so it is necessary to find 
“some formula for extrapolating g to low temperatures. 
It is shown in the Appendix that g varies as 7 at low 
temperatures. For z=12 and g=1, the first approxima- 
tion to g is 

(2rv2-g)=(1/219.44)- 7. 


The coefficient on the right-hand side was changed to 
1/249.9 so that this approximation agreed with the 
tables of Wentorf and others for 7=0.70 and, by inter- 
polation, z= 1.0000. The equation for a, Eq. (57) then 
becomes 


(76) 


1 1 1 
a=1—exp;-—+— Inr—— 1n249.9 }. 
r 4 6 


Equations (48), (49), and (76) give the vapor pressure 
and the densities of the two phases as a function of r. 
The result is shown together with the experimental 
curve and that of Lennard-Jones and Devonshire in 
Figure 4. Both calculated curves have the correct shape, 
that is, Inp* varies linearly with 1/7, when * is the 
vapor pressure. The lines may be represented. 


(Experimental) 


In(p*v9/e) = 2.97 —6.53/r. (77) 
(L. J. D.) 
In(p*v9/€) = 4.41—8.14/r. (78) 
(Ono) 
In(p*09/e) =5.91—5.99/r. (79) 
% J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A163, 63 (1937). 
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The equation of Lennard-Jones and Devonshire does 
not hold near the critical point. 

The boiling point of a liquid at one atmosphere is not 
a quantity which can be calculated from equations of 
the ‘‘corresponding states” kind. However, if it is as- 
sumed that most critical pressures are about 40 at- 
mospheres, then the boiling point may be taken as that 
temperature at which p*/p.=1/40. The experimental 
value of tr, is about 0.77. The theory of Lennard-Jones 
and Devonshire gives about 0.80 and that of Ono about 
0.51. However, the ratios of 7, to +. are remarkably 
constant. 


7p/T-=0.60 
Tp/T.=0.62 
7p/T.=0.68. 


(Experimental) 
(L. J. D.) 
(Ono) 


An old empirical rule due to Guldberg and Guye says 
that this ratio is about 3. 

Finally, the entropies of evaporation at the boiling 
point may be calculated. The experimental value of 
these is about 16.8 cal/mole for the rare gases, though 
this increases to about 21 cal/mole for higher boiling 
nonpolar compounds. The theory of Lennard-Jones and 
Devonshire gives 20.3 cal/mole and that of Ono, 23.2 
cal/mole. 

None of the models discussed in this article will show 
a second transition, to the solid state. For a model to 
do this, it must provide, by means of alternative sites 
for the molecules, for two phases of about the same 
density, one of which has, and one of which has not, 
long-range order. Such models have been devised by 
Lennard-Jones and Devonshire*~** and by Walter and 
Eyring.’ The liquids discussed here show perfect order, 
when @—>0, at infinite pressure or zero temperature. 


CONCLUSIONS 


It is disappointing that none of these modifications 
shows much improvement over the original theory of 
Lennard-Jones and Devonshire. Some give good critical 
temperatures, some good pressures, and some good 
volumes, but none is altogether satisfactory. It is doubt- 
ful if much more progress can be made without remov- 
ing some of the other approximations of these theories. 
For example, Kirkwood® has shown, in theory, how the 
potential within the cell could be improved by dropping 
the restriction that all neighbors are at the centers of 
their cells. The labor needed to carry this out might be 
considerable and would probably not be worthwhile. 
More direct and more accurate methods of calculating 
the distribution function of molecules in liquids are now 
being worked out both by Kirkwood and Born and 
Green. 


* J. E. Lennard-Jones and’ A. F. Devonshire, Proc. Roy. 50: 
(London) A169, 317 (1939). 

26 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. 50: 
(London) A170, 464 (1939). 

% J. E. Lennard-Jones, Proc. Phys. Soc. (London) 52, 38 (1940): 
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APPENDIX: SOME PROPERTIES OF THE 
INTEGRALS g, g:, AND g», 


These integrals are defined by Eqs. (9), (10), (14), 
and (15). The series /(y) and 2(y) are defined by Eqs. (6) 
and (7). The number of nearest neighbors will be put 
equal to twelve. In general, these integrals must be 
computed numerically. However, the limiting values at 
high and low temperatures have several useful proper- 
ties. For g’, gi’, and g»’, the expression “high tempera- 
tures’ must be taken to include low densities, for 
r'(=7/(1—@)) can become large either by 7-2 or 
a. 


High Temperatures 
As 


g of y'- n(y)-dy=0.2233, 
0 


where 
s= (3/4rv2)'=0.30544. 


The integrals of Eqs. (81) and (82) were evaluated by 
Gregory’s method of numerical integration. Values of y 
at intervals of 0.01 were chosen, and differences up to 
the fourth were used. These numbers were later 
checked by expanding /(y) and n(y) by the binomial 
theorem, up to the twelfth power of y, and integrating 
term by term. From Eqs. (80) and (82) 


£° = 29;°/g” = 134.8, (83) 
n° =2g,°/g?= 3.969. (84) 


At moderately high temperatures the exponential in 
the integrand of g may be expanded to give this useful 
expression 


1 6 
a | se ae ae 85 
g “or la ary) (85) 


Low Temperatures 


The exponent in the integrand of g, gi, and gm be- 
comes large and negative at low temperatures and small 
cell size. The only effective part of the integral is then 
that close to y=0. 

It is now useful to expand /(y) and n(y) as a power 
series in y. 


U(y) = 22y-+200.2y?-+ 1144 y+ + ++, (86) 
n(y)=Sy+14y2-+30y?+ ---. (87) 
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Fic. 4. The vapor pressure curves for the approximations of 
Lennard-Jones and Devonshire and of Ono. The curve L.J.D. 
is not linear up to the critical point. 


The exponential may now be written 


exp{| — (12/7)Lq“l(y)— 2q*- n(y) ]} 
= exp(—ay)-exp(—by’—cy®---), (88) 
where 
a= (12/r)(22q*— 10g) 


b= (12/r)(200.29-*— 284-2), etc. (89) 


The second exponent on the right-hand side of Eq. (88) 
may be expanded and the integration performed to give 
a series of I functions. The integration is very similar 
to that by which Lennard-Jones integrated the expres- 
sion for the second virial coefficient for an inverse power 
potential (11). To be exact the I functions should be 
incomplete, as the limit of the integral is not infinity. 
The functions needed are I’,.[(2n+1)/2], but these 
differ insignificantly from the complete function in the 
region where the series converges reasonably rapidly. 
This method cannot be used to calculate the integrals at 
any but the lowest temperatures. The series of I'-func- 
tions oscillates, and converges slowly only at higher 
temperatures. However, the first terms are useful for 
extrapolation to low temperatures. They are 


g= a *?.1(3/2), (90) 
gi= 22a-*”- 15/2), (91) 
gn= 5a*?-T(5/2), (92) 


where a is given by Eq. (89). These equations show that 
g varies as 7*/? and gi, and gn, as 7°/?. If g=1, then 


(24v2g) = (1/219.44) 73/2, (93) 


t= (11/24)r, 


and 
n= (5/48) r. (94) 
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In a capacitance spark the gas between the electrodes is heated 
almost instantaneously; subsequently, the spark-generated heat 
flows from the gas to the material of the electrodes. In the present 
experiments sparks of 0.1 to 2 millijoules were passed between Pt 
electrodes in a bulb containing helium or argon or xenon, and either 
the pressure change, Ap, at constant volume v or the volume 
change, Av, at constant pressure » was recorded, the former by 
means of a sensitive diaphragm and the latter by the movement of 
a droplet in a capillary tube attached to the bulb. The spark- 
generated heat H residing in the gas at any instant was computed 
from the equations H=1.5vAp and H=2.5pAv, which apply to 
constant volume and pressure, respectively, and are derived from 
the gas law and the energy equation, using the heat capacity of 
smonoatomic gases. From the values of H and the discharge energy 
corresponding to the measured capacitance and breakdown volt- 
age, the percentage of spark-generated heat residing in the gas 
was obtained. Immediately after discharge the percentage was 
found to exceed 95. The rate at which the percentage decreases 
with time was found to be independent of total energy and vessel 
diameter above a critical value of the latter. It was found to be- 
come smaller with decreasing heat conductivity of the gas, de- 


(Received August 13, 1951) 








creasing diameter of the spherical electrodes, and increasing gap 
length, as expected on the basis of heat loss from the gas to the 
electrodes. With electrode diameters of 1 mm, the heat loss after 
about 30 milliseconds ranged from a few percent for xenon and 
10 mm gap length to 75 percent for helium and 1 mm gap length. 
An increase of the electrode diameter to 3 and 4.6 mm caused a 
substantial increase of the rate of heat loss; for example, for xenon 
and 10 mm gap length the heat loss after about 30 milliseconds was 
28 percent and 35 percent, respectively. It was found that for 
constant electrode diameter the data for the several gases and gap 
lengths could be combined in a plot of percentage heat loss against 
a dimensionless parameter, 3, representing the product of thermal 
diffusivity and time elapsed since discharge, divided by the square 
of the gap length. By means of the latter parameter, one may 
estimate an upper bound of the heat loss during the formation of a 
combustion wave from a spark in an explosive gas, i.e., during the 
process of spark ignition, on the basis that the combustion wave is 
formed in a time interval smaller than the time required for the 
wave to travel a distance equal to its width. It is found that the 
loss of spark energy during the ignition process is always rather 
small. 








HE theory of ignition of explosives predicts that 
for an instantaneous point source of heat the 
energy required for ignition attains a minimum value.! 
The measurement of this minimum ignition energy is 
evidently of considerable theoretical and practical 
interest. For explosive gases, at least, electric capaci- 
tance sparks seem to approximate the requirements of 
an instantaneous point source reasonably well, but it 
must be determined whether the discharge energy 
0.5CV?, computed from the capacitance C and the gap 
voltage V, is a true measure of the heat imparted to the 
gas between the electrodes, and whether it is justified to 
assume that in the time interval between gap breakdown 
and establishment of a self-propagating combustion 
wave the heat loss to the electrodes is negligibly small. 
In order to measure the small and rapidly disap- 
pearing amount of heat that is generated by a spark, the 
electrodes are mounted in a small vessel containing a 
monoatomic gas such as argon, and a record is taken 
either of the pressure change at constant volume or of 
the volume change at constant pressure. From such 
records, the spark-generated heat H that resides in the 
gas at any instant is determined as follows: The heat is 
initially confined to the spark channel. From there it 
spreads gradually over the volume of gas enclosed in the 
calorimeter vessel. In this process heat is lost to the 
electrodes and the vessel wall. If the total volume re- 





* This research is a part of the work being done at the Bureau of 
Mines on Contract NA onr 25-47, NR 090 117, (33-038) 51-4151, 
supported by the ONR and the Department of the Air Force. 

1 B. Lewis and G. von Elbe, Combustion, Flames, and Explosions 
of Gases (Academic Press, Inc., New York, 1951). 
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mains constant, one may write the equation 
u=f c,(T—T,;)dn, (1) 
0 


where 7 is the total number of moles in the vessel, T is 
the temperature in a volume element containing dn 
moles, 7; is the initial temperature, and c, is the molar 
specific heat at constant volume. For constant pressure, 
Cp is substituted for c,. From the gas law it follows that 
for constant volume, 


ap=Rf (T—T,)dn, (2) 

and for constant pressure, 
pac=Rf (T—T;)dn, (3) 

0 


where Ap or Av denotes the measured increase of pres- 
sure p or volume 2 and R is the gas constant. If c, and ¢» 
are constant, one may eliminate the integral in Eq. 
(1) by substituting Eq. (2) or (3), respectively. This 
applies to the monoatomic gases helium, argon, and 
xenon, which have been used in these experiments. For 
these gases, c, is 1.5R and c, is 2.5R, so that one obtains 
for the case of constant volume 


H=1.50Ap, (4) 
and for the case of constant pressure 


H=2.5pAv. (5) 
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APPARATUS 


Both helium and argon were taken from tanks 
(helium, 99.9 percent purity ; argon, 99.6 percent purity). 
Xenon was obtained in a 1-liter glass bulb at 1 atmos- 
phere pressure and was at least 99.7 percent pure, 
krypton accounting for most of the impurity. 

For argon and xenon experiments a bank of vacuum 
capacitors was charged through a high feed resistance 
by a high voltage DC power supply (Fig. 1). A static 
voltmeter and the spark gap were in parallel with the 
capacitance. The electrodes were platinum wires about 
0.5 mm diameter tipped with platinum spheres of 
varying diameters. With closed gap, the entire spark 
circuit had a resistance of 0.04 ohm. The capacitance 
could be varied in several steps from 28 to 194 micro- 
microfarads by adding one or more vacuum capacitors. 
The capacitance of the circuit, including voltmeter, 
wiring, and gap, was measured with a General Radio 
Company R. F. capacitance meter, Type 1612-A, having 
an accuracy of +46 percent, depending upon the range. 
The interval between sparks was controlled by the feed 
resistance and was made long enough to permit undis- 
turbed registration of the record from a single spark. In 
helium the discharge potential was very low, and much 
higher capacitances than those available with the 
vacuum capacitors were necessary to obtain comparable 
energies. In this case, therefore, a Leeds & Northrup 
type 1187 variable standard air capacitor having a range 
of 50 to 1300 micromicrofarads was used. The break- 
down voltage indicated by the meter was read and was 
used to calculate the energy, 0.5CV?, stored just prior to 
discharge. As is well known, a spark discharge usually 
leaves a small residual charge on the condenser. For gap 
lengths up to 5 mm the residual potential was found to 
be approximately 100 volts, substantially independent 
of breakdown voltage and capacitance. This represented 
an unreleased energy of less than 1 percent and was 
therefore negligibly small. With larger gap lengths, the 
character of the discharge changed to the corona type, 
as is usual for small ratios of electrode diameter to gap 
length. A slow rise of pressure in the calorimeter, indica- 
tive of a low rate of energy dissipation, and a large 
residual charge were observed in such cases. However, 
by placing a weak ionizing source in the vessel (a 
small piece of radioactive foil) it was possible to obtain 
occasionally a normal spark discharge, permitting 
measurements with gaps of 10 mm length. 

In the constant-volume calorimeter (Fig. 1) the 
sparks were generated in a spherical cavity at the center 
of a hard-rubber block. A silver tube of 3-in. inside 
diameter communicating with this chamber was sealed 
at the end with a silver diaphragm approximately 
3X 10 in. thick. The diaphragm was prepared by filling 
the end of the tube with a plug of zinc 35-in. thick, 
electroplating silver onto the zinc plug and silver tube, 
and finally dissolving the zinc with HCl. The platinum 
spark electrodes entered the calorimeter horizontally 


and intersected the axis of the silver tube at right 
angles. The gap was adjustable. The calorimeter was 
flushed and filled with gas through a hollow needle 
entering at the rear and extending almost to the 
diaphragm. The scavenging gas escaped through the top 
of the calorimeter. The gas entry and exit were sealed 
when this process was completed. For helium and argon 
experiments, the calorimeter was flushed at a rate of 10 
cc/sec for 5 minutes. For xenon experiments, the 
calorimeter was first filled with argon, and then four 
25-cc portions of xenon were forced through the appa- 
ratus by a column of mercury. The resulting mixture 
contained about 85 percent xenon, and the remainder 
was argon. 

A spark occurring in the gap caused a thermal pres- 
sure rise within the calorimeter, bulging the diaphragm 
slightly. The deflection of such a diaphragm can be 
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Fic. 1. Constant-volume calorimeter for measuring spark energies. 


calculated from the equation? 


a a\* 3 psa! 
“+0.488(—) -—-(“) (1—o?), (6) 
h h 16 E\h 


where @; is the deflection at the center, p is the pressure 
on the diaphragm, o and E are Poisson’s ratio and 
Young’s modulus for the diaphragm, respectively, and h 
and a are the diaphragm thickness and radius, re- 
spectively. Using o=0.38 and E=11.3X10° psi=7.8 
X10" d/cm? for silver, and 4 mm H,O~4 10? d/cm? 
for the maximum pressure developed during these 
experiments, the largest deflection is found to be about 
8.3X 10 in. 

The deflection of the diaphragm changed its capaci- 
tance with respect to the plane end of a small microme- 
ter screw. This capacitance change was proportional 


2S. Timoshenko, Theory of Plates and Shells (McGraw-Hill 
Book Company, Inc., New York, 1940), p. 335, Eq. (196), and 
substituting E/*/12(1—o?) for the flexural rigidity D. 
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Fic. 2. Oscilloscope traces of calibration (above) and spark 
discharge (below). 


within small limits to the pressure increase and was 
made to modulate proportionately the frequency of a 


45 mc Clapp oscillator. The lowest natural frequency of 
the diaphragm in cps was calculated from the equation*® 


f=0.469t/10?(E/p(1—»*))} (7) 


where p is the density of the diaphragm material. The 
frequency was calculated to be about 500 cps, which was 
low enough to avoid interference with the oscillator 
frequency. By coupling an FM converter to the oscil- 
lator, any frequency change was converted into a 
proportional voltage pulse, which was recorded on a 
Dumont, Type 208, oscilloscope and photographed. To 
obviate the necessity for a synchroscope, a Type P-2 
long-persistence screen was installed in the oscilloscope, 
and the phosphorescent trace was photographed. Similar 
instruments designed for the measurement of higher 
pressures are described in the literature.‘ 

A wide-bore three-way stopcock on top of the 
calorimeter permitted rapid connection to be made with 
a large glass bulb. The apparatus was calibrated by 
allowing air in the bulb at known pressures to expand 
suddenly against the diaphragm and measuring the 
heights of the resulting voltage-time curves. A static 
calibration was not feasible because grid leak in the ac 
amplifiers of the oscilloscope caused the voltage to 


8S. Timoshenko, Vibration Problems in Engineering (D. Van 
a Company, Inc., New York, 1937), second edition, pp. 
‘P. A. Bricout and M. Boisvert, Rev. Sci. Instr. 21, 98 (1950) ; 
we) Thompson and E. W. Cousins, Electronics 20, 90 (Nov. 
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decay ; however, with dynamic calibration the leakage 
from the amplifier was slow enough to be negligible 
during the period of pressure rise. The sensitivity of the 
instrument could be increased by decreasing the dia- 
phragm capacitor space. Calibration curves were plotted 
for several sensitivities, and experiments were run in the 
range of linearity only. Air pressures were measured 
with a U-type water manometer, except for the higher 
sensitivities where an inclined manometer was used. 

Observations of undamped oscilloscope traces showed 
that the pressure peak was obtained within about a 
millisecond in good agreement with the calculated half- 
period of the natural frequency of the diaphragm; this 
was followed by irregular violent oscillations (“hash”), 
which were presumably composed of spark-induced gas 
vibrations and the inertia oscillations of the diaphragm 
and which decayed to a smooth cooling curve within 10 
to 50 milliseconds. These observations were made 
visually in a completely darkened room because pho- 
tography of the trace in the region of rapid oscillations 
was made impossible by the low intensity corresponding 
to the high writing rate. Readable records were obtained 
by inserting a capacitor of about 0.2 microfarad across 
the input terminals of the oscilloscope; this filter 
capacitor eliminated the “hash” except for some ac 
pickup, and smooth traces were obtained whose 
maxima occurred about 25 to 70 milliseconds after the 
discharge. An example of such a trace and also a 
calibration trace obtained as described above are shown 
in Fig. 2. 

A few experiments were also made with a constant- 
pressure calorimeter. In this apparatus a glass capillary 
tube of carefully measured bore was substituted for the 
silver tube and diaphragm. The capillary bore contained 
a tiny droplet of water with an added wetting agent for 
control of the viscosity and surface tension. Thermal 
expansion of the gas in the calorimeter by a spark caused 
movement of the droplet, again disturbed by super- 
imposed oscillations, which could be damped by suitable 
adjustment of the viscosity. The movement was pho- 
tographed, through a microscope, with a rotating-drum 
camera. A volume-time curve was thus obtained. Re- 
sults for the constant-pressure calorimeter were found to 
be consistent with the results for the constant-volume 
calorimeter. 


DATA AND DISCUSSION 


In the constant-volume calorimeter, the pressure 
evidently attains a maximum immediately following the 
spark discharge and decreases thereafter owing to heat 
loss from the gas. The damping of the oscilloscope beam 
by a filter capacitor introduced considerable lag in the 
recording system, so that the early part of an expeti- 
mental record did not represent the true pressure curve. 
Analogous considerations apply to the constant-pressurt 
calorimeter. The true pressure or volume was record 
only after the experimental trace had passed through 
the peak. We introduce the symbol H, to denote the 
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values of H corresponding to the peaks of the experi- 
mental records. The corresponding fraction of the spark 
energy residing in the gas is 2H,/CV*, the symbols 
having been explained previously. The dependence of 
this ratio on several parameters was investigated. In one 
series of runs the diameter of the spherical electrode 
chamber was varied, retaining argon as the gas in the 
chamber and keeping the gap length constant at 2 mm. 
For a diameter of 1.8 cm, the ratio 2H,/CV? decreased 
from 65 percent to 28 percent as the spark energy was 
increased from 0.08 millijoule to 1.18 millijoules. On 
increasing the diameter to 2.8 cm, the ratio 2H,/CV? 
became independent of the spark energy. The average 
value was found to be 65.6 percentabout 3 percent. 
Further increase of the diameter to 3.5 cm gave the 
same result within the limits of error. From these 
observations it appears that the larger sparks in the 
1.8-cm vessel lost a considerable percentage of their heat 
to the wall before the pressure records attained their 
peaks, but that in the larger vessels the heat loss to the 
wall was insignificant. A vessel diameter of 3.5 cm was 
therefore chosen for all subsequent experiments, and the 
ratio 2H,/CV? was always found to be independent of 
spark energy over the range of the experimental 
conditions. 

The diameter of the spherical electrode tips, the gap 
length, and the nature of the gas in the chamber were 
varied. The results are summarized in Table I. It is seen 
that, other conditions being constant, the ratio 2H,/CV? 
increases (1) with increasing gap length, (2) with de- 
creasing heat conductivity of the gas (in the order 
helium-argon-xenon), and (3) with decreasing diameter 
of the electrode tips. The data thus confirm that during 
the time ¢, between the instant of electric discharge and 
the attainment of the peak on the experimental record, 
a part of the spark-generated heat is lost to the material 
of the electrodes. The lengths of the time intervals, ¢,, 
have been approximately determined from the records; 
these values are listed in the last column of Table I. In 
principle, other pressure-time or volume-time points on 
the experimental records might also have been listed in 
order to obtain additional data on the rate of cooling, 
but the records did not conform to simple exponential 
cooling curves at larger time intervals. It is probable 
that convection induced by buoyancy increased the 
cooling rate by contact of the hot gas with the wall. In 
addition, the pressure-time records were believed to be 
unreliable at larger time intervals because of the grid 
leakage in the oscilloscope. Qualitatively, the slopes of 
the cooling curves were found to be consistent with the 
heat losses in the time intervals ¢,. However, extrapola- 
tion of the cooling curves back to the origin proved to be 
Uncertain and arbitrary. 

_ A measure of the heat imparted to the gas at the 
instant of spark discharge was obtained by plotting the 
tatios 2H,/CV? from comparable runs against (1) the 
reciprocal of the electrode distance, (2) the thermal 
diffusivity of the gas, and (3) the electrode diameter, 
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and extrapolating the data back to the origin. Such 
curves are shown in Fig. 3. It is seen that immediately 
after the spark discharge more than 95 percent of the 
spark energy is found in the gas in the form of heat. The 
result shows that other forms of energy dissipation, in 
particular the radiation of Hertzian waves, were in- 
significant in these experiments. To minimize electro- 
magnetic radiation, the circuit leads had been made as 
short as practicable. However, an experiment in which a 
large antenna served as a capacitor failed to show any 
significant contribution of electromagnetic radiation to 
the energy balance. 

Earlier estimates,® which seemed to indicate that only 
a small fraction of the spark energy is imparted to the 
gas between the electrodes, are thus shown to be in 
error. These estimates did not allow for heat absorption 
by the electrodes. They were based on experiments with 
spherical electrodes of about 1-cm diameter and 
recording systems of very slow response, so that after 
the time interval /, only a small fraction of the spark- 
generated heat remained in the gas. 

The values of thermal diffusivities used in Fig. 3 are 
1.59, 0.179, and 0.070 cm? sec“ for helium, argon, and 


TABLE I. Summary of data. 











Electrode te, 

diameter, Gap length, Energy range, 2H:/CV?, average, 
mm mm Gas millijoules average millisec 

Constant-volume calorimeter. Volume= 24.4 cc, 
pressure~740 mm Hg 

1 1 He 0.3-0.8 (25)* 
1 2 He 0.5-1.3 36.7 40 
1 5 He 0.8-1.3 64.7 24 
1 1 A 0.4-0.8 51.0 52 
1 1.5 A 0.3-0.7 54.3 52 
1 2 A 0.5-1.2 56.0 §2 
1 5 A 0.5-0.9 76.3 33 
1 10 A 0.6-0.9 82.3 50 
1 1 Xe 0.5-1.5 57.5 66 
1 F Xe 0.7-2.0 62.8 73 
1 5 Xe 0.7-2.1 81.7 53 
1 10 Xe 1.2-2.0 84.7 45 
3 1 A 0.1-0.2 28.8 27 
3 2 A 0.2-0.5 40.8 40 
3 5 A 0.5-1.1 60.5 30 
3 10 A 0.8-0.9 66.2 45 
3 1 Xe 0.6-1.0 39.5 30 
3 2 Xe 1.2-2.6 44.2 60 
3 5 Xe 1.5-2.4 62.5 40 
3 10 Xe 1.0-1.7 71.6 22 
4.6 2 A 0.3-0.4 30.8 30 
4.6 5 A 0.7-1.4 39.3 30 
4.6 10 A 1.7-2.9 61.1 28 
4.6 2 Xe 0.9-1.3 26.8 23 
4.6 > Xe 1.8-3.0 50.0 20 
4.6 10 Xe 1.9-3.0 65.5 22 


Constant-pressure calorimeter. Pressure= 740 mm Hg, 
volume™724 cc. 


1 1 A 0.2-0.4 36.9 50 
1 1.5 A 0.2-0.5 48.0 80 
1 2 A 0.3-0.8 52.3 70 








* Value in parentheses estimated from measurements made at the limit 
of sensitivity of the instrument. 


5W. Kaufmann, Ann. Physik 60, 653 (1897). F. Broihan, Z. 
Angew. Chemie B20. 169 (1948). 
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Fic. 3. Plot of 2H,/CV? vs (1) reciprocal of gap length, (2) square 
root of thermal diffusivity, and (3) electrode diameter. X Xenon. 
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xenon, respectively. They were obtained by dividing the 
values of heat conductivities (35.2 10-*, 3.97 10-5, 
and 1.2410-5 cal cm™ sec~!°C-', at 0°C for helium, 
argon, and xenon, respectively®) by the molar specific 
heat at constant volume, which for monoatomic gases is 
1.33 10-* cal cm~*°C—!. The values have been arbi- 
trarily adjusted to a temperature of 110°C, taking the 
diffusivity to be proportional to the $ power of the 
absolute temperature. As for xenon experiments, the 
calorimeter contained only 85 percent xenon with the 
remainder argon, the thermal diffusivity of the mixture 
was calculated from the equation 


Ky 
po{1 M}Ki\'})? 
t+ Ga) I 
prl2 M}}K» 


Ke 
+ 
pi(l M2'K2\*7)? 
la roe) I 
p22 MK, 
where K is thermal diffusivity, p is the partial pressure, 
and M is the atomic weight. 

In problems of heat flow where heat is transported 
from a source along one space coordinate only, one may 
always determine a dimensionless parameter, #, which 
is the product of thermal diffusivity, K, and time, /, 
divided by the square of a characteristic length. The 
percentage changes of temperature and heat content 
anywhere in the system are functions of # only. A spark 
discharge poses the problem of heat flow to the ambient 
atmosphere as well as to the two heat sinks represented 
by the electrodes. At present we know of no theoretical 





Ku ixture— 


(8) 





6S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
England, 1939), p. 241. 

t Derived for a binary mixture of monoatomic gases by Dr. J. 
M. Richardson, Explosives and Physical Sciences Division, 
Bureau of Mines. 
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treatment of this problem. However, one may attempt 
to correlate the experimental values of 2H,/CV? in a 
plot against the parameter, 3. The time is ¢, and the 
characteristic length is taken as the gap length. Such 
plots of the data are shown in Fig. 4. It is seen that for 
constant electrode diameter the points for the various 
gases and electrode distances are grouped reasonably 
well around common curves. The curves again extrapo- 
late to a value of approximately 95 percent. 

On the basis of 95 percent heat release in the gas at the 
instant of spark discharge, it is noted that for 3'=0.1, 
about 10 percent heat loss occurs with the small 
electrodes; for larger electrodes the heat loss may be- 
come as large as 50 percent. These values change when 
the thermal diffusivities are computed for temperatures 
other than 110°C. In principle, the values of K should be 
determined by averaging over the temperature gradients. 
This is not possible here, but it also does not seem to be 
very important. In the first place, the average tempera- 
ture can hardly be very high, as the temperature in the 
spark channel rapidly decreases, owing to heat flow not 
only to the electrodes but also to the surrounding gas; 
and, furthermore, the heat loss is rather insensitive to 
the choice of temperature for computing K. For ex- 
ample, if the temperature is taken to be 1400°C, which 
corresponds to #!=0.3, the heat losses for the smallest 
and largest electrodes become about 25 percent and 70 
percent, respectively, as compared with the previous 
values of 10 and 50 percent for 110°C. It appears, there- 
fore, that the curves in Fig. 4 provide a fairly reliable 
scale.of the cooling process. 

With regard to the problem of measuring minimum 
ignition energies, it is seen that the discharge energy 
0.5CV? is indeed a substantially correct measure of the 
heat imparted to the gas. The question remains whether 
any substantial fraction of the spark-generated heat 
leaks back into the electrodes before combustion-wave 
propagation has become independent of source energy. 
In the ideal case of an instantaneous point source a 
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spherical flame develops. At the instant at which the 
heat flow from the source ceases, and in the case that the 
energy supply does not exceed the theoretical minimum, 
the flame core consists of completely burned gas at a 
temperature somewhat helow the adiabatic combustion 
temperature,' and the surrounding shell that is occupied 
by the combustion wave contains an enthalpy excess 
equal to the source energy.! The wave is now self- 
propagating, provided that the explosive gas is not 
enclosed by cooling surfaces of proximity equal to or 
smaller than the quenching distance. The time required 
for establishment of this state—the ‘‘build-up”’ time of 
the combustion wave—is estimated to be shorter, and 
probably much shorter, than the time within which the 
wave travels a distance equal to its own width.! The 
latter time can be estimated from experimental data. 
For a given gap length it is thus possible to determine 
from the data of Fig. 4 an upper bound of the heat loss 
during the build-up time. Taking the gap length as 
equal to the quenching distance and using values of 
thermal diffusivities for temperatures of 100° to 200°C, 
#' is always found to be about 0.1.' The heat loss during 
the build-up time is therefore smaller and probably 
much smaller than ~50 percent for-an electrode diame- 
ter of 4.6 mm. This is sufficiently small, as the theoretical 
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minimum ignition energy can be only approximately 
calculated, and comparison between theory and experi- 
ment is therefore valid only with respect to trend and 
order of magnitude. 

In confirmation of the estimate that heat loss during 
the build-up time is small, one generally observes that at 
gap lengths beyond the quenching distance the mini- 
mum ignition energy of electric sparks is independent of 
the size and shape of the electrodes and remains con- 
stant over a considerable range of gap lengths.' Finally, 
it has been found! that the minimum ignition energies 
determined in this manner indeed agree in trend and 
order of magnitude with theoretical values that have 
been computed by taking the flame diameter equal to 
the quenching distance and introducing the expression 
of excess enthalpy per unit area from the theory of 
combustion waves. There is thus sufficient interlinking 
of experiment and theory to warrant the conclusion that 
the minimum ignition energy of electric sparks closely 
approximates the theoretical minimum ignition energy 
if the gap length is moderately larger than the quenching 
distance, a corollary conclusion being that for such 
sparks ignition is dependent primarily on the spark 
energy, other variables contributing only second-order 
effects. 
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Polarized infrared studies have been made using single crystals of dilute solid solutions of naphthalene in 
anthracene in the spectral region 755 to 830 cm™. The ab plane at normal incidence was studied with the 
plane of polarization either parallel or perpendicular to the b axis. The mole fraction of naphthalene was 
varied from 0.009 to 0.029. The contour of the naphthalene band at 787 cm™ shows a dependence upon 
concentration, approaching the contour observed in pure naphthalene. There is an increasing dichroic 
splitting of the band which is attributed to space group coupling as the number of nearest identical neighbors 
increases. It is likely that the magnitude of this splitting in naphthalene is only about 5-10 cm™ and that 
the crystal forces in naphthalene as well as in the mixed crystals of naphthalene in anthracene are sufficiently 
weak that the “oriented gas” model is applicable. Using this model, the 787 cm™ band of naphthalene is 
assigned as a single fundamental of either B;, or B3, class. 
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ECENTLY it has been noted that infrared studies 
of dilute solid solutions may offer valuable in- 
formation in the interpretation of the infrared absorp- 
tion spectra of solids.’ It should be possible to determine 
the utility of the site group analysis and to verify 
the predictions of the factor group analysis.* Stated 
roughly, those features of the spectra which can be 
related to the coupling among molecules in the lattice 
should be identifiable and distinguishable from those 
features which can be attributed merely to orientation 
of the molecule within a perturbing field. Assuming 
weak coupling with the host lattice, the specific predic- 
tions for the spectra of mixed crystals by the model 
described in reference 1 are listed: 


(a) multiplet splitting due to coupling should decrease as con- 
centration decreases; 

(b) dichroism should approach that of an “oriented gas’”’, i.e., 
of molecules oriented in space by the host lattice; 

(c) the selection rules should approach those appropriate to the 
site group of the host lattice. 


Recent studies of the ab plane of single crystals of 
naphthalene using polarized infrared radiation‘ indicate 
an opportunity to test the statements in the first para- 
graph. These polarized spectra gave evidence that the 
coupling among the two types of molecules of the unit 
cell results in doublet splitting in the infrared of the 
order of a few wave numbers, a splitting difficult to 
resolve with conventional prism spectrometers. One of 











TABLE I. 
Mole ratio Mole fraction Probability 
* CioHs/CisH100 10H nearest CioHs 
Solution in solution in crystal neighbor 
1 7.6 0.009 0.04 
2 11.6 0.018 0.07 
3 16.1 0.029 0.12 
4 25.0 0.058 0.23 





1H. J. Hrostowski and G. C. Pimentel, J. Chem. Phys. 19, 661 
(1951). 

2D. F. Hornig, J. Chem. Phys. 16, 1063 (1948). 

3H. Winston and R. S. Halford, J. Chem. Phys. 17, 607 (1949). 

4G. C. Pimentel and A. L. McClellan, “The infrared spectra of 
naphthalene crystals, vapor and solutions” (to be published). 
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the strongest bands of naphthalene occurs at 787 cm“, 
a spectral region of relatively high resolution using 
NaCl optics. The dichroism of this band includes a 
frequency shift as well as an intensity change, sug- 
gesting either that there are two fundamental vibra- 
































tions of different gas phase symmetry classes at this , 
frequency or that the doublet splitting of a single Fy 
fundamental vibration has been partially resolved. The Fy 
gas phase spectrum indicates a contour which does not t 
suggest the presence of two bands (see Fig. 1(a)). This F 
band has the qualifications necessary for a mixed crystal Ft, 
study: ot 
(a) the band is sufficiently intense to study in dilute solid J N 
solution; ar 
(b) the band occurs in a transparent region of a suitable host co 
lattice; th 
(c) multiplet splitting is (presumably) partially resolved. “ 
Anthracene was selected as a suitable host lattice J th 
because of the similarity in the crystal structures of F be 
naphthalene and anthracene. Both crystals are mono & en 
clinic with two molecules per unit cell; the angle 6 has 
the value 122°55’ in naphthalene and 124°22’ in an- & 12 
thracene.*:” The precise calculations made by Robertson & tr 
et al. of the molecular orientations aid in interpreting Sli 
the dichroism. thi 
EXPERIMENTAL - 
The anthracene used in these experiments was purified JB giv 
by Dr. W. G. Dauben and showed the blue fluorescence 
characteristic of very pure samples. Baker’s resublimed tio 
naphthalene and laboratory solvents were used without JB ab 
further purification. sol 
Crystals were prepared by slow precipitation from JB Ab 
solutions using a solvent of diethyl ether and absolute & ¢th 
ethyl alcohol in the volume ratio 1:7. The solubility § wa 
of anthracene in this solvent mixture is about 2 grams @ 0.1 
per liter while that of naphthalene exceeds 50 grams p& & cen 
liter. A volume of 75 ml of this solvent was saturat par 
with anthracene and the desired amount of naphthalen¢ J 9), 
6 Abrahams, Robertson, and White, Acta Cryst. 2, 233 (1949). = 
7 Mathieson, Robertson, and Sinclair, Acta Cryst. 3, 245 (1950). Mh 
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Fic. 1. Spectra of CioHs and CygHio near 787 cm™. 1(a). CioHs 


(gas) p=2 mm, 10 cm cell. 1(b). CioHs (ab plane, solid) polarized 
light. 1(c). CisHio (ab plane, solid) polarized light. 





and 20 mg additional anthracene were added. The solu- 
tion was warmed to dissolve the anthracene, then cooled 
slowly to allow crystal growth. The precipitation thus 
occurred from a solution whose mole ratio of anthracene 
to naphthalene did not change by more than 15 percent, 
assuring reasonably homogeneous crystals. Single crys- 
tals were identified by completeness of extinction when 
observed in a petrographic microscope between crossed 
Nicol prisms. For infrared study, several crystals were 
arranged on a KBr plate so as to cover the beam as 
completely as possible. By use of the isogyre patterns, 
the b axes of all of the crystal fragments were located 
and oriented mutually parallel. In all polarized spectra 
the dichroism of the anthracene bands was observed to 
be the same as that observed for pure anthracene, thus 


| ensuring properly oriented single crystals. 


The spectra were taken on a Perkin-Elmer Model 
12C spectrometer with NaCl optics. A conventional 
transmission polarizer with ten AgCl sheets was used. 
Slit widths are shown on the spectra. Frequencies in 
this region should be correct to within 3 cm— and the 
667 cm~! CO» band was used to recalibrate after every 
spectrum to avoid calibration shifts. Each of the spectra 
given here was taken several times. 

The concentrations of naphthalene in the solid solu- 
tions were determined spectroscopically. Since only 
about 10-20 mg of solid was precipitated from each 
solution, it was necessary to work with small amounts. 
About 4 mg of mixed crystal was washed with absolute 
ethyl alcohol and weighed to +0.1 mg. This material 
was placed in a liquid cell holder of measured volume 
0.18 ml and the cell filled with CS:. The maximum per- 
cent absorption was measured at 780 cm and com- 
pared to a reference curve obtained from standard 
Solutions of naphthalene in CS, almost saturated with 
anthracene. Table I shows the mole fractions of C1oHs 
in the crystal for each of the precipitating solutions 
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from which single crystals were obtained (solutions 1-3). 
Repeated attempts at slow crystallization of anthracene 
from solution 4 and also from a solution with mole ratio 
18.8:1 failed to give single crystals large enough for 
polarized infrared study. 


RESULTS 


Figure 1 shows the spectrum of naphthalene in the 
region 755 to 830 cm™. Figure 1(a) shows the vapor 
phase spectrum while Fig. 1(b) shows the spectra of the 
solid at normal incidence to the ab plane using polarized 
light parallel or perpendicular to the 6 axis of the 
crystal. The apparent change in band contour of the 
solid phase spectra is conveniently expressed in terms 
of the center of the band at half-depth, i.e., where the 
percent absorption is half the maximum absorption. 
The centers calculated in this fashion are indicated 
in Fig. 1(b). 

Figure 1(c) shows the polarized spectrum of a single 
crystal of anthracene in this spectral region. The spec- 
trum of a thick crystal is given to show the location of 
the very weak band at 774 cm“. In mixed crystals with 
a mole fraction C1pHs=0.003 the naphthalene absorp- 
tion becomes as strong as this anthracene band. Since 
much higher naphthalene concentrations were of in- 
terest, this anthracene band did not interfere. 

Figure 2 shows the spectra of the ab plane of mixed 
cyrstals of anthracene containing successively higher 
naphthalene concentrations. Table II lists the centers 
at half-depth for the spectra of Fig. 2. 


DISCUSSION 


The dichroism of the 787 cm band in the mixed 
crystals verifies that the molecules of naphthalene are 
oriented with reference to the anthracene lattice. If it is 
assumed that the naphthalene molecules merely replace 
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785 7390 
Fic. 2. Polarized spectra of mixed crystals, CioHs in CuHio. 
b axis || to plane of polarization. - - - -b axis | to plane of 


polarization. 2(a). Solid solution No. 1, mole fraction CioHs 
=0.009. 2(b). Solid solution No. 2, mole fraction CipHs=0.018. 
2(c). Solid solution No. 3, mole fraction CioHs=0.029. 
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TABLE III. 








Center at half-depth 
(cm~!) 
Solution L ll 


1 787.5 787.7 

2 787.0 787.4 

3 786.8 788.3 
pure CioHs 782 789 











anthracene molecules in the lattice, it is possible to 
utilize the ‘‘oriented gas’’ model to calculate the di- 
chroism for the three classes of infrared active vibra- 
tions.*:® The dichroic ratio is defined as the ratio of the 
absolute intensities 7,/T,,. 


1\,=integrated intensity when plane of polarization includes the 
b axis and at normal incidence to the ab plane. 

I, =integrated intensity when plane of polarization is perpendicu- 
lar to the b axis and at normal incidence to the ab plane. 


The calculated dichroic ratios are shown in Table III 
for both naphthalene and anthracene. The accurate 
molecular orientations given by Robertson ef al were 
used.®.? The dichroic ratio for pure naphthalene was not 
measured experimentally because the thinnest crystal 
which could be obtained gave almost complete ab- 
sorption at the center of the band. Unfortunately the 
experimental dichroic ratios for the mixed crystals are 
not very accurate. The complete absorption or zero 
level was difficult to determine because the oriented 
crystals did not completely cover the beam. The strong 
band of anthracene at 730 cm was usually sufficiently 
broad to guarantee complete absorption at the band 
center and was used to establish this zero level. A further 
problem in intensity measurement concerns determina- 
tion of Jo. Since energy is lost by scattering and reflec- 
tion, the percent transmission was determined using 
an assumed J, curve interpolated from the shoulders of 
the band. The experimental dichroic ratio was found 
to be about 3. 

The spectra of Fig. 2 and the centers at half-depth in 
Table II show a trend approaching the characteristics 
of the spectra for pure solid naphthalene. The results 
are in accord with the interpretation that intermolecular 
coupling between naphthalene molecules alters the 
band contours as the concentration of naphthalene 


8 Ambrose, Elliott, and Temple, Proc. Roy. Soc. (London) 206, 
192-206 (1951). 


Calc. dichroic ratio 
CuHi0 CioHs 





3.5 2.8 
0.13 0. 
16 4. 


21 
1 








increases. It is likely that the four nearest neighbors 
in the ab plane dominate the perturbation since the 
ease of cleavage along the ab plane suggests weak forces 
between adjacent planes. Assuming four nearest neigh- 
bors and that the positioning of naphthalene in the 
lattice is random, the probability of finding two naph- 
thalenes as nearest neighbors can be calculated. The 
results, given in the last column of Table I, are also 
compatible with the conclusion that nearest identical 
neighbors are required to produce the band contour 
obtained for this band in pure solid naphthalene. This 
evidence seems to substantiate the conclusion that 
there is but one naphthalene band at 787 cm™ and that 
the splitting due to coupling with the lattice has been 
resolved in the polarized spectra. 

If the conclusion is established that space group 
coupling is a weak perturbation in the mixed crystals, 
then the dichroism may be interpreted using the 
“oriented gas” model. From the calculated and experi- 
mental dichroic ratios, it is possible to assign this 
fundamental to either the Bi, or the B3, class. The 
dichroic ratio seems to favor the By, class but this con- 
clusion assumesa quantitative applicability of the model 
which can be justified only after further experimental 
work. 


CONCLUSION 


The polarized spectra of mixed crystals of naph- 
thalene in anthracene indicate that the band contour 
of the 787 cm™ naphthalene band changes as the con- 
centration increases, apparently approaching that of 
pure naphthalene. It is likely that the splitting due to 
intermolecular coupling is responsible. This indicates 
that this splitting is of the order of 5-10 cm™ and that 
the forces of coupling are relatively weak. These condi- 
tions are suitable for applicability of the “oriented 
gas” model in interpreting the dichroism observed for 
these mixed crystals and also for solid naphthalene. 
With this model, the band at 787 cm~ is assigned as a 
single fundamental of either B;,, or B3, class. 
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be due to grain boundary diffusion. 
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The Diffusion of Copper in Cuprous Oxide 
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Cuprous oxide strips were prepared by the oxidation of copper at 1000°C. The diffusion of radiocopper 
in this material at 800 to 1050° gave a self-diffusion coefficient, D=0.0436 exp(—36100/R7). Virtually the 
same D is obtained from experiments in which radiocopper is plated on copper strips, and the distribution of 
activity measured in the cuprous oxide film formed on oxidation in air. The observed D values are in accord 
with a predicted relation k/D=4, where k is the parabolic rate constant for copper oxidation. It is suggested 
that parabolic rate constants with large negative entropies of activation and low heats of activation may 





NUMBER 12 DECEMBER, 1951 












HERE is good evidence! that the formation of 
protective reaction-product films on metals at 
high temperatures takes place by way of the diffusion 
through the film of metal ions from the underlying 
metal. Metal-oxide films are typical semiconductors; 
electrons from the metal traverse the film and, arriving 
at the oxide-oxygen interface, react with adsorbed 
oxygen atoms to form a layer of oxide ions. The cations 
that diffuse through the film occupy sites adjacent to 
these adsorbed oxide ions, and thus a new layer of 
metal oxide is formed. 

On the basis of this picture, the parabolic rate con- 
stant for metal oxidation can be written? as 


k= 2D.i(fi— fe). (1) 


Here D; is the diffusion coefficient of either interstitial 
ions or vacancies, and f; and fe are the fractions of 
defects at the metal-oxide and oxide-oxygen inter- 
faces, respectively. Provided that all the diffusion is 
due to defects, the ordinary self-diffusion coefficient D 
of the cations in an oxide, as determined for example by 
radioactive tracer measurements, can be related to the 
diffusion coefficient for defects D; by D= D;f where f is 
the average defect fraction throughout the film. For a 
linear gradient of defects f=3(fi+/2), and Eq. (1) 


becomes 
k=4D(fi—fo)/ (fit fr). (2) 


In case the defect concentration f2 at one interface is 
virtually zero, e.g., concentration of interstitial ions at 
oxide-oxygen interface or of vacancies at metal-oxide 
interface, Eq. (2) reduces to 


k=4D. (3) 


There should thus be a very simple relation between 


the parabolic rate constant and the self-diffusion 
coefficient. 


The work described in this paper was undertaken to 
Provide an experimental test of Eqs. (1) and (3), and 


'o study the process of cationic diffusion in a typical 
es 


iC Wagner, Z. physik. Chem. B21, 25 (1933). 
N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1948), second 
tition, p. 257, Eq. (13). The rate constant & is defined by the 


tate law dy/dt=k/y, where y is the film thickness. 
















































































































1539 


p-type semi-conductor, cuprous oxide, in which the dif- 
fusion mechanism is the migration of positive vacancies. 
It was considered desirable also to repeat the diffusion 
experiments in which radioactive copper is plated onto 
copper strip, and the distribution of activity measured 
in the oxide film subsequently formed on the strip.* 
Comparison of diffusion coefficients calculated from 
these experiments with those in bulk cuprous oxide 
should indicate whether the ordinary bulk diffusion 
coefficient can be used in Eq. (3), and whether the 
outward flow of copper ions during oxidation has any 
effect on the inward diffusion of radioactive copper. 


EXPERIMENTAL PROCEDURES 
Materials 


The cuprous oxide was prepared by the oxidation of 
strips of “spectroscopically pure” grade copper, sup- 
plied by the American Smelting and Refining Com- 
pany. Pieces of copper 1X #X0.035 in. were placed in an 
alumina boat lined with platinum foil. Oxidation pro- 
ceeded at 1000°C in a 300 cc per min current of pure 
dry nitrogen (Seaforth) into which dried oxygen from 
an electrolytic cell was bled at a rate of 0.04 cc per min. 
Oxidation was complete in 24 hr, the cuprous oxide 
strip being clear, red, and translucent. The surfaces of 
the strips appeared dark by reflected light, and ex- 
hibited a well-defined grain boundary pattern with 
grains about 1 mm in average diameter. After the 
oxidation was complete, the cuprous oxide strips were 
annealed for 48 hr at 1000°C under the oxidation con- 
ditions. Little further grain growth occurred. The gain 
in weight on oxidation corresponded to completion of 
the reaction 2Cu+302=Cu,0 to within +0.1 percent. 
A typical x-ray powder pattern was given by the 
cuprous oxide preparations. 

The radioactive copper was obtained from The Car- 
negie Institution of Washington. It was prepared by a 
(d, p) reaction on a copper cyclotron target, Cu®+-,H? 
= Cu*+ ,H'. Copper-64 has a half-life of 12.8 hr, and 
emits mainly B- (0.57 Mev), B+ (0.65 Mev), with a 
lesser amount of y (1.34 Mev) and K-capture x-rays. 

3 Bardeen, Brattain, and Shockley, J. Chem. Phys. 14, 714 


(oa). G. W. Castellan and W. J. Moore, J. Chem. Phys. 17, 41 
1949). 
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Fic. 1. Self-absorption of Cu® radiation in electroplated copper. 
Counts per min vs mg per cm? of copper. Half-circles Exp. (a), 
open circles Exp. (b). 


The principal long-lived contaminant of the target is 
the 250-day Zn® formed by a (d, 2m) reaction on Cu®. 
The Zn® emits principally 1.11-Mev y-rays, and it 
must be completely removed from the copper used for 
tracer work. 

The 1.3-in.-diameter target disk was placed in a 
beaker with its active face upward. Warm nitric acid 
was dropped onto the disk until about 0.5 g of copper 
were dissolved from the surface. The solution was trans- 
ferred to another beaker, diluted, and 2 g of zinc sulfate 
added, together with sufficient sulfuric acid for the 
electroplating of copper. The copper was electroplated 
onto a platinum gauze cathode, washed thoroughly with 
distilled water, and then dissolved in nitric acid to 
yield the cupric nitrate solution used for the tracer 
experiments. 


Procedure for Diffusion Runs with Cuprous Oxide 


While one side and the edges of a cuprous oxide strip 
were protected by paraffin wax, a thin layer of radio- 
active copper with about 10‘ cpm was deposited on the 
uncoated side by dipping the specimen into the active 
cupric nitrate solution. Two similar specimens were 
used, with their active faces in light contact during the 
diffusion period so as to decrease evaporation losses to 
a negligible amount. The specimens were maintained 
at controlled temperature (-+1°) in the oxidizing atmos- 
phere used for preparation. The times ranged from 
10 min at 1000° to 8 hrs at 800°. After rapid cooling, 
the back of the specimen was coated with Glyptal 
varnish, which also served to mount the specimen on a 
glass rod. Successive immersions in 50 percent nitric 
acid uniformly removed 50 to 100 mg of copper in each 
of 6 to 8 etches. This copper was electroplated onto 
polished weighed copper disks,‘ 1 in. in diameter. The 


4The disks were see we by immersion in Batelle Polishing 
Solution (Lea Manufacturing Company), washed in water, dried, 
and stored in a desiccator. 
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amount of cuprous oxide removed in each etch was 
calculated from the gain in weight of the disks. 

The reaction by which solid cuprous oxide on im- 
mersion in acid cupric nitrate becomes coated with 
metallic copper is of intrinsic interest. The over-all re- 
action appears to be 


2Cu*(s)+*Cut*(J) =*Cu(s)+2Cut*(I). 
A possible mechanism would be: 


Cu,0(s)+ 2HNO;=2Cut(/)+2NO;-+H:0, 
Cut()+*Cut?(1) =*Cut(1)+Cut(l), 
2*Cu(l) = *Cu(s)+*Cut. 


This mechanism implies dilution of the radioactive 
copper in the course of its deposition, and the reaction 
should be further investigated by specific activity and 
kinetic measurements. 

The copper disks were counted by means of a mica- 
window Geiger tube and associated scaler. Reproducible 
geometry was obtained with a special mount for the 
tube and holder for the disks. Background averaged 
40 cpm, and the statistical error was generally 1 or 2 
percent. Correction for self-absorption in the specimen 
was made from a measured self-absorption curve. Self- 
absorption was measured by two different methods. 
(a) Aliquot volumes of active cupric nitrate were diluted 
with increasing portions of inactive cupric nitrate, and 
a series of electroplated disks was prepared in which a 
constant amount of radioactive copper was distributed 
in various amounts of inactive copper. (b) Disks were 


TABLE I. Diffusion runs with radiocopper in cuprous oxide. 











Diffusion 
coefficient 
Temperature Time D-cm? sec“! 
Run No * min 1010 
Al 1000 15 350 
A 3 1000 15 220 
A6 1000 15 380 
A2 900 40 55 
A4 900 40 62 
be | 1050 10 390 
a4 1000 15 350 
S4 1000 15 200 
S12 1000 10 180 
S9 950 15 80 
S10 950 15 210 
S 13 950 15 130 
S6 900 60 90 
S8 900 50 90 
$2 850 180 40 
S11 850 90 70 
S14 850 50 73 
S3 800 665 9 
$5 800 700 29 
K2 1000 15 230 
K4 1000 15 325 
K3 900 50 52 
K5 900 40 46 
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Fic. 2. Typical plots of distribution of radiocopper in cuprous 


oxide, according to Eq. (5). Open circles, Run S-7, showing re- 
flexion effect. Half-circles, Run S-5. 


electroplated with different amounts of copper from a 
stock solution of active cupric nitrate, the specific 
activity of the copper therefore being constant in 
plates of varying thickness. The results obtained from 
experiments (a) and (b) were in good agreement, as 
shown in Fig. 1. 


Diffusion of Radiocopper During Oxidation 


One side of a copper strip (1 #0.035 in.) was plated 
with about 20,000 cpm of radiocopper, and the speci- 
men was placed in the furnace at the required tem- 
perature. An atmosphere of air was used, but the 
specimen was cooled after oxidation in the nitrogen- 
0.013 percent ozygen mixture, in order to prevent oxida- 
tion of cuprous to cupric oxide. After oxidation, suc- 
cessive layers of oxide were removed by solution in 
nitric acid, about 30 to 50 mg of copper in each of 6 
etches until the oxide layer was completely removed. 
The mass and activity of the copper were determined 
in the usual way. 


Calculation of the Diffusion Coefficient 


Solutions of radioactive tracers in solids are generally 
so dilute that it is possible to use the diffusion equation 
in terms of concentration, c, without any activity- 
coefficient corrections. The differential equation of dif- 
fusion in the x-direction normal to the face of a slab is 


0c O Oc 
omnd va “ 
Ot Ox\ Ox 


The diffusion coefficient D may be a function of the 
concentration. It is most likely that diffusion in cuprous 
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oxide occurs through the medium of cationic vacancies, 
associated with the stoichiometric excess of oxygen in 
the oxide under the usual conditions of preparation. 
Since the mobility of a cuprous ion depends therefore 
on the vacancy concentration, a dependence of D on 
vacancy concentration would be expected. This effect 
should not yield an inconstant D in a single experiment, 
but might lead to some variation of the D with sample 
preparation. The 48-hr anneal at 1000° was intended to 
obviate this possible source of variation. In the experi- 
ments on diffusion during oxidation, a variation of D 
with distance x in the specimen might have been ex- 
pected* but was not in fact observed. 

With the assumptions that D is constant, that the 
slab approximates a semi-infinite solid, and that the 
boundary conditions are c=co at x=0, ‘=0; c=0 at 
x>0, /=0, Eq. (4) yields 


c=co(rDt)- exp(—x?/4D2). (5) 


The concentration c is taken as the corrected count in a 
given etch divided by the thickness of cuprous oxide 
removed in the etch, and the distance x is calculated 
from the original surface of the slab to the midpoint of 
the etch. According to Eq. (5) a plot of log c against x? 
should yield a straight line, whose slope is —1/(4D?). 
The reported D’s were calculated in this way. An alter- 
nate procedure is to integrate Eq. (5) to obtain the 
total activity up to a given point, and to evaluate D 
from the integrated equation.* The second method gave 
virtually the same results as the first, but was more 
tedious. 

In the present experiments, there may be a barrier to 
diffusion at or beyond the midpoint of the slab. In the 
preparation of the cuprous oxide, the copper strip 
oxidizes from both sides and the copper ions diffuse 
outwards. As a result, there is a section through the 
middle of the slab (or often about two-thirds in from 
the exposed face, since the under face oxidizes more 
slowly) that becomes depleted of copper. If oxidation is 
stopped just after complete conversion of metal to 
oxide, the two distinct layers of oxide are readily de- 
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Fic. 3. Variation of D with temperature. Average D’s at each 
temperature and the least squares straight line for all the runs. 
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Fic. 4. Typical distribution of radiocopper in cuprous oxide after 
oxidation of copper strip, Run K-2. 


tected, and in some cases can be separated with a razor 
blade. Even after 48-hr anneal at 1000° the boundary 
gap is detectable. In all the later runs, therefore, the 
effective slab thickness was considered to be one-half 
the total thickness, and the diffusion time was chosen 
so that etching could be carried to zero activity short 
of the midpoint. In some earlier runs a curvature of the 
later points of the log c against x? plot, convex to the x” 
axis, was observed, which is believed to be due to 
reflexion from the internal barrier. In such cases only 
the intial slopes of the curves were used to obtain 
values of D. The curves for diffusion during copper 
oxidation showed no curvature of the log c against x? 
plots. 


RESULTS AND DISCUSSION 


Typical log c against «* plots are shown in Fig. 2. 
In Table I are summarized the results of all the diffusion 
runs made after the procedure was definitely estab- 
lished. Runs in the A-series differ from the S-series in 
that there was no 48-hr anneal at 1000°, and a single 
specimen was used instead of two face-to-face. In some 
runs subsequent to S-10, the edges of the specimens 
were filed away before etching, to eliminate possible 
surface diffusion. None of these changes in procedure 
appeared to have any systematic effect on the results. 

The average D-values at each temperature (excluding 
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the K-series) are plotted in Fig. 3 as log D vs 1/T, and 
the least squares straight line based on all the individual 
runs is also shown. This line corresponds to D=0.0436 
X exp(—36100/RT) cm? sec~!. The probable error in 
the activation energy is +2.5 kcal. If the data are 
fitted to the Eyring equation® 


D=2kTh-'@? exp[ (TAS*— AH*)/RT | 
with the jump distance 
d=3.05X10*cm, AS*=—2.1+2.0 cal deg mole“ 


and AH*=33.8+2.5 kcal mole“. 

It may be noted that the value of D at 1000° is in 
good agreement with the value calculated from the 
Einstein relation, D= (kTo7r)/(e?n), where oa is the con- 
ductivity, 7 the transference number of Cu* ions, and n 
the number of Cut* ions in a cc of cuprous oxide. The 
experimental value of these quantities! are = 4.8 ohm! 
em~!, r=4X 10, n=5.05 X 10**, yielding D=2.6X 10° 
cm? sec! compared to the average experimental value 
of 2.8 10-8 cm? sec! at 1000°. The agreement provides 
a good experimental check of the validity of the Ein- 
stein relation in this semi-conducting solid. It also 
indicates that no appreciable fraction of the observed 
diffusion occurs through electrically neutral “trapped 
vacancies.” 

In Fig. 4 is shown a plot of the distribution of radio- 
copper in the cuprous oxide formed during oxidation of 
copper. The linear log c against x? plot is evidence for 
the validity of the assumption previously made by 
Castellan and Moore* that experiments of this kind 
measure the diffusion of the cation in the oxide. Accord- 
ing to Eq. (3) the parabolic rate constant is about four 
times the diffusion coefficient, so that there should 
always be sufficient oxide into which diffusion can occur. 
In addition, there is an initial oxidation of the bare 
copper surface that is considerably more rapid than the 
parabolic oxidation of Eq. (3). 

In Table II the parabolic rate constants for copper 
oxidation® are compared with the diffusion coefficients 
at different temperatures. The & values cited in the 
table were obtained in an independent investigation at 
an oxygen pressure of 0.5 cm. Under these conditions 
no cupric oxide is formed. The formation of a surface 


TABLE II. Comparison of diffusion coefficients and 
parabolic rate constants. 











Temperature k D k/D 
be cm? sec™! cm? sec™! = 
1000 10.0 «10-8 3.2 10-8 3.2 
950 6.5 10-8 1.4 10-8 4.6 

900 2.2 Xio* 7.7X10-9 3.5 

850 1.451078 6.1 107° 4.2 

800 3.6 X10-° 1.9 10° 1.9 








5H. Eyring, J. Chem. Phys. 4, 283 (1936). 
6 J. K. Lee and W. J. Moore (unpublished data). 
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coating of cupric oxide has vitiated the results of many 
studies of the reaction kinetics of 2Cu+402=Cu.O, for 
the cupric oxide film is often very protective. Con- 
sidering the inevitable experimental uncertainties in 
the study of surface reactions of this kind, the close 
approach of the k/D ratio to the predicted value of 4 
lends considerable support to the theoretical model 
underlying Eq. (3). 

The question that naturally arises is how general is 
the relation k/D=4. A recent tabulation of oxidation 
rate constants,’ as determined by various investigators 
showed that large negative entropies of activation AS* 
often occur in the parabolic rate constants. As Zener® 
pointed out with reference to diffusion in metals, one 
would expect AS* for diffusion always to be positive. 
It is significant that the large negative AS* values 
occur for aluminum, iron, zirconium, and titanium. 


7W. J. Moore, J. Chem. Phys. 18, 231 (1950). The interpreta- 
tion of the correlation between AH* and AS* given in this note 
was based on the erroneous assumption that D; could be replaced 
by D, and it is superseded by the present suggestion. 

8 C. Zener, J. Appl. Phys. 22, 372 (1951). 
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The oxidation of these metals was studied? at relatively 
low temperatures, always below 600°C, and the ob- 
served negative AS*’s were coupled with unusually low 
AH*’s. Thus grain boundary diffusion is strongly sug- 
gested as a mechanism for oxidation in these metals. 
In the case of copper oxidation at 800° to 1000°C the 
volume diffusion through cuprous oxide by a vacancy 
mechanism probably greatly exceeds the transport along 
grain boundaries. This conclusion is supported by the 
relatively high vacancy concentration in the oxide, the 
large grain size, the linear log c vs x? plots,” and the fact 
that the AS* is practically zero. 

This work was done under Contract NOrd 10260. 
A Frederick Gardiner Cottrell Grant from the Re- 
search Corporation provided much of the experimental 
equipment, and we wish to thank Mr. Dean Cowie of 
the Carnegie Institution of Washington for his generous 
assistance in arranging the supply of radiocopper. 

*E. A. Gulbransen and W. S. Wysong, J. Phys. Colloid Chem. 
51, 1087 (1947); E. A. Gulbransen and K. F. Andrew, Metals 


Trans. 185, 515, 741 (1949). 
10 J. Fisher, J. Appl. Phys. 22, 74 (1951). . 
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Raman effect data for rutile are evaluated for the force constants. It is shown that quasi-molecules TiO: 
are formed with strong Ti—O bonds although every Ti atom is surrounded by 6 O atoms in about equal 
distances. The main force constants are (in 10° dynes/cm) 1.7 for the Ti—O bond of the quasi-molecules, 
0.06 for the other Ti—O bonds, 0.2 for O—O bonds. The spectrum can be interpreted as that of coupled 
modified TiO2 molecules whose effective bond strength is a combination of the actual bond strengths. 


INTRODUCTION 


HE lattice of rutile, TiO2, has been said! to belong 

to a transition type between ionic and molecular 
types. Whatever the evidence for such.a statement may 
be (chemical or thermal behavior), the geometrical 
structure of the lattice would not necessarily have sug- 
gested it. It is true that the lattice admits a description 
in terms of TiO. molecules arranged in the manner 
indicated by Fig. 1. But the Ti atoms actually are 
centers of octahedra of 6 oxygen atoms with about 
equal Ti—O distances. The distances from Ti to the 
two O atoms assigned to the TiO, molecule are even 
somewhat greater than the distances to the four other 
O atoms. These near equal distances would suggest 
equal forces, and this would destroy the possibility of 
discerning separate TiO. molecules. It is the question 





*Paper presented at the Symposium on Molecular Structure 
and Spectroscopy at Ohio State University, June 11-15, 1951. 

‘For instance in F. Seitz, The Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York, 1940), p. 50. 


whether the statement about the transition character 
of the rutile lattice can be supported quantitatively 
from a dynamical standpoint. 

We may state the general problem involved by dis- 
cerning a “local symmetry” of an atomic group, defined 
by the symmetry of the immediate environ of an atom? 
(here, the TiOg-group of symmetry D,,) and the over- 
all symmetry of the crystal (for rutile, also Ds, but 
with different orientations of the C,-axes). Then the 
question is whether the vibrations are determined pre- 
dominantly by local or by crystal symmetry, and 
whether the particle distances necessarily determine the 
dynamics of the lattice, i.e., the forces between the 
atoms, or not. 

In order to determine the binding forces, we have to 
interpret the vibrational spectrum of rutile. 


2 “Local symmetry” is not to be confused with the notion of 
“site symmetry” defined by the symmetry elements passing 
through a certain particle or site. Site symmetry describes the 
view of the lattice seen from the particular site. Local symmetry 
describes the symmetry of an environ of finite extension. 






























Fic. 1. Rutile unit cell. e=Ti, o=O. -—-—- indicates TiO2- 
“molecules.” ....-.. auxiliary lines. a=4.58A, c=2.95A, cose 
=0.77, cosx=0.53. 


VIBRATION SPECTRUM OF RUTILE 


The Raman spectrum of rutile has recently been ob- 
served by Narayanan’ who found three strong lines at 
236, 440, and 589 cm™!, several weak ones at 150, 515, 
and 650 cm, and a very broad weak band between 
350 and 420 cm~. The infrared data are much older. 
Broad reflection maxima at about 256 and 625 <m™! 
for the ordinary ray, and at 330 cm™ for the extra- 
ordinary ray had been observed.‘ Fortunately, there is 
no need to use these not too well-defined values for 
establishing the main result of our analysis, because the 
Raman effect gives sufficient information. 

By standard group theoretical methods, we obtain 
the frequency formulas for the different species.’ There 
is one vibrational mode each for the species Aig, Aog, 
Au, Big, Bo, and E,, two for Boy, and three for Ey. 
Ag, and E, are active in the infrared spectrum only, 
Ag, and Bo, are inactive in both Raman and infrared 
spectra. All others are Raman active species. 

The (harmonic) force system used considers 
bond-stretching forces between: (Fig. 1) 


Ti and O (“horizontal,” e.g., 5—1 and equivalent 
bonds), force constant k;; 

Ti and O (“oblique,” e.g., 5—2), force constant kp; 

O and O (horizontal, e.g., 4—2), force constant k’; 

O and O (oblique, e.g., 4—1), force constant k”’; 


bond-bending forces at: 


Ti (e.g., angle 1—5—3 in horizontal plane), force 
constant d,; 


3 P. S. Narayanan, Proc. Indian Acad. Sci. (A) 32, 279 (1950). 

‘T. Liebisch and H. Rubens, Berl. Ber. (1921), p. 211. D. N. 
Kendall, Symposium on Molecular Spectroscopy (Ohio State Uni- 
versity, June 14, 1951) reports some weak absorption bands 
between 970 and 1200 cm™ which may be interpreted as com- 
bination bands. 

5 Frequency formulas have also been given by B. Dayal, Proc. 
Indian Acad. Sci. (A) 32, 304 (1950). Because Dayal uses a some- 
what different force system and gives his results only with 
numerical coefficients for the particular TiO--lattice, I give the 
general system of frequency equations for any rutile type lattice. 
Besides, some of Dayal’s terms seem to be erroneous: 
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Ti (e.g., angle 1—5—3 in vertical plane), force 
constant d2; 
O (e.g., angle 5—4—5’), force constant d3. 


Only the fundamental frequencies of the first-order 
spectrum, i.e., the frequencies for infinite wavelength, 
have been considered. In these, all homologous particles 
vibrate exactly in phase. This restriction needs some 
justification. Indeed, we must be aware of the possibility 
of combinations not only among the first-order funda- 
mentals (“first-order combination spectrum’’) but 
among virtually the entire set of frequencies contained 
in the different branches of the spectrum (‘second-order 
spectrum”). This may lead to apparent violations of 
the selection rules. For instance, at the place of an 
inactive first-order frequency, a certain set of com- 
bination frequencies (particularly with the low fre- 
quencies of the acoustic branches) may appear as an 
apparently active band. Actually, we shall use one of 
these possibilities in the interpretation of the observa- 
tions. However, in general, interference by branch 
combinations can be expected to be of minor impor- 
tance, and, in any case, the determination of the first- 
order spectrum must be the basis of any interpretation 
at all. 

In view of the extreme difficulty to obtain a complete 
account of the frequency distribution of the branches 
for a complicated lattice, the consideration of the 
second-order spectrum can be of a qualitative nature 
only. If, therefore, we select the first-order fundamentals 
for infinite wavelength as a well-defined working basis, 
we do not expect serious disadvantage from following 
this common practice. 

Of course, it has to be considered that we deal with a 
crystal, and that, therefore, the atoms of the unit cell 
are not isolated but are part of a lattice. We must take 
into account, in the energy function, not only the forces 
between the particles of the unit cell itself but also 
those between these particles and certain of their 
nearest neighbors in adjacent cells. 

Standard procedure then gives the following fre- 
quency formulas in which M and m are the masses of Ti 
and O, respectively ; cosy=tang/tanx, g and x being 
defined by Fig. 1 (p is the projection of the angle 
1—4—5S in a horizontal plane). 


Aw : 
w1?= [ki + 2h, sin?g+ 2k’ +4k” (cosy—siny)? 
+4d; cos?¢ |/m; 
Agog >4 
we? =[4k’’ (cosy+siny)? ]/m; 
By 4 
w3?=[ 4k’ (cosy—siny)? ]/m; 
Bog : ; 
w4?= [ki + 2h sin? y+ 2k’+4k’(cosy+siny)? 
+4d; cos*y |/m; 
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E,: 
ws?=[2ke cos?y+8k” cos?x+4d; sin? |/m; 
A Qu: 


we? = [ke cos*o+d)+ 2d; sin? ¢ |[2/m+4/M ], 
w7?=0 (translation) ; 


Boy? 
ws?+w?=[ 16k” cos?x+ 2k: cos?y+ 2d; |/m 
+[4ke cos*e+4d,]/M, 
ws"we? = [ 64k’ (ke cos?¢+d) cos*x 
+32ked, cos*¢ |/Mm; 
E.: 
wy?+ wn? wie” = [ki t+ 2he sin? p+ 2d2+ 4d; cos? ¢ | 
[1/m+2/M]+8k"/m, 


197117 + 11219? + W127 19? = [hike sin? y+ kids 
+ 2kid3 cos?¢ |[8/Mm+8/M? ]+2kid2/m? 
+[hik’’+2kok” sin? 9+ kode sin? y+ 2k'"de 
+4k’’ds cos? e+ 2ded; cos?¢ ][4/m?+16/Mm], 
1020112w19” = [ 2kykok”’ sin?g+ ky kod» sin? 
+2kyk"'do+4kik’'ds cos? + 2kided3 cos*¢ | 
<[16/Mm?+32/M?m]; 
w3?=0 (translation). 

The modes are characterized by the following rela- 
tions between Cartesian point coordinates whose x-axes 
and y-axes are parallel to 1—3 and 2—4, respectively. 
For the E-modes, any combination of the orthogonal 


components given may occur. Except for B:, and Ey, 
the relations represent normal coordinates. 


Ay: m1=—yo=—xX3= M4; 

Ay: = "W=2=— y= —%M; 

By: —y=%2= y3s= — %4; 

By, : ee ee Fe, 

E,: 21 = 2o= — 23= — 24 OF 21 = — B= —2y=—%}; 


Agy: 4 = Sg 23= 24, 2= 26 With Mz,+2mz,=0; 


Boy: = 2 = —2o=23= — 24, 25= — 2; 
Ey: 1>=%2= x= V4, V1 = Xo= V3= Xa, X= Ve, Vs = X6 
or x= <a Fs — ge ge ay 


X= — Yo, Vor — Hy 


with 2m(2+22)+M (25+ x6) =0. 


NUMERICAL EVALUATION 


The numerical values of the force constants depend, 
of course, on a correct assignment of the observed 
Raman frequencies to the several species. Although 
polarization measurements are missing, it is possible to 
find an unambiguous assignment. There is only one 
that leads to reasonable force constants at all. The 
force constant k”’ can readily be found from «;?— «2. 
Then ws, the inactive band, can be calculated. Its posi- 


tion coincides with the broad but weak band near 
400 cm— which thus may be interpreted as being ac- 
tivated by combinations with frequencies of one of the 
acoustical branches whose frequency range, however, is 
unknown but may easily cover the extension of that 
band. 

The values of k; and k2 would depend on the values 
of k’ and d; which cannot be determined unambiguously. 
However, the order of magnitude of the constants k; 
and k» is not affected by any reasonable choice of the 
other force constants. We assumed k’=d;=0. The 
values of k, and k, are, therefore, obtained as upper 
limits. d; and d2 are adjusted to give a reasonable 
account of the infrared bands, which, however, are not 
observed with a degree of accuracy comparable to that 
of the Raman spectrum. 

The result of the numerical evaluation is given in 
Table I together with Dayal’s results.® 


DISCUSSION 


The agreement between observed and calculated fre- 
quencies is as good as can be expected. Only two very 
weak Raman frequencies are not explained, and the 
difference for w; is not serious. Any neglect of forces 
(as such between more distant neighbors) and of second- 
order effects would affect low frequency vibrations more 
than the other bands. 

The principal result of our interpretation is the great 
difference between &; and hj, which is certainly not 
due to any of the above-mentioned simplifications. This 
can be understood as indicating the molecular character 
of the rutile lattice. Only two O atoms are strongly 
bound to Ti, forming TiO,-molecules. The spectrum, 
however, has not the aspect of that of isolated TiO.- 
molecules, not even of coupled ones. Although the 
formulas for w; and w, suggest the interpretation that 
the difference between these frequencies is because of a 
splitting effect caused by coupling, the forces kp and k”’ 


TABLE I, Interpretation of rutile spectrum. 








Weale 
Interpret. weale (Dayal) 





Wobs Int. Remarks 
650 ww mi kas Man 
589 st we 588 590 
515 ow eae ee sii 
REX 440 st wl 440 441 eee 
380 w we 400 388 very broad 
236 st ws 236 249 tee 
150 vw we 97 101 
330 ws = yo extra ordinary ray 
IR< 625 w10 62 4 : 
256 wn 316 333 ordinary ray 
. wiz 130 94 beyond observed range 
ws 415 455 P . 
pa 173 345 } inactive 
Force constants (105 dynes/cm) : 
ki =1.7 0.65 Ti-O horizontal 
k2=0.06 0.65 Ti-O oblique 
k’=0 0.3 eee 
k”’ =0.2 0.3 eee 
di: =0.26 eee bending at Ti, horizontal 
d2=0.06 eee bending at Ti, vertical 
d;=0 eee bending at O 
kg=*** 0.31 Ti-Ti 
Rkg=-*> —0.24 see text 
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are, although small, still influential enough to shift the 
hypothetical frequency of free TiO:-molecules (with ky 
only) appreciably and to give rise to the many other 
frequencies. If it is wanted to describe the spectrum in 
terms of TiO, frequencies at all, it must be said that 
the spectrum may be considered as one of modified 
coupled TiO.-molecules. 

Of course, the vibrational analysis can reveal only 
the facts but not the reasons why the Ti—O forces are 
as different as we have found them to be. 

From the foregoing we may say that the rutile lattice 
is (1) geometrically a coordination lattice, (2) dynami- 
cally a molecular lattice, and (3) spectroscopically a 
transition type if there is no other possible explanation 
of the data. 

In fact, Dayal® has offered another interpretation. His 
force system is different from ours mainly in the respect 
that he presupposes &; to be equal to ko. Some other 
differences or slight errors (e.g., incorrect frequency 
for ws) are of minor quantitative importance. His assign- 
ment of the Raman frequencies is identical with that 
given here. But the infrared bands are interpreted 
differently. Because of the assumption ki=k2, Dayal is 
compelled to admit a negative value for one of his 
other force constants. This constant refers to a term 


4 
(1/2)ks > 22 of Dayal’s energy function. A negative 
i=1 


force constant’ means that the corresponding force has 
a destabilizing effect on the point system. It is true that 
in our case the natural motions of the particles in the 
vibrational modes of the lattice are always such that the 
destabilizing term is overcompensated by the contribu- 
tions. of other internal forces. But it is possible to 
imagine suitable external forces which, in connection 
with some natural vibration, would tend to disintegrate 
the lattice. For instance, the vibration E, would be 
unstable if, by periodic compressions of the lattice with 
an appropriate frequency, the atomic distances would 
be kept constant. Although this is certainly not a 
practical way of performing a disintegration, it shows 
the principle involved. Negative force constants should 
be permitted only if every possible deformation leads 
to a positive value of the energy function. Therefore, 
I do not think that Dayal’s evaluation of the vibration 
spectrum of rutile is sufficient to invalidate the results 
derived here. 

An experimental decision between the two interpreta- 
tions discussed here may be possible by a re-examination 
of the infrared spectrum. There, the differences are 


6 For the infrared bands, Dayal considers also the species Bi, 
which, for the first-order spectrum, is inactive. 

7 Negative force constants have already been used for quartz 
by B. D. Saksena, Proc. Indian Acad. Sci. A19, 357 (1944). 
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largest. So far, the infrared data slightly favor our 
interpretation, but not decisively so. 


REMARKS ABOUT ANALOGOUS CASES 


There are other cases in which the dynamical be- 
havior is not uniquely related to the geometry of the 
lattice at all or at least not to the local symmetry of 
some atomic group. They may be pointed out briefly: 

(a) In BeO, as crystallizing in the wurtzite lattice, 
every Be is surrounded by a nearly regular Oy, tetra- 
hedron and vice versa. The local symmetry is that of 
the group T, but the BeO forces may be different in 
different BeO directions because of the Cs, symmetry 
of the lattice. This problem may be solved if the infra- 
red data* would permit to decide whether there are 
one or two independent active infrared bands. Their 
frequencies are given by 


w= (R+R'/3)/u and  w2°= (4/3)k'/n, 


where yu is the reduced BeO mass, and & and k’ are the 
Be—O force constants. k refers to the direction of the 
C, axis, k’ refers to the other directions. No definite 
conclusion is possible yet. If there is a difference between 
k and &’ at all, it is not great, the upper limit of k/k’ 
being about equal to 2 if the data of Tolksdorf are 
interpreted as revealing two separate bands at about 
750 and 950 cm~. Therefore, any possible tendency of 
forming BeO molecules is negligible. 

(b) The crystals of Li,WO, and Be,SiO, are isomor- 
phous but have entirely different infrared spectra,’ 
because the lattices have different dynamical character. 
LizWO, is an ionic lattice of Li and WO, ions. The 
silicate has the typical silicate coordination lattice of 
BeO, and SiO, groups whose O atoms are shared by 
one SiO, and two BeO, groups. Accordingly, the 
wolframate spectrum shows the typical internal vibra- 
tions of a WO, group. In the silicate spectrum, how- 
ever, BeO and SiO vibrations may be identified. 

(c) Also the familiar case of the internal vibrations 
of carbonates and similar crystals can be considered 
from the viewpoint discussed here. Indeed, it is not so 
much the geometrical lattice structure which leads to 
the conclusion of the existence of nearly isolated CO; 
groups than the spectral characteristics. The CO dis- 
tances in these groups are not so much different from 
the MeO distances as to justify an a priori expectation 
of the particular spectroscopic properties of the carbon- 
ates. It is the spectrum and, of course, chemical evidence 
which give information about the dynamics of lattices. 


8S. Tolksdorf, Z. physik. Chem. 132, 161 (1928). 
9 F. Matossi and H. Krueger, Z. Physik 99, 1 (1936). 
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A Fourier analysis of the x-ray diffraction of sodium dodecyl sulfate has been made on the basis that the 
micelles formed by aggregation of the long-chain molecules are spherical. The radial distribution of the 
micelles has been determined at two concentrations; the distribution functions show definite peaks indicating 
a preferred distance for neighboring micelles. It is concluded that the spherical micelle is compatible with the 
x-ray evidence. The deficiencies of the lamellar micelle are discussed. 





INTRODUCTION 


HE structure of the soap micelles found in solu- 
tions of long-chain electrolytes has been the 
subject of study for many years.! In general, two types 
of aggregates with very different properties have been 
proposed. The first of these is the lamellar’ or “‘sand- 
wich” structure, advocated by McBain and others, 
which consists of plates of long-chain molecules doubly 
oriented with the polar end of the molecule toward the 
external phase and with the hydrocarbon tails lined up 
end to end in the interior of the micelle. The strongest 
argument for the lamellar model is based on the x-ray 
diffraction of these solutions.” The essential features of 
the diffraction patterns are (1) a short spacing which 
varies only slightly from a Bragg value of 4.7A for most 
long-chain electrolytes (this spacing has been inter- 
preted as a measure of the distance between hydro- 
carbon chains in the micelle) ; (2) a long-spacing (I-band) 
which has been assumed to measure the distance be- 
tween lamellae. This spacing varies with the length of 
the long-chain ion, and increases with dilution. It has 
been assumed to arise from the diffraction of the x-rays 
by the planes of long-chain ions of the lamellae which 
are regularly separated by layers of water;! the latter 
increase with dilution and thus lead to a greater 
separation of the diffracting planes. 

In addition, Harkins, Stearns, and Mattoon‘ found 
that a third band (M-band) was present in all solutions 
whose concentration exceeded the critical concentration 
for micelle formation. The spacing calculated from the 
peak of this band appears to be independent of the 
concentration and has been interpreted as a measure of 
the micelle thickness. 

In opposition to this model, Hartley has proposed the 


_—_ 


* This investigation was carried out under the sponsorship of the 
Reconstruction Finance Corporation, Office of Rubber Reserve, in 
connection with the Government’s synthetic rubber program. 

t Present address: Department of Chemistry, Harvard Uni- 
versity, Cambridge, Massachusetts. 

‘See G. S. Hartley, Ann. Reports on the Progress of Chemistry 45, 
a (1948). A comprehensive bibliography is included in this 
eview, 

yf | - W. McBain, Advances in Colloid Science (Interscience 
Publishers, New York, 1942). 

*P. Krishnamurti, Indian J. Phys. 3, 307 (1929). 
oon Stearns, and Harkins, J. Chem. Phys. 16, 644 


spherical micelle.!:*»* This model has the great advantage 
that it leads to an optimum size for the micelle and, as 
Hartley has shown,! is much more reasonable on free 
energy grounds. The lamellar model is assumed to have 
an indefinite lateral dimension and the terminal hydro- 
carbon chains must be in contact with water unless the 
end of the micelle is rounded off in some manner. 
Calculations on the solubilizing properties of these 
solutions show that the lamellar model does not account 
for either the amount of oil capable of being solubilized’ 
or the amount of water bound in layers between the 
micelles.! Also, in the x-ray diffraction patterns taken so 
far, the long spacing I-band has not been resolved from 
the M-band, and thus some doubt is introduced into the 
validity of the change of spacing as being due to a 
simple dilution effect. The I-band appears to be 
superimposed as a shoulder on the broader M-band, and 
since the intensities of both bands increase with concen- 
tration of electrolyte, any shift in spacing of one band 
must be distorted somewhat by the presence of the other 
band. 

It seems hard to accept the lamellar model, particu- 
larly when the spherical micelle can satisfactorily ex- 
plain all other phenomena observed with colloidal 
electrolytes. So far the analysis of the x-ray scattering 
has been done on the basis of a periodic structure which 
could be characterized by spacings calculated from the 
Bragg equation. The validity of this procedure is 
questionable because it assumes a quasi-crystalline ar- 
rangement of the micelles and offers no real basis for 
assigning a structure to the aggregates, or for inter- 
preting their distribution in the solution. Corrin,® by 
assuming a simplified radial distribution of spherical 
micelles showed that the observed x-ray spectrum could 
result from such a distribution. Accordingly, it appeared 
worthwhile to attempt an analysis of the x-ray pattern 
by assuming a spherical form for the aggregates to de- 
termine their distribution. The present paper gives an 
analysis of the x-ray diffraction pattern of sodium 
dodecyl sulfate solutions using the Fourier transform 
method. 

5 G. S. Hartley and D. F. Runnicles, Proc. Roy. Soc. (London) 
A168, 420 (1938). 

6G. S. Hartley, Aqueous Solutions of Paraffin Chain Salts 
(Hermann et Cie, Paris, 1936). 


7 Harkins, Mattoon, and Corrin, J. Colloid Sci. 1, 105 (1946). 
8M. L. Corrin, J. Chem. Phys. 16, 844 (1948). 
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EXPERIMENTAL 


The diffraction patterns were obtained with a 
GE XRD-3 unit fitted with parallel beam slits, having a 
maximum divergence of 0.4°. Zirconium filtered mo- 
lybdenum radiation at 39 kv was used; the use of 
molybdenum radiation was dictated by the low in- 
tensities obtained with copper when operated at twice 
the ionization potential to insure radiation with as little 
white radiation as possible. Strictly monochromatic 
radiation although desirable was not obtainable with 
our present experimental arrangement.{ Intensities were 
recorded with a Geiger-Mueller counter by scaling at 
intervals of 0.02° from 0.35° to 2.4°. Scaling times were 
so chosen that each point was counted for at least five 
minutes to compensate for background fluctuations ; the 
probable counting error was ¢ percent. The cell used to 
contain the solution was made from a polystyrene block 
5 mm thick by drilling a rectangular hole larger than the 
x-ray beam through the center. Polystyrene sheets 0.001 
inch thick were cemented in tightly for the windows. 
The absorption of the windows was found to be negli- 
gible. Inlet and outlet holes were drilled horizontally at 
the top and bottom of the cell and the cell was filled by 
gently aspirating the solution through the lower hole 
until it reached the level of the top hole. The thin 
windows used made it necessary to fill the cell slowly 
because any appreciable pressure would rupture them. 

Procter and Gamble reagent grade sodium dodecyl 
sulfate was extracted with ether to remove non-ionic 
material and unconverted acids, and was recrystallized 
twice from absolute ethanol before use. Solutions were 
made up by weight. 

The scattering pattern of the soap solution was cor- 
rected for background by subtracting the intensity 
pattern of the solution at its critical concentration. In 
this way the contribution of the solvent and the non- 
micellar soap was eliminated from the pattern, leaving 
only the small angle scattering due to the micelles. The 
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f Fic. 1. The diffraction patterns of 29.42 percent and 14.71 
percent sodium dodecyl sulfate. The upper curve is the more 
concentrated solution. 


t Our unit is at present being modified to take care of this 
difficulty. 
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concentration of ions in equilibrium with the micelles is 
not quite constant, but it is assumed that the error 
introduced by this assumption is not serious. 


Analysis of the Intensity Pattern 


The intensity of scattering of x-rays by N particles is 
given by the formula’ 


SINST nm 


I=NP LZ (1) 


™ Slam 





In this expression rzm is the distance between two 
scattering centers, m and ; f is the structure factor for 
the particles and s=47 sin@/A where } is the wavelength 
and @ is one-half the scattering angle. The value of / 
depends on the particle shape and for a particle of 
radius R and uniform electron density is!" n@(sR), 


where 
3 
$(sR) =——— (sinsR—sR cossR), (2) 
(sR)* 


and nm is the number of electrons ‘1 the particle. The 
intensity is then 
SINST nm 


I= Nn'*¢? >> > , (3) 


n Sam 





The array of particl.s may be characterized by a radial 
distribution function »(”) such that 42r?p(r)dr gives the 
average number of purticles between 7 and r+dr from 
any ene particle. Then for a large sample of average 
uniform density po(3) may be written as 


; ” sinsr 
I=N "6 +f A4ar?(p— o»)—dr| (4) 
0 


ST 


By introducing the function si(s)=sL(J/Nn?¢?)—1], 
(4) is transformed by the Fourier integral theorem to 
give 
2r % 
Arr’ p(r) =42r? pp +— si(s) sinrsds, (5) 
T 
and ; 


Qr=2r/4 f si(s) sinrsds. 
0 


Yudowich” has pointed out the errors arising from 
collimation effects in small angle scattering. These 
errors depend upon the slit geometry and the wave- 
length. To compensate for them the scattering factor 
was averaged over the minimum and maximum scat- 
tering angles. The integral 


* (sR) 
J de 
€1 Ae 





9N. S. Gingrich, Revs. Modern Phys. 15, 90 (1943). 
 K. L. Yudowich, J. Appl. Phys. 20, 174 (1949). 
1 L. H. Lund and G. H. Vineyard, J. Appl. Phys. 20, 593 (1949). 
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Fic. 2. Intensity vs sR. The ordinates have been adjusted to make 
the three curves coincide at sR=7.0. 


was evaluated graphically from a plot of ¢?(sR) and used 
for f? in the transform expression (Eq. 5). 

The radius of the micelles as measured from the x-ray 
diffraction patterns was 22A. This value is obtained 
from the diffraction patterns of solutions at low concen- 
trations‘ where interference is small and agrees with the 
value obtained by Harkins, e/ al. and by Hartley and 
Runnicles® from diffusion measurements. It is also in 
good agreement with the value calculated from atomic 
constants. 

The diffraction curves were fitted in the usual manner 
described by Warren and Gingrich,!? by assuming inde- 
pendent scattering at s=0.309. This procedure allows 
the observed intensity and Nf? to be expressed in the 
same units. The integral of Eq. (5) was evaluated 
graphically from a plot of the product of si(s) and sinrs 
against s, for various values of r. The calculations were 
not extended below the distance of minimum approach 
of the micelles. Corrections for incoherent scattering 
were neglected because of the small values of the scat- 
tering angles. The assumption of independent scattering 
at s=0.309 appears justified, for beyond this value of s 
no interference peaks are observed. 


DISCUSSION 


The measured diffraction patterns for two concen- 
trations of sodium dodecyl sulfate are shown in Fig. 1, 
and in Fig. 2 the intensities are plotted together with the 
independent scattering function Nf?, and the ordinates 
have been adjusted to make the three curves coincide at 


R= 7.0. The curves in Fig. 1 are similar to those ob- 


*B. E. Warren and N. S. Gingrich, Phys. Rev. 46, 368 (1934). 
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served previously in this laboratory.*? The curves have 
been corrected for background as described. The higher 
concentration shows a relatively sharp maximum at 
s=0.1335. This appears to be superimposed on a broader 
band whose maximum is ill-defined. The lower concen- 
tration exhibits a maximum at s=0.166 (the M-band). 

The values of g, are shown in Fig. 3. At the higher 
concentration a sharp peak occurs at about 58A, while 
the lower concentration shows a slight shift to about 
60-61A and a decrease in area of the peak. The function 
qr gives the excess concentration of scattering matter 
over the average and the peaks give the position of 
nearest neighbors from any micelle. It is seen that there 
is a definite probable distance at which the neighboring 
micelles are to be found, and this is the only organization 
of the scattering centers necessary to give rise to the 
x-ray diffraction. The g, values calculated from the 
areas under the peaks are 2.3 and 1.9 micelles, re- 
spectively, for the two concentrations. 

The estimation of p for a micellar solution is compli- 
cated by the fact that the number of molecules which 
aggregate to form a micelle is not really known. po may 
be roughly estimated by assuming that the minimum 
observed just before the maximum of the radial distri- 
bution function corresponds to a value of zero for po. 
This minimum occurs at about 44A, a distance which is 
twice the radius of the spheres and therefore the mini- 
mum distance of approach of the scattering centers. If p 
is calculated on this assumption the curve of Fig. 4 
results, giving the values of 42r’p as a function of r. The 
number of nearest neighbors calculated on this basis is 
about 12 for the higher concentration, indicating that 
the micelles tend to assume a close-packed hexagonal 
arrangement of spheres. The fact that the shift of the 
peak in the distribution function with concentration is 
small indicates that the strong repulsion of the highly 
charged micelles acting with the cohesive forces pro- 
duces a definite potential well near each micelle, leading 
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Fic. 3. gr vs r. gr gives the excess over the average density and 
the figure shows the peaks in the two curves at 58A and 60A for 
the two concentrations. 
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to a preferred distance which does not vary greatly with 
concentration. This is substantiated by the high vis- 
cosity of the solutions, particularly at the higher concen- 
tration, 29.42 percent, which lies close to the maximum 
solubility of the detergent, and by the gel-forming 
properties of soap solutions in general. These strong 
forces impart a rather rigid organization to the solutions, 
and attempts to explain the change in the Bragg long 
spacing as a dilution effect have not been successful; 
there does not appear to be any explicit relation between 
concentration and the I-band shift. The repulsion of the 
many-charged aggregates would in fact tend to prevent 
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Fic. 4. The radial distribution 4772p as a function of r. The area 
under the peak gives the number of micelles at that distance. 
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a decrease in spacing with increased concentration. A 
decrease in concentration would lead to a relaxation of 
the repulsive forces of the micelles with a consequent 
flattening of the distribution peak and a decrease in its 
area. At lower concentrations the peak presumably 
disappears indicating random organization. The experi- 
mental error involved in measuring these low intensities 
did not make their determination worthwhile however. 

The spherical model for the micelle does not appear 
incompatible with the x-ray properties of soap solutions 
but rather eliminates many of the obvious difficulties 
inherent in the picture of an assemblage of lamellar 
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diffracting planes sufficiently organized to give rise to 
the observed intensity of the diffraction pattern. The 
radial distribution picture shows an average concen- 
tration of nearest neighbors which would give rise to 
x-ray scattering in the same manner as in any liquid. 
The assumption of a periodic structure to which Bragg 
spacings maybe applied is extreme and not at all 
necessary, and at best gives only a qualitative picture of 
the system. It may be remarked that application of the 
Debye-Ehrenfest equation, 


A=0.814r sind, 


gives a value of 57.5A for 7, in good agreement with the 
peak at 58A in the distribution function.” 

The distribution function for liquids is similar to a 
smoothed-out crystalline arrangement of scattering 
centers; particularly the right-hand side of the maxi- 
mum does not go down to the axis. From Fig. 4 it 
appears that this is so for the liquid-like system of 
micelles. The second peak at 95A may or may not have 
significance; in any case the peak is smeared out and 
indicates only that one should expect scattering matter 
in this region. Beyond this distance the distribution is 
essentially random. 

The assumption of a constant electron density in the 
micelles is of course extreme, but the actual electron 
distribution cannot be calculated because the degree of 
dissociation of the micelle is not known. Actual calcula- 
tion of the scattering factor of a sphere of an assumed 
non-uniform electron density shows that the error 
resulting from the neglect of the non-uniformity of 
electron density is not too great. In any case the 
accuracy of the data does not justify the approximations 
and lengthy calculations necessary to correct for this 
effect. 
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The application of ultrasonic radiation to the polished platinum cathode of an electrolysis cell increases 
the coefficient for the electrolytic separation of deuterium. The radiation also decreases the temperature 
dependence of the separation coefficient. This is thought to be due to the rapid removal of the discharged 
gases by the ultrasonic radiation. This prevents the surface-catalyzed exchange reaction between the 


discharged gases and the electrolyte. 





INTRODUCTION 


NE of the more interesting effects of ultrasonic 
radiation occurs in the field of electrochemistry. 
It has been shown!:? that the ultrasonic irradiation of a 
metal electrode at which gaseous products are being 
discharged results in marked lowering of the over- 
voltage characteristics of the process. In fact, one patent?® 
claims an ultrasonic process which can lower the hydro- 
gen overvoltage to such an extent that aluminum and 
magnesium can be separated from water solutions. 
However, as Bergmann‘ has pointed out, no practical 
successful demonstration of this particular effect has 
yet been made. 

Schmidt and Ehret! have suggested that the ultra- 
sonic induced reduction in overvoltage is due to cavita- 
tion at the electrode-electrolyte interface. These cavities 
in turn tend to remove the newly formed hydrogen gas 
from the electrode essentially by suction, resulting in a 
decrease of the overvoltage. One of the facts which they 
use to support this interpretation is that the cathode 
potential decrease occurs simultaneously with the start 
of the hissing noise which is characteristic of cavitation 
in ultrasonic fields. | 

It was felt that this effect might be of importance in 
the electrolytic separation of deuterium. It has been 
proposed that one of the processes which tends to 
lower the separation coefficient is the reaction between 
the discharged gases and the electrolyte according to 
the over-all reaction, 


Ho)+HDOMe@HD «y+ HOw, (1) 


since any process which tends to increase the number of 
deuterium atoms in the evolved gases will lower the 
observed separation coefficient. If this reaction were 
allowed to go to equilibrium, one would expect to 
obtain a separation coefficient equal to the equilibrium 
constant for the reaction (written in the reverse direc- 
tion). At room temperature this would have a value of 
approximately 3. 

Reaction (1) is catalyzed by the electrode surface, 





1G. Schmidt and L. Ehret, Z. Electrochem. 43, 597 (1937). 

*R. Piontelli, Atti accad. nazl. Lincei, Classe sci. fis. mat. e nat. 
27, 581 (1938). 

*E. E. Dutt, French patent No. 749007 (1938). é 
me ns Bergmann, Der Ultraschall (S. Hirzel, Zurich, 1949), fifth 

ition. 


1551 


where the newly formed gases tend to accumulate. 
Consequently, if the ultrasonic effect is to promote the 
rapid removal of the gases from the electrode, then one 
might expect to decrease the contact time between the 
gas and the electrolyte at the electrode surface and thus 
reduce the amount of exchange occurring. This in turn 
would be manifested as an increase in the separation 
coefficient. 

Experimentally, this was found to be the case. In the 
electrolysis of a normal solution ‘of NasSO, using 
polished platinum electrodes ai room temperature, the 
separation coefficient was approximately 5, whereas 
with the application of ultrasonic radiation it increased 
to a value of 6.35. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


The ultrasonic equipment used in these experiments 
consisted of an oscillator having a power output of 
approximately 200 watts. This was coupled to a quartz 
crystal transducer through a matching network in the 
regular fashion. A curved crystal was used which had a 
radius of curvature of three inches and a resonant fre- 
quency of approximately 400 kc/sec. The crystal was 
mounted in an oil bath with the focused beam pointing 
vertically upward. The oil in the bath was circulated 
through an externai cooling coil so as to prevent ex- 
cessive heating. 

The electrolysis cell was mounted above the crystal 
transducer with the cathode chamber in the focused 
beam, the plane surface of the electrode being parallel 
to the direction of propagation of the ultrasonic waves. 
Before an experiment, the distance between the crystal 
and the cell was varied until a maximum in the output 
current was obtained. This insured maximum coupling 
between the cell and the crystal. 

The acoustic power output of the crystal was about 
50 watts, but calorimetric measurements indicated that 
the power absorbed in the electrolysis cell was about 
20 watts. 

Polished platinum electrodes were used in the cell, 
since previous investigations had shown that deuterium 
separation coefficients obtained with this type of elec- 
trode are relatively insensitive to concentration and 
current density variations. 

The complete electrolysis cell is illustrated schemati- 
cally in Fig. 1. Alcohol which had been previously 
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Fic. 1. Experimental electrolytic separation cell mounted 
over the ultrasonic transducer. 


cooled by passage through a cell immersed in a dry 
ice-acetone mixture was circulated at a controlled rate 
through the cooling jacket around the cathode chamber. 
This was necessary in order to maintain constant tem- 
peratures within the cell. The cooling action was made 
more efficient by having fingers protrude into the 
electrolyte from the inner wall of the cooling jacket. 
The temperature in the cell was measured with a copper- 
constantan thermocouple junction located in a well 
close to the cathode. 

The electrolyte used in these experiments consisted of 
a normal solution of Na2SO, in water containing an 
atom ratio of deuterium/hydrogen equal to 0.09. During 
all runs the current density was held at a constant 
value of 0.0125 amp/cm?. 

Before starting an electrolysis run, the solution was 
forced into the reservoir above the cathode chamber 
and stopcock A was closed. As the cathode gas was 
formed during the electrolysis it collected in this 
reservoir, forcing the electrolyte into the reservoir above 
the anode chamber. Upon completion of the run, the 
gas sample was withdrawn from the reservoir into an 
evacuated bulb. This bulb was then immersed in liquid 
air to remove any water vapor, and the remaining gas 
sample was transferred to a second evacuated bulb for 
analysis. 

Care was taken to insure that all gas in each sample 
was collected under the same conditions. In all cases 
the apparatus was operated until the desired conditions 
of temperature, ultrasonics, and current density had 
been maintained for ten to fifteen minutes. Stopcock A 
was then opened, the electrolyte was again forced into 
the reservoir above the cathode chamber and elec- 
trolysis was resumed. 


MASON, BIDDICK, AND BOYD 


Analyses of the hydrogen-deuterium ratios in the gas 
samples were made on a mass spectrometer. This was 
standardized according to the method of Alfin-Slater, 
Rock, and Swislocki.* It may be mentioned that foreign 
gases (i.e., air, oxygen, etc.) were present in the solution 
only in extremely small amounts. This was checked by 
noting the pressure required by the mass spectrometer 
to give a hydrogen peak of eighteen (18) volts. If the 
pressure was too high the sample was discarded, but 
even in these cases the foreign gases probably were due 
to a leaky stopcock in the sample bulb and not from 
the electrolyte itself. 

Calculation of the separation coefficient, a, was made 
according to the equation, 


= (H,/D,)/(H./D.), (2) 


where H, and D, are the atomic concentrations of 
hydrogen and deuterium in the gas, and H, and D, are 
the corresponding values for the solution. Since only a 
negligible quantity of solution was electrolyzed in order 
to get a gas sample for analysis, the concentration of 
the electrolyte could be assumed to remain constant. 


TABLE [. Separation coefficient without ultrasonic irradiation. 











Electrolyte Separation 

temperature coefficient 
4.7 6.60 
10.2 5.81 
45.4 5.25 
21.2 4.95 
26.1 4.61 
30.7 4.41 
36.0 4.14 
41.2 3.95 
51.7 4.02 
Pe 3.62 








This assumption was also borne out by check determi- 
nations of the hydrogen-deuterium ratio of the elec- 
trolyte during the course of the experiments. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Experimental determination of the electrolytic sepa- 
ration coefficient was made with and without ultrasonic 
irradiation over a temperature range from 5 to 50°C. 
The data are given in Tables I and II and summarized 
in Fig. 2. It is seen that for all temperatures the separa- 
tion coefficients with ultrasonic irradiation are higher 
than the corresponding values without irradiation. It is 
also apparent that ultrasonic irradiation tends to lessen 
the temperature dependence of the separation process. 

Visual observation of the cathode chamber during the 
runs showed that a marked change in the character of 
the process occurred when the ultrasonic generator was 
turned on. When electrolysis took place without ultra- 
sonic irradiation, the gaseous products appeared in the 
form of minute bubbles completely covering the elec- 


5 Alfin-Slater, Rock, and Swislocki, Anal. Chemi. 22, 421 
(1950). 
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trode and clouding up the electrolyte in the immediate 
vicinity. However, when the ultrasonic generator was 
turned on the electrode surface was immediately 
cleaned, and the small bubbles rapidly coalesced into 
large bubbles which then rose into the sample reservoir. 

It is immediately apparent that the results obtained 
in these experiments cannot be due to secondary heating 
of the system by ultrasonic radiation. This follows from 
consideration of Fig. 2, which shows that an increase in 
temperature tends to lower the separation coefficient. 
This is the inverse of the effect observed when the ultra- 
sonic radiation is applied to the cathode of the separa- 
tion cell. 

In considering the effect of ultrasonic radiation upon 
the electrolytic separation of deuterium, several modes 
of action can be proposed as possibilities. First the 
ultrasonic radiation may increase the rate of formation 
of Hz over that of HD and of Dz, thus increasing the 
measured separation coefficient. Since the detailed 
mechanisms for these processes are not yet fully under- 
stood, it is difficult to assess the reasonableness of this 
proposal. However, if such were the case, one might 


TABLE II. Separation coefficient with ultrasonic irradiation. 











Electrolyte Separation 

temperature coefficient 
5.0 7.20 
5.0 6.96 
11.5 6.76 
18.5 6.31 
24.0 6.17 
30.0 5.97 
35.5 5.50 
40.0 5.90 
45.0 5.50 
50.0 5.42 








expect it to be due to a resonant condition wherein a 
particular type of bond would be affected for one isotope 
and not for the other. Since a bond energy of 1 cal/mole 
corresponds to a frequency of 10" sec~, it is apparent 
that any bond which would be in resonance with an 
ultrasonic frequency of the order of 10° sec~! would be 
extremely weak. There are’ other types of resonant 
phenomena occurring in ultrasonic fields which involve 
the excitation of the molecular rotations. However, it is 
not immediately apparent how these resonances could 
affect the discharge process. 

Another mode of action of ultrasonic radiation might 
be an efficient stirring of the electrolyte in the immedi- 
ate vicinity of the electrode, and a subsequent alteration 
of the electrode layers. Again, this does not lead directly 
to an explanation of the increased separation coefficient. 
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Fic. 2. Hydrogen-deuterium separation coefficient as a function 
of temperature with and without ultrasonic irradiation. 
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It seems that the most apparent interpretation of the 
observed results lies in the experimental fact that the 
discharged gases are removed from the electrode surface 
more rapidly with ultrasonic radiation than without it. 
Under these conditions the electrode-catalyzed exchange 
reaction between the discharged gas and the electrolyte 
does not have time to proceed as far as it does in the 
unirradiated electrolysis. Consequently, the experi- 
mentally observed separation coefficient more closely 
approaches the value that would be obtained if there 
were not exchange with the electrolyte. 

In this connection, it is interesting to note that 
Glasstone, Laidler, and Eyring* have suggested that 
the decrease in the separation coefficient, obtained with 
platinum electrodes as the temperature is raised, is due 
to the increase in the rate of attaining the equilibrium 
between the discharged gas and the electrolyte. If the 
contact time between the discharged gas and the elec- 
trolyte on the electrode surface is decreased with ultra- 
sonic radiation, one would expect a lower temperature 
dependence according to this interpretation. This was 
verified experimentally as shown by Fig. 2. 


SUMMARY 


It was found that ultrasonic radiation applied to the 
cathode of an electrolytic separation cell increases the 
coefficient for deuterium separation. This is interpreted 
as being due to the rapid removal of the discharged 
gases from the electrode surface, which at least par- 
tially prevents the exchange between these gases and 
the electrolyte. 

6 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 


(McGraw-Hill Book Company, Inc., New York, 1941), first 
edition. 
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Experimental intensity measurements can be combined with 
known harmonic and anharmonic potential constants of molecules 
to determine the variation of dipole moment with displacement. 
We have used a finite Taylor’s series for both potential energy 
and dipole moment. The effect on intensity of frequency variation 
over the band is included explicitly for both parallel and per- 
pendicular bands as is Fermi resonance between several bands. 
Intensities of two fundamental and four combination bands in 
carbon dioxide were measured. A complete second-order perturba- 
tion treatment of intensities was carried out for several bands, and 
the possible relation of the results to resonance structures is 


(Received August 13, 1951) 


mentioned. The relative importance of electrical and mechanical 
anharmonicity is indicated. 

Two cubic potential constants were determined for nitrous 
oxide from measured intensities, known rotational convergence, 
normal coordinates, and bond distances. Using these constants a 
first-order intensity treatment was carried out for several com- 
bination bands. The intensities of three fundamental and three 
combination bands were measured. Discrepancies in measured 
rotational convergences are mentioned, and possible lines are 
suggested for further work on nitrous oxide. 








INTRODUCTION 


REVIOUS work! relating the absolute absorption 
intensity of vibrational infrared bands to electrical 
properties of polyatomic molecules has largely been 
done on the basis of a zeroth-order treatment which 
assigns to each type of bond a dipole moment and a 
derivative of this moment with respect to bond length. 
The variation of these moments in the same molecule 
for different vibrational modes suggests that there may 
be large departures from this simple model. Mecke and 
co-workers? have done some interesting work on over- 
tone intensities of C—H and O—H bonds; however, 
this treatment is limited to vibrations which interact 
only slightly with other vibrations in the molecule. 
Work on diatomic molecules’ suggested the lines along 
which the present work was done: intensity measure- 
ments on fundamentals plus certain overtone and com- 
bination bands are made; a perturbation treatment is 
carried out relating measured intensities to harmonic 
and anharmonic potential constants and a Taylor’s 
series expansion of the dipole moment in normal coordi- 
nates; with sufficiently high symmetry, values of the 
higher order terms in the Taylor’s series for the dipole 
moment are obtained. We shall refer to the anharmonic 
potential constants and their contribution to the in- 
tensity as mechanical anharmonicity ; the higher-order 
terms in the Taylor’s series for the dipole moment and 


* This paper is based on a thesis submitted to the Graduate 
Faculty of the University of Minnesota by D. F. E. in partial 
fulfilment of the requirements for the Ph.D. degree. 

7 Present address: Department of Chemistry and Chemical 
Engineering, University of Washington, Seattle, Washington. 

1E. B. Wilson, Jr., and A. J. Wells, J. Chem. Phys. 14, 578 
(1946); Thorndike, Wells, and Wilson, J. Chem. Phys. 15, 157 
(1947); A. M. Thorndike, J. Chem. Phys. 15, 868 (1947); Bell, 
Vago, and Thompson, Proc. Roy. Soc. (London) A192, 498 
(1948); A. R. H. Cole and H. W. Thompson, Trans. Faraday 
Soc. 46, 103 (1950); E. R. Nixon and P. C. Cross, J. Chem. Phys. 
18, 1316 (1950). 

2R. Mecke, Z. physik. Chem. B33, 156 (1936); R. Mecke, 
Z. Electrochem. 54, 38 (1950). The latter contains references to 
his other intensity work. 

8B. L. Crawford, Jr., and H. L. Dinsmore, J. Chem. Phys. 18, 
983, 1682 (1950). 
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their contribution to the intensity will be denoted 
electrical anharmonicity. Two linear triatomic mole- 
cules, carbon dioxide and nitrous oxide, were investi- 
gated. 


BASIC THEORY 


We shall employ the usual Born-Oppenheimer mo- 
lecular model, with the nuclei regarded as point masses 
moving in the potential energy field produced by the 
averaged motion of the electrons. We shall also use the 
well-established relation® between the absorption coeff- 
cient, a,, and the line-strength, S4? 


ay= (8m°v42/3hc)(N a/ga)L1—exp(—hvs®/kT) |S 4? (1) 


ua® is the frequency of the line, N is the population 
of the energy-level A, gu is its statistical weight. S4? is 


defined : 
Sa?=2| Ol pla)|” (2) 


p is the dipole moment. The experimentally observed 
intensity, A, is related to a, by 


A= adv. (3) 


band 


The usual procedure in summing a, over a vibrational 
band was to replace v4” by the band-center frequency. 
Crawford and Dinsmore’ investigated the summation 
for diatomic molecules including the frequency variation 
over the band and found the sum, neglecting vibrational 
dependence of B., to be 


A,” =[82°N (v)/3hc (w+ 2B,) 
XS,"[1—exp(—hew,’’/kT)] (4) 
w,” is the band-center frequency, B, is the rotational 
constant, and the separation of rotational and vibra- 
tional problems permits expressing S4? as a product of 
rotational and vibrational line-strengths: 
S42 =S57S,"; Sy” =| (v| pl’) |?. (5) 


This sum is also independent of the presence of orbital 
electronic angular momentum about the internuclear 
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axis as long as it does not change during the transition. 
The sum for parallel bands of linear polyatomic mole- 
cules, in which there is, of course, no change in the 
vibrational angular momentum, is computed in identical 
fashion with the electronic orbital angular momentum 
replaced by the vibrational angular momentum, giving 
Eq. (4). 

We shall also need the similar sum for the per- 
pendicular bands of a linear triatomic molecule; we 
start with the line-strengths given by Rademacher and 
Reiche,* 


Sir = G—l)(j—l—1)/4j 
Sif (j-D)(G+I+-1)(2974+-/4jG+1) (6) 

Ss G4142) (F414 D/AGHD). 
Here / is the quantum number of vibrational angular 
momentum and takes on the values m2, w2—2, +++, —m2; 
m2 is the quantum number of the perpendicular vibra- 
tion. Combining these with the expression for the 
frequency of the vibration-rotation components and 
summing gives 


A,” 41=[8a°N(v)/3he] D5 (27+ 1)(wr"” + Be) 
Xexp(— E;/kT)[1—exp(— hw," /kT)\S,"/Z (7) 
Z=% i 8; exp(—E;/kT) (8) 
the sum over 7 in Eq. (7) then cancels the Z in the 
denominator to give 
A," t= [898 N (0) /3he ](w."’ + Be)3 | (v| p| 0’) |? 
<([1—exp(—hw,”/kT)]. (9) 


The transition /—-/—1 gives exactly the same expres- - 


sion. In ‘the case /~0 these two transitions will give 
rise to two different vibration-rotation bands. If /=0, 
both transitions will coincide, and we have 


Ay” 20! !=!= [82° NV (v)/3hc ](w.” + Be) | (2| blr’) | 4 
X[1—exp(—hw,”/kT)]. (10) 


We are left, then, with the purely vibrational problem 
in axes fixed in the molecule. 

We shall make use of a Taylor’s-series expansion in 
two connections: the potential energy and the dipole 
moment of the molecule will each be expressed as a 
Taylor’s series about the equilibrium position. The 
validity of this approach is amply justified in the 
mechanical problem since all the observed energy levels 
can be predicted to within a very few wave numbers in 
our two molecules. However, its applicability to the 
dipole moment has not been justified, though the 
higher order coefficients do turn out smaller than the 
zeroth-order. 

Crawford and Dinsmore’ have shown how the various 
orders in the matrix of the dipole moment in the 
perturbed problem, p, can be expressed as matrix 
products of the dipole moment matrices in the zeroth- 
order problem, po, and the unitary matrix which 


*H. Rademacher and F. Reiche, Z. Physik 41, 453 (1927). 
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diagonalizes the Hamiltonian, C. 
p’= po° 


p’ = C+’ po?+ po? C’+- po’ (11) 
p” wa CH’ p++ porC’’+ C+ Do'+ Do’ C’ 
+ C+’ pooC’+ Po” 
Po= Po + YPo +77Po +::- 
C= O04 7C'+7°C"+--- (12) 


P= P+ yp +7’p"+::: 

C+ denotes the hermitian conjugate of the matrix C, 
and C° is the unit matrix. The power of y indicates the 
order of the term in which it occurs; it is the usual 
“parameter of smallness” and is set equal to unity for 
computations. We shall find it convenient to employ 
dimensionless coordinates, u;, for the displacements; 
these are related to the normal coordinates, g;, by 

pix 2m(cw;/h)*9; (13) 
i=1, 2, and 3 for triatomic molecules, and w, is the ith 
zeroth-order normal frequency. We shall assume that 
terms of the potential energy which are quadratic in 
the uw; are zeroth order, cubic in the y; first order and 
quartic in the yw; second order. For the dipole moment 
we shall take terms linear in the dimensionless coordi- 
nates as zeroth order, quadratic as first order, and 
cubic as second order. 

The elements of C which connect Fermi-resonant 
levels are omitted from the perturbation calculation 
and Fermi resonance is introduced explicitly after the 
perturbation calculation. Let Y¢ be the (vibrational) 
wave function of the ground state and Wo and y_» the 
perturbed wave functions of the upper and lower states 
of a Fermi-resonant pair before the introduction of 
Fermi resonance; then 


Y+=sPi0— tbo 
Y= Wot spo (14) 
e+P=1 


vy, and y_ are the perturbed wave functions including 
Fermi resonance. Let Ao, Ao, Ay, and A_ be the 
band intensities of transitions from the ground state 
to the corresponding states. Then from Eqs. (4) 
and (10), 


2 
=kv+0| P+o|? 


Ayemhons f “a f Vo" Volt 


holy f bs f Vo*pbodr 
2 
As=kns| f ++ f dot pbede 


= kv, fof vete6otse— waar 


(15) 
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=kv_o| p-o|? 











A_=br| f+ f vot p(itset sp-s)de (16) 
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v;=w,’+B, for perpendicular bands and 
v;=w;'+2B, for parallel bands; w,’ is the band center. 
k=[82°N (v)/3hc ][1—exp(—hv/kT) }. 

Finally, we have 


Ay=kvs|spyo— tp-o|? 
A_=kv_| tpyot+sp_—o|?. 


Even if st, we can distinguish three cases of interest : 


1. |py0|>>| pol or |po/>| pro! 
2. py0=p-o 
3. p+0o=— po. 


Case 1 is the usual one, and we find that A,=A_. 
However, in case 2, A_>A}, and in case 3, A,>>AL_. 
Thus we see that even if the two bands are in complete 
Fermi resonance, they need not have the same in- 
tensity. The pair at 1932 and 2076 cm“ in CO, corre- 
sponds to case 3: A; is an order of magnitude larger 
than A_, even though s? and ?? are 0.60 and 0.40, re- 
spectively. 

As an aid in reducing the number of elements in 
C+’ po°+ poC’ to be computed, we note that C’ is skew 
hermitian by its definition,’ 


Cin’ = Hin’ /(G2°—G?P) (18) 


if H’, the matrix of the first-order hamiltonian, is 
hermitian. G; is the energy of the state i. H’ is her- 
mitian in N2O and CO: since it contains only coordi- 
nates (from V’). We may, then, replace Ct’ by —C’, 
and get 


(17) 


C+’ po?+ po? C’ = po C’ — C’p,”, (19) 


which is the commutator of C’ and p,°. If, then, C’ 
and po’ should commute, Eq. (19) will vanish. Now in 


TABLE I. Observed intensities. 








Intensity, cps cm at S.T.P. 





Band, cm~! This research Dispersions -> Wilson ef al.> 
A.COz 
667 48, 10° 538X 101° 560 101° 
2349 8080 7680 8600 
1932 0.01, 
2076 0.43 (P and Q) 
2076 0.157 (Q only 
3614 81.5 
3716 117.2 
BN,O 
589 62.3 10" 108 X 101° 120 10° 
1285 734 802 1150 
2224 4950 4584 5600 
1167 25.5 28 
1868 1.22 
2798 7.23 


EGGERS, JR., AND B. L. 












+See references 19 and 1. 
b See reference 1. 


5 J. H. Van Vleck, Electric and Magnetic Susceptibilities (Oxford 
University Press, New York, 1932). 
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both CO, and N:O we can express any arbitrary dis- 
placement of the molecule about its center of mass in 
terms of the four dimensionless coordinates p11, wor, bey 
and yw3. Or, we can change to the coordinates p 
and ¢ instead of wo, and po, where p?=poz"+ poy” and 
o=tan—'(12-/pu2,). We shall denote the quantum num- 
bers corresponding to the coordinates yw, p, ¢, and ys; 
by 1, 2, 1, and m3. If we have an operator which can 
be factored into four factors, one depending only on i, 
another only on p, another only on @¢, and a last only 
on ps3; 1.€., 


a= O1(u1)a2(p)ag(p)as(us), 


then the matrix of this operator can be written as the 
direct product of four ordinary, or “two-dimensional” 
matrices: 


(nyneo'ns| a| ny’ne! ng’) = (m4| | m1’) X (M2| ao | 212’) 


X (| ag|l’)X (ms| as] m3"). (20) ° 


In forming the direct product we can write the factors 
in any order we choose; i.e., the factors commute 
among themselves; therefore, in checking for commuta- 
tion between two direct products of different operators 
each of which satisfies our factoring condition, we need 
only look at the components in the direct products. 

As an example, consider the commutation of the 
matrices of uw; and u,*. By the orthogonality of the wave 
functions the uw; matrix is the direct product of unit 
matrices in m, m2, and /, and a non-unit matrix in 73. 
The u;* matrix is the direct product of a non-unit 
matrix in 2; and unit matrices in m2, 1, and n3. By re- 
calling that a unit matrix commutes with every matrix 
and applying this in turn to each of the four simple 
matrix products, we see that the yu’ and the uv; matrices 
commute. 

Experimental intensity measurements give us the 
perturbed dipole moment matrix elements, the (v| |’) 
of Eqs. (4) and (10); by writing a Taylor’s series in the 
dipole moment with undetermined coefficients and using 
the known harmonic and anharmonic potential con- 
stants, which determine C, we can relate the coefficients 
in the dipole moment series to the observed intensity 
and determine the unknown coefficients. 


EXPERIMENTAL 


The spectra were obtained with the aid of a Perkin- 
Elmer monochromator using LiF, NaCl, and KBr 
prisms. The radiation from either the Globar or Nernst 
glower was chopped at 5 cps, dispersed by the mono- 
chromator, detected by an evacuated thermocouple, 
amplified by a tuned ac amplifier, and recorded on a 
strip-chart potentiometer. The source unit was de- 
signed for greater flexibility of sample mounting and 
completely enclosed. This latter feature permitted 
flushing with dry tank nitrogen which eliminated all 
trace of atmospheric CO absorption at 2350 cm even 
with the LiF prism. 
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The stronger bands were run using a 10-cm Perkin- 
Elmer gas cell; gas pressures were measured by a 
mercury manometer and barometric readings; pressures 
were corrected to mercury at 0°C. For the lower partial 
pressures, samples were made up by successive dilution 
and expansion with dry tank nitrogen in such a way 
as to assure thorough mixing of gases at all times. 

Gases were, with the exception noted below, taken 
directly from commercial steel cylinders without further 
purification ; analysis by the mass spectrometer showed 
only insignificant amounts of impurities were present. 
The only case of interference was by CO in the 2076 
cm~! band of CQ2; the trace of CO was oxidized to CO» 
by traces of oxygen in the gas in the presence of a 
catalyst. 

A White cell was constructed for measurement of 
weak bands and used on the 1932 and 2076 cm— bands 
in COs. The mirrors were standard ones used in the 
Perkin-Elmer one-meter gas cell with the large one cut 
in half. Paths of 275 cm were used in this research, but 
paths up to six or seven meters were attainable with 
this cell. The mirrors and associated mountings were 
bolted to a half-inch steel plate eleven inches in diam- 
eter which also contained the entrance and exit windows. 
The housing was a piece of six-inch steel pipe with a 
cap welded on one end; the other end bolted on the 


.eleven-inch plate so as to enclose the mirrors. Sealing on 


the plate was effected by an asbestos gasket, and mirror 
motion was possible by a shaft sealed with an 0-ring. 
In this manner pressures up to several hundred pounds 
per square inch could be attained, though only sixty 
were used in this work. 

A point of caution in the design of a White cell with 
large aperture is that both movable mirrors must be 
pivoted about the same axis, the center of curvature of 
the fixed mirror, for minimum aberrations. 

The methods justified by Wilson and Wells! for 
experimentally obtaining the true integrated absorption 
coefficient, A in Eq. (3), were used. Briefly, one employs 
a non-absorbing gas in each sample to broaden the 
rotational fine structure of the absorbing gas, and one 
extrapolates the apparent (integrated) absorption coeffi- 
cient B, to zero partial pressure to obtain the true 
absorption coefficient A. 

All observed bands were replotted as InT vs frequency, 
where 7, the transmittance, is the ratio of transmitted 
to incident energy. The area between a band envelope 
and the T=1 line is, then, apparent absorption in 
frequency units. Reduction of this to the value it would 
have for atmospheric pressure and one centimeter 
thickness gives the apparent absorption coefficient, B. 

Finally, the apparent absorption coefficients of a band 
at a series of partial pressures were plotted as a func- 
tion of partial pressure and extrapolated to zero partial 
Pressure to give A for the band in question. This pro- 
cedure is illustrated in Figs. 2-4. 

All CO2 samples in the 10-cm cell were run at a total 
pressure of approximately two atmospheres. A check of 
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Fic. 1. Coordinates. 


the pressure effect in CO. showed that this pressure 
was adequate at the low partial pressures. The CO, 
samples run in the White cell were at a total pressure 
of five atmospheres; this broadened the rotational 
structure amply even at higher partial pressures. Earlier 
work on N;0! indicated that even one atmosphere was 
sufficient; therefore, one atmosphere of air was used 
for it. 

Our absorption coefficients for all bands measured 
are given in Table I together with values of other 
workers. We have, somewhat arbitrarily, assigned errors 
of +10 percent to our absorption coefficients because 
of better present-day instruments, except for the 1932 
and 2076 cm™ bands in COs, which were given +50 
and +20 percent respectively because of greater meas- 
uring difficulties. Replotting of the bands introduces 
considerable personal judgment, as does also extrapola- 
tion of the apparent absorption coefficient. Operation of 
the polar planimeter in measuring areas was found to 
introduce only negligible error; each area was measured 
at least four times, twice in the clockwise and twice in 
the counterclockwise sense and the average of the results 
used. A tangent at the origin of a plot: apparent ab- 
sorption vs partial pressure was also tried to determine 
the absorption coefficient, but since more personal 
judgment is involved, the method was discarded. 
Finally, the experimental value for the matrix element 
of the dipole moment is computed using our absorption 
coefficient in the square root of Eq. (4) or (10) for 
parallel or perpendicular bands with DuMond and 
Cohen’s fundamental constants.® 


CARBON DIOXIDE 


The positive senses of the dimensionless coordinates 
are indicated in Fig. 1. The hamiltonian used is that of 


6 J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 20, 
82 (1948). 











1558 


TABLE II. Dipole moment coefficients of CO in debyes. 








Upper Coeffi- 
cient 





state Band (cm~) This research Remarks 
0110 667 d2= +0.150 +0.007 
00°1 2349 d3 = +0.45 +0.02 
dis d223 
+0.122+0.003 —0.013+0.010 ++ 
10°1 } 3614-3716 +0.050+0.003 +0.044+0.017 +- 
02°1 +0.029+0.003  —0.068+0.011 —+ 
—0.039+0.003 —0.011+0.006 -— 
2076 di2 = +0.058 +0.009 +,P&0Q 
—0.034 +0.009 -,P&Q 
0310 i +0.040 +0.006 +, Q only 
1110 —0.016 +0.006 —, Q only 
1932 dy. = +0.021 +0.005 + 
+0.001 +0.005 _ 


Potential constants used: (in cm~!) 
Rin —3545 k2222 ae 


Rize +71.3+0.4 wi 1351. 
kiss +250 +7 we 672.2 
koo32 —25.7 40.6 w3 2396.4 








Dennison ;’ the vibrational part is, in ergs, 


H = (2n°c/h)[wipr?+ wo(por?+ poy?) + wsps? | 
+[1/27(1+ yini)? ]{L— (ws/w2)*payps 
+ (we/ws) wspoy P+ L— (we/ws) tuspo- 
+ (w3/we)*poxrps}?}+V (21) 


v= (2B./w)?. (22) 
p; is the momentum conjugate to pi. 


V = $heLwrmr?+ wop?+ wos? | 
+ yheLRinwn®+ Rize p?+ Rissurus® | 
+ y*heLRinipa*+ Reovep*+ Resssus' 
+ Rir2o,2p?+ Rirs3y17M3?-+ hoos3p" us |. (23) 


The first set of terms in H is the usual zeroth-order 
kinetic energy, the second set is the (second-order) 
kinetic energy of vibrational angular momentum, while 
the last term is the potential energy. The separation of V 
into zeroth-, first-, and second-order terms is indicated 
by the corresponding power of in the coefficient. 

By carrying out the perturbation treatment described 
earlier, all first- and second-order terms in the matrix p 
for the transitions (00°0) to (1110), (0310), (10°1), and 
(02°1) were computed ; (72'n3) is the usual symbol for 
the state with the indicated quantum numbers. The 





3550 3600 cu” 
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Fic. 2. 3614 cm™ band, CO2. 


7D. M. Dennison, Revs. Modern Phys. 12, 175 (1940). 
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form of the Taylor’s series assumed for the dipole 
moment was 


p= d2p+dsyst y(diemipt disuius) 
+?(deosp*ust+**)+e+*. (24) 


The results of this straightforward but rather lengthy 
calculation are the following: 


(00°0 | p’ | 1110) = — 23 Ry20d2(a+ we) / 
Lor (wit+ 2w2) |— 2- die 
(00°0 | p”” |0310) = 24dol— 3ko222/2c02— (hiz2/ 402) 
X { ae L(3Ain+ ARj20+ 3h133)/ w | 
X[1—2w2/(w1+ 2w2) J 
+ (Rist 3ki22+ 3 hiss) / (wit 2w2) } 
+ R20d12/ 2d2 (w+ 2w2) } 
(00°O| p’ | 1091) = Rissds[_we/ cw (w+ 2w2) J+ dis/2 (25) 
(00°0| p’” |02°1) = 2-4ds{[RaossL(1/w2) — 1/ (wet ws) ] 
+ (Ri22/4we) { C(3kint+ 3Ri22+ hiss) / 
(a+ 2we) |— C(kint+ 3122+ 3 kiss) /wr | 
X [1 —2we/ (w+ 2w2) J} 
+ Ry22ki33/ 4 (e+ ws) (oi+ 2we) 
+ Bw2+ w3)/ 29” 
— Ry22d)3/2d3(w1+ 2w2) ]- 2-*doo3 
(00°0 | p°|01'0) = —d2 
(000 | p°|00°1) = 2~*d; 


(00°0| p””| 1110), (00°0| p’|0310), (00°0| p’”’|10°1), and 
(00°0| p’|02°1) all vanish as do the first-order correc- 
tions to the fundamentals; we have neglected the 
second-order corrections to the fundamentals. 

Placing the observed intensities and known potential 
constants in these relations enables us to calculate the 
d’s. We also use Eq. (17) to include the effect of Fermi 
resonance. The s and / for Fermi resonance come from 
the potential constant jz. 

The square root necessary in using Eqs. (4) and (10) 
introduces an ambiguity in the signs of the d’s. Electro- 
negativities suggest that a slight excess negative charge 
resides on the oxygen atoms and an excess positive 
charge on the carbon atom; this fixes the signs of d 
and d3. The positive sense of the dipole moment is 
taken from the positive to the negative charge. 

The precision of the data on the 3614 and 3716 cm™ 
bands was thought to warrant the second-order coeffi- 
cient d23; therefore, appropriate p’s were put in Eqs. 
(17), and the two equations solved simultaneously for 
diz and dy3. All four possibilities introduced by sign 
ambiguity are given in Table II; the plus and minus 
signs under “remarks” indicate the choice for the 
square root. The precision of the data on the 1932 and 
2076 cm~! bands was not thought to warrant a second- 
order term. Table II also contains the potential con- 
stants used in the calculation and the errors assumed 
in them. Values of the potential constants are those of 
Dennison’ except for kin; the average of Dennison’s 
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value and that computed from the Lake Angelus work® 
on CO: solar is used for ky. An independent value of 
the Fermi resonance coefficients for the 3614-3716 cm-! 
pair was had from Jones and Bell;? this was useful in 
estimating errors. Measured intensity errors are those 
previously given. All independent errors were combined 
in random phase to give the probable errors in the final 
results. 

None of the four sets of possible pairs of d,3 and deo; 
values is sufficiently unreasonable to be discarded. The 
greater number of solutions seems to favor a positive 
value for di3; this would mean that stretching of both 
bonds gives rise to a greater change in dipole moment 
for the antisymmetric vibration and is just the opposite 
of the situation with the force constants, where ki33;<0. 
It might be argued that this is in agreement with the 
five principal resonance structures for CO; 


oe 


0=C=0 O=C-0 0-C=0 


O=C-O, 


— + 
0-C= 
4 


where simultaneous stretching of both bonds, one more 
than the other, would favor structures 4 and 5 and 
give rise to a positive value of d13. In any event, the 
electrical anharmonicity seems definitely the predomi- 
nant factor accounting for the observed intensity of the 
3614 and 3716 cm™ bands. 

The situation in the 1932 and 2076 cm™ bands is 
much less satisfactory ; we can only say that mechanical 
anharmonicity appears to be relatively more important 
than in the 3614 and 3716 cm™ bands. 

The envelope of the 2076 cm~! band is very odd: 
Fig. 3 shows a P branch and a Q branch but no R 
branch. This is consistent with the low dispersion traces 


ee 
isgpe Pe Mohler, McMath, and Pierce, Phys. Rev. 76, 1848 


*R. Jones and E. E. Bell, Phys. Rev. 79, 1004 (1950). 
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of Martin and Barker,” of Barker and Wu," and the 
high dispersion solar work of Shaw ef al.!* However, 
since all our traces on the 1932 cm band have only a Q 
branch, we have calculated the d’s involved with both 
total band intensity and Q branch intensity only for 
the 2076 cm™ band. 


NITROUS OXIDE 


The coordinate system used for NO and the positive 
senses for the various normal coordinates are indicated 
in Fig. 1; the numbering of the vibrations is that of 
Herzberg.'* In terms of the dimensionless coordinates 
the vibrational hamiltonian to first orders is, in cm~': 


H= (22?/h?)[ wrpr?+ wo( poz? + poy”) + was? ] 
° + 3Loimy?+ wep?+ W343” ] 
+ yin? + Riser? ust Rizo p* 
+ Rissyos?+ Roop? us+ Resaus° |. 


There are also nine second-order potential constants, 
making a total of eighteen zeroth-, first-, and second- 
order potential constants to be determined. The experi- 
mental band centers give us only ten relations among 
these constants; therefore, even with the addition of 
the three rotational convergences recently determined 
by G. and L. Herzberg," we still have insufficient data 
to determine all potential constants through second 
orders. 

However, a vibration-rotation perturbation calcula- 
tion’ shows that a; is related only to ki, and ky3, ae is 
related only to ko»; and ky, and az is related only to ki33 


(26) 











P, CM 10 





Fic. 4. Extrapolation of B, 3716 and 3614 cm™ bands, COs. 


10P, E. Martin and E. F. Barker, Phys. Rev. 41, 291 (1932). 

1 E. F. Barker and T. Y. Wu, Phys. Rev. 45, 1 (1934). 

.2 Shaw, Chapman, Howard, and Oxholm, Astrophys. J. 113, 
268 (1951). 

3G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1945). 

u = Herzberg and L. Herzberg, J. Chem. Phys. 18, 1551 
(1950). 

% A. H. Nielsen, J. Chem. Phys. 11, 160 (1943). 
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TABLE III. Dipole moment coefficients of NO in debyes. 








Upper Band Coeffi- 


Using dispersion® 
state (cm) cient dz 


This research Remarks 





10°0 1285 dy +0.185 +.0009 
0110 589 d2 +0.058 (?) +0.074 +0.004 
00°1 2224 ds +0.364+0.02 


1110 1868 diz +0.0041+0.0007 +0.0035 +0.0007 
diz +0.0084+0.0007 +0.0090+0.0007 

0110 2798 d23 +0.010 +0.002 +0.010 + a002} small 
do —0.014+0.002 —0.015 +0.002 ke2 


d23 —0.007 +0.002 —0.012 +0.002 \ large 
do —0.032 +0.002 —0.037 +0.002 ko23 


Potential constants used, in cm~!: 


Rize +31.443 wi 1288.2 
kos §=69—- 66.8 or —684443 we 588.0 
w3 2237.2 








* See reference 19. 


and kgs. Thus, if some means were available for deter- 


mining one of these first-order potential constants, 


another could be obtained from the observed rotational 
convergence. 

Fortunately, kiz2 is accessible by the Fermi resonance 
between (10°0) and (02°0). We had hoped that Plyler 
and Barker’s work!* on N2O would give this, but their 
observed convergences, +0.0017 cm for the 1285 cm™ 
band and —0.0009 cm! for the 1167 cm band give 
either no Fermi resonance or “less than none” when 
combined with Herzberg’s!* a,=+0.0017) cm™ and 
a= — 0.00022 cm—!. Perhaps those with access to grating 
instruments might examine these bands again to check 
the convergences. Instead of using rotational con- 
vergence to determine kj2. we measured the intensities 
of both bands; and assuming all the intensity of the 
1167 cm band to be due to Fermi resonance, we 
found s and ¢ by Eqs. (17). Then ki2=+31.4 cm, 
since’ ki22= Ast/2!; A is the difference, in cm, between 
the observed upper and lower states. 

Nielsen’s expressions’® for the a; were checked, and 
the only discrepancies found were that the sign of the 
term in a; involving ky; should be negative and not 
positive, and a square root was omitted in printing of 
siny; the correct relation is 


sin-y= (3)*{1-+[(hr’ — Bs’)?/(Akea!?+ (Rr — a’)?) } 4. (27) 


Professor Nielsen has confirmed these changes. The 
relation which we shall use to compute he»; is 


a2 = B,{84B,4(Eo2s1k122/w1!— Eo011k203/ ws?) 
— (B./w2)[ (3e2?+ a1”) Eo011?/ (w2”— wn?) 
+ (3e2+ ws”) E2091?/ (w2?— ws”) J} (28) 


B.=h/8nx*Ic; I is the equilibrium moment of inertia. 
Nielsen gives expressions for the £; 1; these involve the 
atomic masses, equilibrium bond distances, and the 
coefficients siny and cosy in the transformation from 
his coordinates gq,’ and q;’ to the normal coordinates q 
and q3. It should be noted in comparing this expression 
for a2 with Nielsen’s that our potential constants are 


16 E. K. Plyler and E. F. Barker, Phys. Rev. 38, 1827 (1931). 
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defined in terms of dimensionless coordinates and his 
are defined in terms of normal coordinates. 

Coles, Elyash, and Gorman” have determined the 
ground-state bond distances from microwave work; 
these were used as equilibrium distances. Richardson 
and Wilson!* have determined the zeroth-order inter- 
action constant, and the normal coordinates were com- 
puted from their work. In terms of cartesian displace- 
ments of the atoms, Az; (see Fig. 1), they are 


= —0.5939m,1Az,;—0.2300m2!Az.+0.7709m,;*Az; 


—— + 0.5736m,3Az, —0. 7930m2tAzo+ 0.2053m,;2Azs. (29) 


We have, then, 


£2011 —— 0.2269 
and 
£593) = — 0.9739. 


Herzberg’s a2= —0.0002, cm™ and ky.2=+31.4 cm! 
give ko;= — 66.8 or —684 cm™. 

The probable errors in the potential constants deter- 
mined in this way are quite large. ki2. may be in error 
by more than the precision of intensity measurements 
indicates, if the 1167 cm™ band has intensity “of its 
own” in addition to that from Fermi resonance. We 
have assigned a ten percent error to kj2:. a2: was given 
an error of +0.00005 cm™, and errors in the normal 
coordinates were computed from Richardson and Wil- 
son’s error estimates on their force constants. All inde- 
pendent errors were combined in random phase to 
give the probable error of +43 cm™! to koo3. The smaller 
value, — 66.8 cm~! for k223 seems much more reasonable; 
it arises from the positive sign on ki, and in CO, 
ki22 is positive. 

The assumed form of the Taylor’s series for the dipole 
moment is 


p= diyy+ d.p+ d3y3+ diopip+ degppgst+ pada (30) 


Application of our criterion for the vanishing of the 
commutator of p® and C’ shows that only iz. can give 
a first-order mechanical correction to the (00°0)—>(11'0) 
band intensity, and only ks can give a first-order 
mechanical correction to the (00°0)—>(01'1) band in- 
tensity. Therefore, a first-order treatment could be done 
on both of these bands. The form of the equation for 
the (00°0)—>(1110) band is identical with the corre- 
sponding equation for CO.; the equation for the other 
band, (00°0)—(0111), is of the same form except that ! 
anywhere in a subscript is replaced by 3. The signs of 
d,, dz, and d3 were determined by resonance structures 
which suggest that the central atom should be positive 
and the end atoms negative. Because of the large 
difference in the measured intensity of the 589 cm™' 
band between our work and the work of others, wé 


17 Coles, Elyash, and Gorman, Phys. Rev. 72, 973 (1947). 
18 W. S. Richardson and E. B. Wilson, Jr., J. Chem. Phys. 18, 
694 (1950). 
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have made the calculations using both our d2 and the 
dispersion value. We have also computed d23 using 
both values for 223, though the large value is probably 
not correct. The results are given in Table III; esti- 
mated errors are only those which can be computed, 
and do not include errors due to poor representation by 
a Taylor’s series, etc. 

We should like to suggest that a measurement of 
higher vibrational levels on isotopic N.O, preferably 
N,O*, should give a set of different a; from which one 
could get a rough estimate of all the cubic potential 
constants of N2O and also equilibrium bond distances. 

There is not enough certainty in the results to warrant 
detailed conclusions; however, we may note that even 
though electrical anharmonicity could account for the 


greater part of the observed intensity in most cases, 
the dj: and dz; coefficients are still quite small. This 
may indicate that bending vibrations are more nearly 
harmonic in both the electrical and the mechanical 
sense. 
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Raman displacements for the liquid, and infrared absorption wave numbers for both liquid and gas, have 
been obtained for CH3I, together with quantitative depolarization factors for the Raman lines and semi- 
quantitative relative intensities for both the Raman and infrared bands. The present and previous data were 
critically compared, and probable values of the wave numbers corresponding to the fundamental vibrational 
frequencies were determined for both liquid and gaseous states. Force constants in a modified valence force 
potential function, containing all possible quadratic interaction constants, were calculated; these then were 
used to calculate the fundamentals of CD,I. Finally, the heat content, free energy, entropy, and heat capacity 
for both CHI and CDsI were calculated for 11 temperatures from 200° to 1000°K, for the ideal gaseous state 


at 1 atmos pressure. 


AMAN displacements and visual estimates of the 
relative intensities of the Raman lines for CH3I 
have been obtained in 6 investigations,!* but depolari- 
zation factors (for some of the lines) have been reported 
only twice.” ® Infrared spectral data for the gas, in the 
region 400-4000 cm-', have been reported in 5 investiga- 


* For previous papers of this series, see J. Chem. Phys. 18, 346, 
1073, 1076, 1081 (1950) ; 19, 119, 784 (1951). 

t Presented in part at the Chicago meeting of the American 
a Society, November, 1950; abstract in Phys. Rev. 81, 301 

t Based upon investigations carried out in partial fulfillment of 
the requirements for the degree of Master of Science. 

'G. N. Ball, Z. Physik 66, 257 (1930). 

*A. Dadieu and K. W. F. Kohlrausch, Sitzber. Akad. Wiss., 
Wien, Math. naturw. Klasse IIa, 139, 717 (1930) ; Monatsh. Chem. 
57, 488 (1931). 

°C. E. Cleeton and R. T. Dufford, Phys. Rev. 37, 362 (1931). 

‘N. G. Pai, Indian J. Phys. 7, 285 (1932). 

*J. Wagner, Z. physik. Chem. B40, 36 (1938). 

*T. Doehaerd and M. de Hemptinne, Bull. acad. roy. méd. 
Belg. 30, 783 (1943). 

"J. Cabannes and A. Rousset, Ann. phys. 19, 229 (1933). 

*S. Venkateswaran, Phil. Mag. 15, 263 (1933). 


tions,*-" but no data for the liquid seem to have been 
reported. 


EXPERIMENTAL 


The sample of CH;I was obtained from the Eastman 
Kodak Company, Rochester, New York, and was 
purified by distillation at atmospheric pressure. The 
compound decomposed slowly upon exposure to the Hg 
arcs; consequently, the sample had to be renewed after 
about 20 hrs of exposure. 

The Raman spectra were ‘obtained at 30°C with 
previously described instruments and methods." East- 


°W. H. Bennett and Cc. F. Meyer, Phys. Rev. 32, 888 (1928). 
10 W. W. Sleator, Phys. Rev. 38, 147 (1931). 
ul E. F. Batker and E. K. Plyler, J. Chem. Phys. 3, 367 (1935). 
s > T. Lagemann and H. H. Nielsen, J. Chem. Phys. 10, 668 
1942). 
18 C, Courtoy, Ann. bull. soc. roy. sci. méd. nat. Bruxelles Ser. I, 


60, 122 (1946). 


' 4 F. F. Cleveland, J. Chem. Phys. 11, 1, 227 (1943); 13, 101 
1945). 
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TaBLE I. Vibrational data, calculated wave numbers, and assignments for iodomethane (methyl iodide, CH;I).* 








Theoretical 
Assignment Type 


Raman Z Infrared 
I Vg Ve 


PR PR PR N PV 


523 : 1000 ; 522 532 533 : 532 
701 Ww 718 
892 : 1 887 ] 883 882 : 882 
1028 Ww 1053 1066 
1241 } 20 1242 1250 1252 1252 
1430 : 1 1429 1441 1440 1440 
1761 ; 1 1770 1785 


2050 Ww 2092 4v3 
2137 


2134 
2461 Ww 2463 2504 2v2 
28434. 1 2851 2880 
2948 (0. 90 04 2975 2975 "1 
3048 1. 10 3061 


b 

= 
~ 
< 





RP OWUR We un Z 


2118 
2475 
2841 
2950 
3050 


2481 
2849 
2967 
3058 


2841 
2948 
3047 


0.05 0.08 
~6/7 0.86 


Uwe 


3061 V4 








« Av =Raman displacement in cm~!; J =relative intensity ; p =depolarization factor; PS =the deduced polarization state (P =polarized, D =depolarized); 
vy and vg =wave numbers in cm“ for liquid and gas, respectively, and J; and J, are the corresponding estimated intensities (s =strong, m =medium, w =weak 
v=very); PR=present results; N=number of apparently reliable, independent determinations; PV=probable value; AD =average deviation; 
V =Venkateswaran, reference 8; CR =Cabannes and Rousset, reference 7; and ve =calculated wave number in cm~!. 


man 103-J plates were used and excitation was by 
Hg 4358A. The relative intensities are only semi- 
quantitative since no correction was made for the 
variation of plate sensitivity with wavelength. The 
depolarization factors, however, are quantitative, having 
been obtained by the well-tested single-exposure 
method." Exposures up to 150 hr were required to ob- 
tain the depolarization factors of the weakest Raman 
lines, 2 of which were exceedingly weak. Use was 
made of a Leeds and Northrup microphotometer in 


determining the depolarization factors of the weak 


lines. 

The infrared absorption spectra were obtained at 
30°C, for both gas and liquid, with a Beckman IR-2 
spectrophotometer (KBr optics) and with a Perkin- 
Elmer 12-C spectrometer (NaCl optics). The liquid cell 
lengths were 0.11 mm for the Beckman records and 0.10 


and 0.025 mm for the Perkin-Elmer. The cell lengths for F 


the gas measurements were 10 cm in each case, and the 
vapor pressure in the cell was 20-cm Hg. 
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SPECTRAL DATA FOR CH;I 


The Raman spectral data for CH;I are summarized in 
Table I. The Av values of Ball! and of Cleeton and 
Dufford? were excluded, in determining the probable 
values, since their results differ from those of others by 
more than the usual experimental error. Also excluded, 
for the same reason, were the values 1416 and 2889 of 
Dadieu and Kohlrausch? and the value 1410 cm~ of 
Wagner.® No simple assignment could be found for the 
2557 line, reported only by Pai,‘ so it, too, was omitted 
from the table. 

The present depolarization factors are in excellent 
agreement with the results given by Cabannes and 
Rousset? for the 2 lines for which they give quantitative 
values. However, the results of Venkateswaran’ for 
these lines are greatly different, perhaps due to the use 
by him of a double-exposure method, with relative times 
of exposure for the vertical and horizontal components 
adjusted to compensate for the polarization produced by 
the spectrograph. Despite long exposures, it was im- 
possible to obtain polarization data for the weak 1762 
and 2841 lines, but quantitative values were obtained 
for all the fundamentals. 

The infrared spectral data also are summarized in 
Table I, and the percent transmission curves are shown 
in Fig. 1. Bands observed at 3640, 3845, 4150, 4350, and 
5350 cm for the liquid were not included in the table 
because of the low dispersion and low resolution of the 
prisms in this region. For the gas, the wave numbers 
882, 1252, 1440, 2975, and 3061 of Lagemann and 
Nielsen” were taken as the probable values, since they 
used a grating spectrograph with high resolution. For 
other bands, both infrared and Raman, the probable 
value is the mean of the N reliable determinations. No 
simple assignments could be found for the 1167, 1182, 
and 1307 bands observed by Courtoy™ alone, so they 
were omitted from the table. Also omitted are all data 
for the region beyond 3061 cm~, the position of the 
highest fundamental. 


SPECTRAL DATA FOR CD,I 


The related CD;I molecule could not be investigated 
for lack of a sample. In previous work, Raman dis- 
placements and estimated relative intensities seem to 
have been obtained for the liquid in only one investiga- 
tion,® and the infrared spectrum of the gas likewise in 
only one investigation."* The 2 sets of data are given in 
Table II. The infrared spectrum was not investigated 
below 665 cm™, so v3 has not been observed for the gas. 
It seems that the infrared bands 2092 and 2151 must 
correspond to the Raman doublets 2062, 2135 and 2176, 
2285, respectively. The failure to resolve these doublets 
in the infrared is probably due to the low dispersion of 
the NaCl prism in this region. 


ASSIGNMENTS 


For CH;I, the assignments shown at the right in 
Table I were made, taking account of the selection rules 


CH;I AND CD;I SPECTRA AND FORCE CONSTANTS 
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TABLE II. Vibrational data, calculated wave numbers, and 
assignments for iodotrideuteromethane (CD;I).* 














caman ra rare on) Theoretical 

Av Ie V9 Ie Ve Assignment Type 

493 12 483 me A, 

644 0 665s 659 % E 
~736 w ? 

7531 164 w 770 (ovt-n)—0 E 

938 8 — 5 964 went Pe 

tour Oy ton?may 986 Ai 

1046 0 1070 m _—-1046 % E 

1160 0 oH m\ 1198 white E 
rs m\ 1330 27. A:+E 
1387 w 1405 n—vs Ay 
ee | 141 rts Ai 
1527 m 1563 vets E 
3 w MS) 3 kr E 
1709 w s1735, stop = Art ActE 
18998 m 1896 20: Ai 

2062 1 2092 2s A+E 
2092 vs 

2135 8 2154 m A, 

2176 1 2183 vyetvetys ArtArtE 
2151s 

2285 3 2254 - E 
2604 w 2028 ntvs A, 
3021 w 3083 nity re 
3322 w 33955 wtrs ArtAstE 








® J, =estimated relative intensity; other symbols have the same meaning 
as in Table I. ‘ : 
b The infrared spectrum was not investigated below 665 cm™. 


(Paper I, p. 350), and of the observed depolarization 
factors and infrared band types. The assignment for the 
weak 2050 cm Raman line may be questioned, for it 
seems unlikely that 4v; would appear when 3v3 was not 
observed. However, no satisfactory ternary combination 
could be found for it. Since the line has been reported 
only once, it is possible that it does not belong in the 
CH,I spectrum. Likewise, the existence of the 701 cm= 
Raman line, reported only by Wagner, seems doubtful, 
for, if it is the difference band v.—»3, the agreement of 
the observed and calculated values should be more 
exact. 

Aside from these 2 weak bands, only binary combina- 
tions and ist overtones have been used, and the as- 
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TABLE III. Wave numbers and degeneracies for the fundamentals 
of CH;I and CD,I. 








Wave number 





Designation Degeneracy CHsl CDal 
v1 1 2975 21358 
v2 1 1252 948 
V3 1 533 4938 
V4 2 3061 22858 
V5 2 1440 1070 
v6 2 882 665 








* Liquid state. 


signment appears satisfactory. No attempt was made to 
assign the observed infrared bands beyond 3061 cm 
because of the uncertainties arising from the greater 
effects of the anharmonicity in this region. 

For CD3lI, the present assignments are given at the 
right in Table II. No assignment could be found for the 
weak band at ~736 cm~, and its existence as a part of 
the spectrum of CD;I seems questionable. All the 
assignments are binary combinations and 1st overtones, 
except for the weak 764, 1387, and 2176 bands, for which 
ternary combinations had to be used. The Raman 
doublets 2062, 2135 and 2176, 2285 presumably arise 
from Fermi resonance interaction between »; and 2y,, 
and v4 and v3+ 5+ v¢. As for CHsI, no assignments were 
attempted in the overtone and combination region 
beyond 3322 cm™, despite the fact that Courtoy™® also 
obtained bands in this region by use of a quartz prism. 

After a critical study of the present and previous 
spectral data, summarized in Tables I and II, the wave 
number values given in Table III were selected as the 
most probable ones for the fundamentals of CH;I 
and CDgI. 


FORCE CONSTANTS FOR CH;I 


As a check on the assignments, as well as to obtain 
reliable values of the force constants, a normal coordi- 
nate treatment (Wilson FG matrix method) was carried 
out, using the most general quadratic potential function 
(Paper I, p. 352). For the present work, D is the C—I 
bond distance, d is the C—H bond distance, a is the 
H—C-—H angle, and 6 is the H—C-—I angle. Tetra- 
hedral angles were assumed for the equilibrium con- 
figuration. 

In previous calculations, simplified potential functions 
were used: Wagner® used a 4-constant function with 
square terms only; Slawsky and Dennison,’ and 
Doehaerd and de Hemptinne,® used 4 diagonal terms 
plus an interaction constant corresponding to fpz; 
Linnett'® used square terms and a constant corre- 
sponding to fpa; and Crawford and Brinkley’ used 
diagonal] terms plus terms corresponding to fp, and fag. 


16 Z. I. Slawsky and D. M. Dennison, J. Chem. Phys. 7, 522 
(1939). 

16 J. W. Linnett, J. Chem. Phys. 8, 91 (1940). 

7B. L. Crawford, Jr., and S. R. Brinkley, Jr., J. Chem. Phys. 
9, 69 (1941). 





FENLON, CLEVELAND, AND MEISTER 


Of these investigations, 2 were based on liquid fre- 
quencies,5® while the other 3, as well as the present 
work, were based on gaseous frequencies.'-!7 

The present force constants are compared with those 
obtained by previous workers in Table IV. The con- 
stants are not reliable to more than 3 significant figures, 
but the ones shown were used in obtaining the calculated 
wave numbers given in Table I. Approximate values of 
the F matrix elements containing fa and faq were 
obtained by the “splitting out” technique, after which 
the diagonal elements were modified to obtain the best 
agreement with the observed wave numbers. The con- 
stants f. (slightly modified), fas, faa, and faa’ were 
transferred from H;C—CCl;,!8 since these are the ones 
determined principally by the methyl group. 

The force constants obtained for CH;I (Table IV) 
were then used to calculate the wave numbers for the 


TABLE IV. Force constants for CH;I.* 








Doehaerd, Slawsky, Crawford, 





Type Present Wagner? Hemptinne® Linnett! Dennison* Brinkley 
fo 2.2467 2.26 2.28 2.32 3.292 2.648 
ta 5.0541 4.94 4.96 5.00 4.878 4.790 
fad —0.0254 ‘ve ne apa: ee 


fad 0.063509 
faa 0.2056 
fae’ »—0.0878, 


fag 0.367 so 

Sap’ 0.167 80 eve coe ood oes ses 
Sa 50.4421, 0.233 0.429 0.432 0.443 0.46 
Sap b0.01284 ees eos ees oan 0.01 
Sap’ 0.0000 eae ba ab eee wis gee 
fg 0.4634, 0.414 0.462 0.460 0.463 0.45 
fda Cres eee eee —0.146; 


Soy ©€§—0,11040 — 0.456 








« The a * in the headings are reference numbers; D= C-I, 
d=C —H, a=H —C -H, and @=H —C —I; in fda’ and fag’, d is not one of 
the sides of « or 8 (as it is for fda and fag), “and in fas" neither side of aisa 
side of 8 (as is the case for fag). The units are md/A 

b Transferred from H3C — —CClhs, reference 18. (fa was modified slightly.) 

¢ The constants f Da and fpg could be obtained only as the combination 
fDy=(fDa—FfDB)- 

4d See reference 5. 

© See reference 6. 

f See reference 16. 

& See reference 15. 

b See reference 17. 


fundamentals of CD;I. The results, listed under v, in 
Table II, are within 2.2 percent (mean 1.3 percent) of 
the observed values. Exact agreement is not to be ex- 
pected because of the differing effects of anharmonicity 
in the 2 molecules. This may account for the fact that 
the calculated value of v3 is lower than the value ob- 
served for the liquid by 10 cm~, whereas, from the 
behavior of the other fundamentals in this region, one 
would have expected the calculated value for the 
gaseous state to be about 10 cm™ higher than - 
liquid value, at about 500 cm™ rather than 483 cm 
Unfortunately no observed value is available for settling 
this uncertainty. 


18 E]-Sabban, Meister, and Cleveland, J. Chem. Phys. 19, 855 
(1951). 
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THERMODYNAMIC PROPERTIES OF CH;I AND CD,I 


The heat content, free energy, entropy, and heat 
capacity were calculated for 11 temperatures from 200 
to 1000°K, using the wave numbers and degeneracies 
given in Table III. A rigid rotator, harmonic oscillator 
model was assumed and the values were calculated for 
the ideal gaseous state at 1 atmos pressure. The mo- 
ments of inertia used were those obtained from micro- 
wave studies by Gordy, Simmons, and Smith’ for 
CH;I and by Simmons” for CD;I; the values were, 
for CHslI, 


T,2=3.31 awu A*(5.50X 10 g cm?) 
and 


T22=Iy,=67.34 awu A*(111.8 10-*° g cm?) ; 


TABLE V. Heat content, free energy, entropy, and heat capacity of 
CHsI for the ideal gaseous state at 1 atmos pressure.* 








(H° —H0°)/T 


8.16 48.64 56.81 8.93 
8.20 49.04 57.25 9.07 
8.67 51.99 60.66 10.54 
8.68 52.04 60.72 10.57 
9.38 54.63 64.01 12.33 
10.13 56.81 66.93 13.91 
10.87 58.72 69.59 15.26 
11.59 60.45 72.03 16.43 
12.26 62.04 74.30 17.45 
12.89 63.52 76.41 18.35 
13.47 64.91 78.38 19.14 


—(F°—H)/T So Cp? 











* Here, and in Table VI, T is in °K and the other quantities are in cal 
deg! mole™!, 


and for CD3lI, 


I,.=6.62 awu A2(10.99X10-"° g cm?) 
and 


I z2=1,,y= 83.65 awu A*(138.9X 10- g cm’). 


The symmetry number is 3 for both molecules. Birge’s?! 
values of the physical constants were used throughout. 

The values obtained for CH3I and CD,I are given in 
Tables V and VI, respectively. The heat capacity of 


® Gordy, Simmons, and Smith, Phys. Rev. 74, 243 (1948). 
0 J. W. Simmons, Phys. Rev. 76, 686 (1949). 
* R. T. Birge, Revs. Modern Phys. 13, 233 (1941). 


‘ 


TABLE VI. Heat content, free energy, entropy, and heat capacity 
of CD,I for the ideal gaseous state at 1 atmos pressure. 








T (H°—H0)/T —(F°—Ho°)/T So Cp 


200 8.34 49.87 58.21 9.69 
210 8.41 50.28 58.69 9.93 
298.16 9.17 53.35 62.52 12.07 
300 9.20 53.41 62.61 12.12 
400 10.21 56.19 66.40 14.26 
500 11.19 58.57 69.76 15.99 
600 12.12 60.70 72.82 17.43 
700 12.97 62.63 75.60 18.63 
800 13.74 64.41 78.15 19.64 
900 14.44 66.07 80.51 20.49 
1000 15.08 67.63 82.71 21.19 











CH;I for several of the temperatures included here, as 
well as the entropy at 298.1°K have been calculated by 
Edgell and Glockler,” using the moments of inertia 
given by Dennison* and the fundamentals of Bennett 
and Meyer.® Agreement between their values of C, and 
those of the present work is very close. However, their 
value for the entropy at 298.1°K differs from the 
present value at 298.16°K by 0.3 percent, due to a 
difference of 13 percent in the value they used for the 
product J 221 yyl 22. 
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Ultrasonic Propagation in Binary Liquid Systems near Their Critical Solution Temperature 
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An investigation has been made on the propagation of ultrasonic waves (at 600 kc) through the critical 
solution temperature of two binary liquid systems; (1) aniline and m-hexane and (2) triethylamine and 
water. Results are given for the variation of the velocity with temperature. The behavior of the sound 
attenuation through the critical point is also shown. In both systems studied the attenuation exhibited a 
marked maximum at the critical solution temperature. A possible explanation of this effect is that the sound 
wave gives rise to configurational relaxation processes of greatly increased magnitude on account of the 
molecular clustering in the liquid system near its critical solution temperature. 





LARGE anomalous absorption of sound energy 

in the neighborhood of the liquid-vapor critical 
point of sulfur hexafluoride has been previously re- 
ported.! It was anticipated that a similar phenomenon 
might also occur near the critical solution temperature 
of binary liquid systems. This paper describes experi- 
ments that have been made to determine the behavior 
of the sound velocity and absorption near the critical 
solution temperature for two different binary liquid 
systems. The systems chosen were (1) aniline-hexane, 
which has an upper critical solution temperature, and 
(2) triethylamine-water, which has a lower critical 
solution temperature. 
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Fic. 1. Section through the double crystal interferometer. 


* National Research Laboratories Postdoctorate Fellow. 
1W. G. Schneider, Can. J. Chem. 29, 243 (1951). 


EXPERIMENTAL TECHNIQUE 


As previously, the investigations were made with a 
double crystal interferometer, somewhat similar to the 
one used in the earlier work. The lower part of the inter- 
ferometer, including the acoustic chamber, is shown in 
Fig. 1. The lower crystal G was fixed and held in a stirrup 
that was attached to the body of the interferometer. 
The upper crystal was movable, it being mounted on a 
keyed piston A which could be caused to move slowly 
up or down by a synchronous motor drive acting on an 
accurately turned metric thread. The driving signal was 
fed to the lower crystal by means of a wire passing down 
the tube B. The crystals were each clamped against 
metal retaining rings so that the faces adjacent to the 
liquid were connected directly to ground. Sufficient 
pressure to keep the crystals in position was applied to 
the inner faces of the crystals using the teflon washers D 
for electrical insulation. The signal leads made spring 
contact with the surfaces of the crystals. The acoustic 
chamber itself was formed by a glass container H sur- 
rounding the crystal assembly, thus enabling the liquid 
to be observed. It made an air-tight joint with the body 
of the interferometer by means of rubber gaskets. To 
enable thermal equilibrium to be attained quickly a 
manual stirrer F was fitted into the chamber. 

The methods of determining the values of the sound 
velocity and the absorption were exactly as described 
previously. The reaction curve obtained from the upper 
crystal was automatically traced out on an Esterline- 
Angus paper recorder. All measurements were made at a 
frequency of about 600 kc. . 

Before assembling, the various components of the 
interferometer were thoroughly cleaned, after which 
it was placed in an oil-bath thermostatically controlled 
to within +0.001°C. The interferometer was connected 
to a vacuum system, though because of the large number 
of gland nuts, joints, etc., no vacuum better than one 
mm could be obtained. However, the vacuum system 
was kept pumping for several hours in order to remove 
all traces of the volatile substances used during the 
cleaning process. In filling the interferometer the more 
dense component was first added being followed im- 
mediately by the lighter phase. The liquid system was 
then thoroughly stirred and allowed to reach thermal 
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equilibrium. Bubbles that were observed to collect on 
the under face of the upper crystal were easily removed 
by gentle manipulation of the stirrer. 

Between readings at different temperatures, a time of 
three to four hours was allowed in order that the system 
could reach thermal equilibrium. 


THE ANILINE-HEXANE SYSTEM 


The interferometer was thermostated at a tempera- 
ture several degrees below the critical mixing tempera- 
ture and was then filled in the,manner described above. 
Commercially pure aniline was further purified by 
first neutralizing it with dilute hydrochloric acid. The 
solution was steam distilled and made alkaline with 
sodium hydroxide, the aniline then being recovered by 
| steam distillation, separated, and dried over potassium 
hydroxide pellets and finally distilled in vacuum. 
Phillips Research grade n-hexane was used. The volume 
of the aniline was 52 cc and that of the hexane was 73 
cc, ie., 47.6 percent by weight of hexane. Such values 
allowed the interface between the two liquids (the line 
aa in Fig. 1) to lie about one cm above the upper face 
of the lower crystal. 

Runs were commenced with the crystals within two 
or three mm oi each other and as the upper crystal 
| moved upwards, a curve showing the resonance peaks 
peculiar to stationary waves in the. lower liquid was 
obtained. After passing through the interface, resonance 
peaks corresponding to stationary waves in the upper 
liquid were produced. In this way the sound velocity and 
absorption could be measured in both of the liquid 
phases during the one run. 

The coexistence curve for the aniline-hexane system 
has been given by Keyes and Hildebrand? and from their 
results, the above mixture is seen to give rise to ap- 
proximately the maximum critical solution temperature 
which the above authors give as 59.5°C. It will be no- 
ticed that in the work being described, the critical tem- 
perature appeared to lie around 68.3°C, even when a 
separate sample of the mixture was slowly warmed with 
constant agitation. The discrepancy in these two figures 
was most probably due to the presence of impurities. 

The results of the measurements of the velocity over 
the temperature range of 55°C to 75°C are shown in 
Fig. 2. It is seen that, as would be expected, the ve- 
locities in the two phases approach each other in value 
as the compositions of the two phases become identical. 
Thereafter, in the single phase system, there is a small 
steady increase in velocity with temperature. Experi- 
mental error does not allow of any detailed interpreta- 
tion of the behaviour of the sound velocity in the im- 
mediate vicinity of the critical temperature though the 
tentative conclusion may be made that the velocity does 
hot exhibit any anomalous behaviour. 


To determine the absorption coefficient per wave- 
eC 


tt B. Keyes and J. H. Hildebrand, J. Am. Chem. Soc. 39, 2126 
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Fic. 2. Variation of the sound velocity through the critical region 
of the aniline-hexane system. 


length Fry* has shown theoretically that the upper and 
lower envelopes bounding the trace obtained from the 
interferometer may be written as 


u=C/sinh{(uL/X)+5} (1) 


(2) 


respectively, where u, / are the amplitudes of the upper 
and lower envelopes, C is a constant, u is the coefficient 
of absorption per wavelength, L is the separation be- 
tween the crystals, \ is the wavelength of the sound 
wave, and 6 is another constant. In the experiments 
described here there was some doubt as to where the 
base line ‘occurred in the traces. Consequently, the 
following approach was made: One can easily show that 


()/ I... 


=r (Say). 


and 
l=C/cosh{ (uL/rA)+9}, 


Similarly, 


u(Lo+nn) 
N ™ ' 


Lo +n2X.= coth | 


Hence, 
(3) 


Equation (3) shows that in order to obtain y, it is 
only necessary to determine the quotients of the 
gradients of the two envelopes at two points on the 
trace. In practice, however, most of the traces showed 
a lower envelope of slope, very nearly zero throughout, 
and consequently, it was impossible to make accurate 
determinations of the absorption in this way. The ab- 
sorption was therefore measured in a somewhat arbi- 
trary manner in order to give at least a qualitative 
account of its behavior through the critical region; 
the method that was used has been described previously 
in connection with the experiments in the critical region 
of sulfur hexafluoride where it gave satisfactorily 
consistent and reproducible results. The absorption 
curve so obtained is shown in Fig. 3 and it is immedi- 


3W. J. Fry, J. Acoust. Soc. Am. 21, 17 (1949). 


u=1/n{cothWrp +nr.—cothpz}. 
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Fic. 3. Behavior of the sound attenuation for the 
aniline-hexane system. 


ately apparent that there is a large attenuation of the 
sound over a temperature range extending for a few 
degrees on either side of the critical temperature. In 
the single phase, the experimental points are seen to 
lie satisfactorily on a smooth curve, and, in fact, it was 
always found that measurements in the single phase 
gave the more reliable and reproducible results. In the 
two phase system the measurements at low absorption 
show a rather large scatter and this was no doubt because 
of the difficulties in measuring low absorption coefiicients 
from the traces produced by a double crystal inter- 
ferometer in liquids. 


TRIETHYLAMINE-WATER SYSTEM 


The system triethylamine-water has been investi- 
gated by Roberts and Mayer‘ in an attempt to find 
evidence for an anomalous first-order transition in the 
region of critical solution. They found a minimum 
critical solution temperature of a little over 18°C for a 
mixture 25 percent by weight of triethylamine. The 
mixture used in the present investigations was com- 
posed of 66 cc of amine and 59 cc of water, i.e., 44.6 
percent by weight of amine. The latter was com- 
mercially pure though it was redistilled before being 
used in the interferometer. Conductivity water was 
used as the other component. 

The results for the velocity measurements given in 
Fig. 4 show a behaviour analagous to that of the pre- 
vious system. In the single phase a smooth curve is 
obtained except for one point very near the critical 
temperature. The absence of experimental points for 


4L. D. Roberts and J. E. Mayer, J. Chem. Phys. 9, 852 (1941). 
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the lower phase immediately above the critical tem- 
perature is because of the fact that the interface (aa in 
Fig. 1) was only slightly above the upper surface of the 
lower crystal over this range. However, it may be 
reasonably assumed that the velocity will behave in a 
manner analagous to that exhibited by the aniline- 
hexane system. 

The curves showing the absorption are given in Fig. 5, 
and it is again noticeable that there is a large attenua- 
tion in the critical region. 


DISCUSSION OF RESULTS 


The most interesting fact that has resulted from 
these measurements is the large sound attenuation in 
the critical region. It is probable that the processes 
causing the large attenuation are (1) scattering of the 
sound wave and (2) configurational relaxations. 

The opalescence and light scattering near the critical 
solution temperature have been intensively studied and 
are attributed to “critical fluctuations” or cluster forma- 
tion. From such studies Krishnan® has concluded that 
the diameter of the clusters is of the order of the wave- 
length of visible light. It would seem that scattering 
centers of such small dimensions could not give rise to 
appreciable sound attenuation. Furthermore, the clus- 
ters cannot be regarded as rigid but will undoubtedly 
partake in the motion of the sound field. Hence, it is 
difficult to conceive of a scattering in the ordinary sense 

‘to any large extent. 

Assuming, in view of the foregoing paragraph, that 
scattering is not of major importance in causing the 
attenuation of the sound wave, we ascribe this attenua- 
tion mainly to configurational relaxation processes. In 
the critical region, accompanying the large degree of 
association, i.e., clustering, there is an increase in the 
free volume per molecule (as evidenced by the relatively 
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Fic. 4. Variation of the sound velocity through the critical regi® 
of the triethylamine-water system. 


’R. L. Krishnan, Proc. Indian Acad. Sci. 1A, 211, 915 (1935): 
2A, 221 (1935); 5A, 577 (1937) ; 9A, 303 (1939). 
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large expansion in the critical region). It is, therefore, 
quite conceivable that the sound wave will affect 
changes in both (1) the relative positions of the mole- 
cules in the clusters themselves, and (2) the distribution 
| of the clusters throughout the medium. To bring about 
these various changes, certain potential barriers have to 
be overcome, corresponding to which there will be 
various relaxation times. In liquids in the normal state 
it appears that the relaxation time accompanying a 
change in the molecular configuration is much smaller 
than 10-* sec.® In the critical region, however, owing to 
the clustering, the relaxation time is expected to be 
much longer, particularly for changes in the cluster 
distribution. Evidence for this effect is given by the 
fact that the shear viscosity shows a marked maximum 
in the region of the critical solution temperature.’ A 
similar increase in the volume viscosity can also be 
expected and because of the time dependence of these 
two viscosities® it is possible that the “‘mean” relaxation 
time will come much closer to the frequency at which 
the experiments were performed, i.e., 600 kc. In this 
case, the sound attenuation will be expected to show a 
maximum. 

In conclusion, it appears reasonable to ascribe most 
of the observed attenuation near the critical solution 
temperature to visco-elastic behavior accompanying the 
configurational changes caused by the sound wave. 
However, the actual mechanism on the molecular scale 
remains to be determined. Further experiments over a 
range of frequencies would, no doubt, help further the 
understanding of the problem. 





















Note added in proof: Values of the sound velocity given in the 
above communication should be divided by two and the absorp- 
tion coefficients per wavelength (as defined previously) divided by 


‘J. Frenkel [Kinetic Theory of Liquids (Oxford University 
Press, London, 1946), pp. 234-235] points out that, owing to the 
absence of a velocity dispersion for frequencies of up to 10® per 
second, the relaxation time must be shorter than 10-® sec. Also, 
L. Hall [Phys. Rev. 73, 775 (1948) ], by using a structural relaxa- 
tion model for sound absorption in water, has estimated that the 
relaxation time is of the order of 10~” sec. 
wo Ostwald, Trans. Faraday Soc. 29, 1002 (1933), and 9, 34 

‘J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, 1946). 
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two. These corrections also apply to a later paper (W. G. 
Schneider, Can. J. Chem. 29, 243 (1951)). 

The corrections are necessitated by a recent observation that 
on the recording of the resonance peaks of the double crystal 
acoustic interferometer every other peak was missing. This 
behavior can be accounted for by the presence of a superimposed 
emf having the same frequency as the resonant frequencies of the 
quartz crystals. At temperatures well below the critical tempera- 
ture, where the sound attenuation is small, all the resonance peaks 
can be recorded with but a slight alternation of amplitude. As the 
critical temperature is approached this alternation becomes very 
marked, alternate peaks appearing as small satellites. Very close 
to the critical temperature, where the sound absorption is very 
high, these “satellites” are completely obscured. This interpreta- 
tion and the correct sound velocity were verified by employing a 
pulsing technique and measuring the transit time of a sound pulse 
between the two crystals at a known distance apart. 

Iam indebted to G. J. Thiessen, E. A. Shaw, and R. R. Aggarival 
for assistance in analyzing the resonance behavior of the double 
crystal ultrasonic interferometer, a more detailed account of which 
is to be given in a forthcoming publication. 
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A simple expression for the energy of the ground state of a molecule or a crystal is derived by starting 
from a total wave function, which is a Slater determinant of molecular spin orbitals or Bloch spin orbitals, 
formed by linear combinations of atomic orbitals. By the introduction of the new idea of “combined atomic 
orbitals,” the energy is expressed only in terms of two-center integrals of atomic orbitals, but the formula 
still includes the bonding and the overlapping between neighbors of all orders, and further, all the three- 
center and four-center integrals occurring in previous formulas. A simplified expression of the cohesive 
energy is given for the case the given atomic orbitals belong to the self-consistent field with exchange of the 


free atoms. 





1. INTRODUCTION 


HE theory of molecules and the theory of crystals 
are very closely connected, since a crystal always 
can be considered as a molecule of an immense size. In 
the one-electron approximation there are two funda- 
mental methods for investigating the properties of these 
systems, namely the valence bond method developed by 
Heitler and London, Slater, Pauling, and others, and 
the molecular orbital method developed .by Lennard- 
Jones, Hund, Mulliken, and others. It is a well-known 
fact that the valence bond method including ionized 
states and the molecular orbital method including inter- 
action between configurations give identical results, but 
it is also known that in the common naive approxima- 
tions these methods often lead to different conclusions. 
In the valence bond method the starting point is the 
atomic orbitals associated with the atoms constituting 
the system under consideration. In the molecular orbital 
method, the fundamental one-electron wave functions 
are, instead, of a “molecular” type; they may be found 
by solving the Schrédinger equation of the one-electron 
system (as in the cellular method in the theory of crys- 
tals) or by linear combinations of the given atomic 
orbitals (LCAO). The MO-LCAO method has been 
extensively developed for the molecules, but, for crys- 
tals, this method has essentially been used only for 
qualitative purpose, since the quantitative agreement 
with experience until now has failed. 

The valence bond method, as well as the molecular 
orbital method, has hitherto mostly been used in its 
simplified or naive form only. These simplified forms 
give the same results for systems having completely 
filled shells, but, in all other cases, one has to choose the 
method which seems to be the best for describing the 
physical properties under discussion. For the ground 
state of a system having simple geometrical symmetry 
properties, the naive MO-method based on a wave 
function consisting of a determinant of molecular spin- 
orbitals (MSO) formed by LCAO seems to be the most 
convenient choice. However, even in this simple ap- 
proach the evaluation of the energy is associated with 
considerable mathematical difficulties, depending on the 


effect of the bonding and overlapping between atomic 
neighbors of the first, second, and higher orders and on 
the occurrence of an immense number of atomic three- 
center and four-center integrals. 

The purpose of this paper is not to introduce any new 
physical ideas but to investigate this energy expression 
more closely in order to overcome these mathematical 
difficulties. By introducing the new idea of “combined 
atomic orbitals” (CAO), we will show that, without 
neglecting the effects mentioned above, it is possible 
to express the energy only in terms of two-center inte- 
grals of atomic orbitals, which may be computed by 
numerical integration. In a second part of this paper, 


-we will numerically apply this formula to the calcula- 


tion of the cohesive energy of metallic sodium. 


2. THE TOTAL ENERGY OF THE GROUND STATE OF 
A MOLECULE OR A CRYSTAL 


Let us consider a molecule or a crystal containing V 
electrons. For the sake of simplicity we will assume that 
the atomic nuclei of the system have fixed positions, 
which means that we confine ourselves to the case of 
absolute zero of temperature and that we further neglect 
the zero-point vibrations.* Let Z, be the atomic number 
of the nucleus situated at the point g. The fundamental 
hamiltonian operator for the system has then the form, 


Hop= W+> H;+>.’ Gix.. (1) 
a ik 


Here W represents the coulomb interaction between 
the nuclei, H; is the kinetic energy of the electron i plus 
its potential energy in the field of the nuclei, and Giz is 
half the coulomb interaction between the electrons 1 
and k: 


W = (e?/2) X’ (Zoi: Zo2/row2) ; 


9192 
1 Z, 7 (2) 
H;=—p?-e > saa” Gin=—-. 
2m 9 Tig 2rix 


* Our model is therefore not directly applicable to systems, 
where the energy of the zero-point vibrations constitutes a large 
part of the total energy, e.g., solid helium. 
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COHESIVE ENERGY OF MOLECULES AND CRYSTALS 


The energy spectrum of the system is now given by the 
eigenvalues & of the Schrédinger equation, 


H.pV= 6W, (3) 
for antisymmetric eigenfunctions, 
v= W(x, Xo’, X3, oe *Xy’), 


where x,’ denotes the space and spin coordinates of the 
electron i, x;’=(x;, ¢:). In general the sign ’ on a quan- 
tity will indicate that spin is included. 

According to a well-known theorem, the energy & 
of the ground state is the lower bound of the integral 


J vtesvardar: ss ‘dry’ 


[vrvariary- -+dty’ 





for arbitrary antisymmetric wave functions ¥. We note 
that, in Eq. (4), the elements d?,’ imply also summa- 
tions over all spin variables: 


. fev-x dr;. 
$i 


The eigenfunction Y,, for any excited state &, satisfies 
the variational principle 


s5E=0 (5) 


with the supplementary condition that WV, has to 
be orthogonal against all the lower functions Wo, 
Wy, ° Wat. 

Even if in the hamiltonian (1) zero-point vibrations, 
relativistic effects, spin-spin interactions, and other 
effects are neglected, it is generally assumed that one 
would obtain a very accurate quantum chemistry of the 
system under consideration if one could solve the eigen- 
value problem (3) exactly. However, since the solution 
of the many-body problem (3) is extremely compli- 
cated, one is still far from this goal, and we have there- 
fore to be satisfied even with rather rough approxima- 
tions. The best approximate method used hitherto in 
the general theory is the one-electron approximation, 
of which we have mentioned two different types in the 
introduction. Here we will base our theory on a molecu- 
lar wave function consisting of a single Slater determi- 
nant of molecular spin orbitals, which means that we 
will neglect the “interaction between configurations.” 
The latter process, which is necessary in order to obtain 
higher accuracy for the ground state and in treating the 
excited states, can be taken into account by considering 
a linear superposition of a number of Slater determi- 
nants, each representing a “configuration” of the elec- 
trons over the available MSO, and by using the varia- 
tonal principle (5). The method outlined in this paper 
can be applied even to this more general case, but the 
tesults will be confined for later publication. 
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In treating the ground state of the system, we will 
therefore now consider the molecular wave function, 


W=1/(N!)! det{yi(x/)}, (6) 


where the one-electron wave functions y;-(x,’) are mo- 
lecular spin-orbitals (MSO) formed by LCASO. The 
quantum number /’ consists of an orbital quantum num- 
ber j and a spin quantum number s, 7’=(j, s), and each 
MSO is a product of a MO and a spin function 


a(¢;) = 
Wi"(X,’) = Vj(X;) (7) 
B(E;) 


where a and @ are the spin functions belonging to plus 
and minus spin, respectively. 

It was early pointed out by Wheland!' that the sub- 
stitution of (6) into (4) would lead to a rather difficult 
problem of computation, since the expression for £, 
in addition to a number of two-center integrals, would 
contain also a very large number of three-center and 
four-center integrals. These many-center integrals were 
at first neglected or only roughly estimated,? then 
treated by approximate formulas,’ and finally investi- 
gated by an exact method.‘ However, here we will 
entirely avoid this many-center integral problem by 
another approach. 

Since we will construct our molecular orbitals by 
LCAO, the given atomic orbitals form the essential 
basis of our theory, and we will therefore consider 
them in greater detail. Let us assume that in the 
system under discussion there are M atomic orbitals 
$, (u=1,2,---M) at our disposal and that 2M>N. 
These functions may be real or complex, and we assume 
that they are always normalized, so that {¢,*¢,dr=1, 
where dr is the volume element and the integration has 
to be carried out over the whole space. The “overlap 
integrals” are, as usual, defined by 


Syw= f tar Burs (8) 


with S,,=0. The problem of taking the overlap inte- 
grals into account have been treated by various au- 
thors,* and here we will follow the simple method previ- 
ously developed by the present author.® Let S be the 
self-adjoint matrix formed by the elements S,,. Let 
further ¢ be the row matrix formed by the elements ¢,. 


1G. H. Wheland, J. Chem. Phys. 2, 474 (1934). 

2See, for instance, M. Goeppert-Mayer and A. L. Sklar, J. 
Chem. Phys. 6, 645 (1938); A. L. Sklar and R. H. Lyddane, 
J. Chem. Phys. 7, 374 (1939). 

3 A. L. Sklar, J. Chem. Phys. 7, 984 (1939); A. London, J. Chem. 
Phys. 13, 396 (1945); R. S. Mulliken, J. chim. phys. 46, 497, 675 
(1949), and others. 

4S. O. Lundqvist and P. O. Léwdin, Arkiv Fysik 3, 147 (1951). 

Note added in proof: Another, related méthod has recently been 
developed by K. Riidenberg, J. Chem. Phys. 19, 1433 (1951). 

5 R. Landshoff, Z. Physik 102, 201 (1936); G. H. Wannier, Phys. 
Rev. 52, 191 (1937); B. H. Chirgwin and C. A. Coulson, Proc. 
Roy. Soc. (London) A201, 196 (1950). 

*P. O. Léwdin, J. Chem. Phys. 18, 365 (1950). 
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Now we will introduce another row matrix ¢ formed by 
the elements ¢, by the relation, 


g=¢(1+S), 
Pu= > a a(1+ S)- hau 


It is easily proved that the functions ¢g, are normalized 
and orthogonalized: 


fetedr= Suv. 


In the following we may consider the functions ¢, as 
the real atomic orbitals involved in the problem, since 
this assumption does not cause any additional complica- 
tions in the molecular orbital theory. In the valence 
bond theory one must be more careful about this as- 
sumption, as has recently been pointed out by Slater,’ 
since an uncritical use of the functions gy, here can lead 
to erroneous results. However, we note that it is always 
possible to use the orthonormalized functions y, even 
in the valence bond theory if one follows the simple 
scheme recommended in reference 6 and first constructs 
the ordinary valence bond wave function, expressed in 
the given AO 9¢,, and then introduces the functions ¢, 
by the substitution ¢= g(1+S)}. 

The MO y; (j=1, 2, ---M) may be formed by linear 
combinations from the given AO ¢,, but according to 
(10) they may then also be found by linear combinations 
of the orthonormalized AO ¢,: 


(9) 
(10) 


or 


(11) 


M 

Vi= Do euCy;- (12) 
p=1 

Since even the set y; (j=1, 2, ---M) has to be ortho- 

normalized, the matrix C of the coefficients C,; has to 

be unitary: 


C'c=CCt=1. (13) 


In this paper we will assume that the coefficients C,,; 
are given from the very beginning, for instance by 
group theoretical considerations of the geometrical sym- 

‘metry of the system. Even in the case of a general sys- 
tem, the coefficients C,,; can be determined by using the 
variational principle (5), but this calculation of a “self- 
consistent solution” is a rather complicated non-linear 
problem involving solving of a series of secular equa- 
tions in a process of successive approximations. This 
problem has recently been taken up to treatment by the 
Chicago group.” 

According to a well-known theorem in the one-elec- 
tron scheme, we obtain by putting (6) into (4) the 


7J. C. Slater, Phys. Rev. 81, 385 (1951). 

78 Note added in proof: C. C. J. Roothaan, Ph.D. thesis (Uni- 
versity of Chicago), 1948-49 ONR report, has now been published 
in part in Revs. Modern Phys. 23, 69 (1951). See also R. S. 
Mulliken, J. Chim. Phys. 46, 675 (1949); R. G. Parr and R. S. 
Mulliken, J. Chem. Phys. 18, 1338 (1950). 


‘Longuet-Higgins® for the case of overlap neglected 





PER-OLOV LOWDIN 





Hartree-Fock energy, 





=W+D (j'|H17} 
+z {j'k'|G| j’k’}— x (7'k'|G[k7}, (14) 


where we have used the notations, 


G'H|i}= f Us (xy) Hay (xr)dry, 


(7'#|G|I'm'} = f bi (xy Wer*(x) 
X Grob (x1!) Wm (X2")dr1'dr2’, 





and the summations are to be carried out over all 
occupied MSO. We note that the last term in (14) gives 
contributions only when the states 7’ and k’ have 
parallel spins. . 

In order to calculate the approximate value of the 
energy given by (14), we will now introduce some new 
notations. At first we will let the symbols plus and 
minus over a summation sign indicate that the summa- 
tion is to be carried out over the molecular orbitals j 
which are occupied with electrons having plus spin and 
minus spin, respectively. We will then introduce the 
bonding matrix Q, originally defined by Coulson and 















(S=0) and later generalized even to the general case:’ 












| Po y= =E CuCl 





tw =¥ CysCist ’ 
(16) 





Quv= que +e. 


Here q‘* and q@ refer to electrons with plus spin and 
minus spin, respectively, and Q is the total matrix with 
the interpretation that Q,, is the charge density at the 
atom uw and Q,, is the bond order of the atomic bond 
u—v. We note that, in case all orbitals are occupied 
by two electrons, the unitary property (13) of C gives 
Q,»=25,», which corresponds to the case of non-bonding 
between filled shells.!° Further, we will introduce a new 


matrix R: 
= (1+S)Q(1+S)-, (17) 


which we will call the bonding-overlapping matrix. With 
the notation T=(1+S)-!, we can also write the 


definition 
=(14+S), R=T!QT!. (18) 


We note that R is self-adjoint. In addition to the given 
atomic orbitals, ¢,, we will in the following also consider 

















8C. A. Coulson and H. C. Longuet-Higgins, Proc. Roy. S0: 
(London) A191, 39 (1947); compare also reference 5, Chirgwin 
and Coulson. 

9 See reference 6, p. 369. , 

10 See also C. A. Coulson and H. C. Longuet-Higgins, Phil. 
Mag. (7) 40, 1172 (1949). 





















whe 


mat 


Sum: 
and 1 
in th 













(14) 










r all 
Zives 
have 





f the 
new 
and 

nma- 

als j 

1 and 

e the 

. and 

ected 

case?’ 








(16) 






n and 
¢ with 
at the 

bond 
-upied 
gives 
mding 
a new 












(17) 


With 
e the 








(18) 


» given 
ynsider 







oy. Soe: 
‘hirgwit 







1s, Phil 








the combined atomic orbitals (CAO), $,°, defined by 


$.°=> gaRauy o.°°=> Rs" | (19) 


and characterized by a symbol with the superscript C 
(=Combined AO). They are many-orbital functions, 
and their properties will be discussed in greater detail in 
the next section. 

In treating matrix elements, we will in the following 
let brackets of different types refer to different types 
of one-electron functions: { }will refer to the MSO y;, 
{ } to the MOY, [, ] to the orthonormalized AO g,, 
and ( ) to the given AO 9¢,. Finally, elements with re- 
spect to the CAO ¢,° will be indicated by the symbol 
u°. This means, for instance, that we have 


GHEY = f ve" Hear, 
(il |)= f vst) Hava(t)drs, 
[ul H|»]= f A(t) Hie.(t)dr,, (20) 

(ulH|»)= [ 40) H6.(1)dr,, 


(u°| H|»)= f $40*(1)Hib.(1)dry, 


where 1’ indicates the variable x,’ and 1 the variable x. 


The relations (9), (12), and (19) may be written in 
matrix form 


y= ¢C, g=¢T!, ¢°=gR. (21) 
By using (21) and the bracket notations, we obtain 


WAI 7} =D Ci'Lw| A IC,;, 


(22) 
Cul A |yJ=2 T ya(o| H|B)T'py. 


Summing over all occupied MSO, eliminating the spin, 
and using ( 16) and (19), we then get for the second term 
in the expression (14): 


EM = i HLA+E ALA 
“z Que [| A | rH+d Qu n| |v] 
=E OnlulHyJ=Z E OreT yaa HBT 


=2 ( T4507 ya) (a|/6)=% Ro(a|H|B) 


<2 (6°|H|8)=2 (||). (23) 


COHESIVE ENERGY OF MOLECULES AND CRYSTALS 


1573 








For the matrix elements of G we find, by using (21), 


{gk|G| jk} = DO CyutCrvtLwv|G| wd JCiCrx. 
pwvKdy 
(24) 
Lur|G|«rA]= Do T aT * (a8 |G| y5)T hy. 4p. 


apysd 
By using (16) and (19), this gives for the third term 
in (14): 


De {7k |G| j’k’} 


j’k’ 


Il 
~. M + 


~™M 


+E L+E L)iseIG! jh 


(Gap gry P+ Gap gry + Gan Gray 


cad 
~ 


uy 
+ Geu Ogre) Ley | G| KA | 


- my QcuOroL wv |G] xr] 


wvKnr 


= y ; OeuQroT yal * (a8 | G| y5)T yx sy 


pvnr aByd 


=) (~ TQexT na) (2 T*3,Qn»T 4g) (a8 | G| 75) 


aByS xp 


= L RyaRsp(a8|G| 5) = ~ (y°6°|G| 78). 


aBys 


(25) 


Y (FH 1G|FHI=RX (ur |G|w). (26) 
7 py 

The last term in (14) is slightly more complicated, 
and, in order to treat it, we will introduce the matrices 
R+ and R-, which are connected with q+ and q~ in the 
same way as R is connected with Q, see Eq. (17). The 
corresponding CAO will be denoted by ¢,°+ and ¢,°, 
respectively, and associated matrix elements will be 
indicated by ut and po 


Rt=TigT!, R-=Tiq@T!?, R=RY+RO. 
o=ORt, 6° =9R, 9°= 9+ 9%. ” 
Using (21), we get for the matrix elements of G 
[jk|G| ej} = 2X Cin'Cer'Lur|G| dn TOC 
(28) 


Cuv|G|AK]= XO Tal p(aB|G| Fy) T 4x7 ye. 
aBpys 


Summing over all occupied MSO, noting that we get 
contributions only for parallel spins, and using (16) 
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and (27), we obtain for the last term in (14): 
x {j'h'|G| k’7’} 
7’ , 


= (© E+E Del Glas 


= a (Gea P gry P+ duu gny—) Luv | G| Ax | 


wVKX 


= DL Gea Par P+ gen Gn) Tal hyp 


aBy5 pred 
xX (aB | G| dy) T35,T 4 
= DL (RyatRspt+Rya Rig) (ae8| G| dy) 


aByé 


” X {(y°t6°*|G| by) + (y°-5" |G] by)}, (29) 


or 


> (7'#|G|¥ 3} 
ra ai 
=D {(utvet|G| vu) + (uo-v-|G| vu)}. (30) 


In the case of a general distribution of the spins we 
have to use this formula. However, in the following we 
will mainly confine ourselves to considering only singlet 
ground states, where each molecular orbital 7 is occupied 
with two electrons having opposite spins. According .to 
(16) and (27), we then have 


a=49=30, R=R=3R (31) 
which gives the simplified formula 
Y (FH IGE G=FL (uv |G] ou). (32) 


7’k’ 


For the total energy (14) of the ground state of the 
molecule or crystal under consideration, we obtain 
therefore the final expression 


E=W+D (u°|H|x) 
+¥ (ur? |G| uv) —3 D (uov"| G| vu) 


=W+E J $4°*(1)H iy (1dr 





e 
+—¥ ndrs 


bu°* (1) .°* (2) bu(1) o,(2) 
d 
ESS 


T12 


“ 


dridt». (33) 





e 
-—¥ 


puo*(1)b,°*(2)h,(1) b,(2) 
4 mu sf 


Y12 


As we will see in the next section, the CAO ¢,° have 
essentially the character of atomic orbitals, and hence 
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functions, we will now introduce a system of spherical 
‘coordinates (7, 3, g) with its origin in the nucleus g, 


- the normalized spherical harmonics 






all integrals in (33) are fwo-center integrals of atomic 
orbitals, which may be evaluated. Because of the oc- 
currence of the matrix R in the CAO, this formula con- 
tains the bonding and the overlapping between neigh- 
bors of all orders. We note that the formula has an 
asymmetric form, being expressed in ¢,° as well as in ¢,, 
A completely symmetric form can also be constructed, 
but the form (33) seems to be more suitable for the 
numerical calculations. The energy formula (14) has a 
simple physical meaning, but we will not try to give 
any interpretation of the form (33), since this expression 
has been constructed essentially to overcome the mathe- 
matical difficulties mentioned in the introduction. How- 
ever, a possible interpretation of (33) can be given in 
terms of a special density matrix, but this discussion will 
be confined for a later publication. 










3. TREATMENT OF THE COMBINED ATOMIC 
ORBITALS 





In the previous section we have shown that the whole 
problem of taking the bonding, the overlapping, and the 
many-center integrals into account can be concentrated 
in the calculation of the combined atomic orbitals 


$,.°= a bullies, 


where R is the bonding-overlapping matrix defined by 
(17). In order to investigate the properties of these 







(34) 







associated with the given AO @¢,. If Yim(#, ¢) denotes 






2/+-1 (l—m)! 
4r (l+m)! 








s 
Vin(d, o=( ) Pi™(cosd)e™?, (35) 





we can derive the expansion 





co 86+ 


o,°(r, v, 9) = » Zz Pu, im°(r) Yin(8, ¢) 


l=0 m=—1 





(36) 





with the radial coefficients 


Py, im? (1) = Dd ¢a, im(r) Rau, 





(37) 






2r T 
$a, m= f ae f baV im*(3, v) sinddd. (38) 
0 0° 





The quantities $2, im(7) can be computed according to 
methods previously developed.!! The formula (36) 
means that we have expressed the CAO ¢,° essentially 
in terms of s-, p-, d-, --- functions around the point g,. 
Hence ¢,° can be considered as a sum of ordinary atomic 
orbitals, even if the radial parts may have a somewhat 
larger extension and more nodes. 







11 See P. O. Léwdin, A Theoretical Investigation into Some Prop- 
erties of Ionic Crystals, thesis (Almquist and Wicksell, Uppsala, 
1948), pp. 18-22. See also Part II of this paper. 
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In the case of high geometrical symmetry of the sys- 
tem, the summation in (37) may sometimes render 
considerable simplifications. As an example, we will 
consider a cryscal with cubic symmetry where all given 
AO have s-character. According to Bethe,’ the first 
spherical harmonics which are consistent with the cubic 
symmetry are /=Oand /=4, - --,i.e., s- and g-functions. 
This means that, in the summation (37), the contribu- 
tions from /=1, 2, and 3 vanish identically, and that 
¢,° is essentially an s-function with a small contribution 
of g-type, etc. A similar idea of summing the contribu- 
tions from the whole crystal in order to utilize the sym- 
metry has previously been used in the “cellular method”’ 
due to Wigner and Seitz for other purposes. Later we 
will use this simplification in the application to metallic 
sodium (Part IT). 

In (36) we have developed the CAO ¢,° in spherical 
harmonics, but we note that we may develop ¢,° also 
in other complete systems if this seems to be more con- 
venient with respect to the geometrical symmetry. 

Finally, we will investigate the overlap integral be- 
tween a CAO and an ordinary AO. By using matrix 
multiplication and (19), (8), and (18), we obtain 


f 640% dr = (THOT) yy. (39) 


The matrix 7*Q7~? is non-hermitean and has therefore 
no direct physical interpretation. In connection with 
(16) we remarked that Q,, is interpreted as the charge 
density in the atomic orbital ¢,. However, for the nu- 
merical work it is convenient to use also the ‘‘asym- 
metric” charge n,°, defined by 


n,°=(T?QT-}),, (40) 
which satisfies the relation 


L n,o = pW Onp- (41) 


Bu 


We note that the asymmetry is again caused by the 
simultaneous use of the CAO ¢,° and the ordinary 
AO ¢,. 


4. THE COHESIVE ENERGY OF A MOLECULE 
OR A CRYSTAL 


The cohesive energy of a system is defined as the 
difference between its total energy and the energy of its 
natural dissociation products. Here we will derive an 
expression for the cohesive energy in the case the given 
AO ¢, are represented by the self-consistent fields with 
exchange for the free atoms. 

In the following we will use a notation which seems 
to have been introduced by Landshoff.® For a certain 
index w, it may sometimes be convenient to divide the 
summation >°, from 1 to M into two parts: a summation 
over all indices (u) associated with the same atom or 


 H. Bethe, Ann. Physik (5) 3, 133 (1929). 


ion as yw, and a summation over all other indices()), i.e., 


M 
Y= LO+ YC, (42) 
v=1 v v 


We will also use the symbols 
H;=H@+H™, 


1 Z Z 
Biiu—pi-p—, AM= —¢ CD cin (43) 
2m Vigy —* 


If yw’ and v’ are atomic spin-orbitals (ASO) with 
u’=(y, S) etc., and we assume that the basic wave func- 
tions can again be approximated by single Slater deter- 
minants, we have for the energy of the free con- 
stituents of the dissociation products 


Etree= Dow’ (u’| H | u’) 

+L Le {(u'r'|G| u’v’)—(u'v’|G|v’u’)}, (44) 
where the summations have to be carried out over all 
occupied ASO. We will now divide the AO of the free 
constituents into two classes, I and II: such as are 
occupied by a single electron (I), and such as are occu- 


pied by two electrons with opposite spin (II). Further, 
we will introduce a quantity x,, having the properties 


1, if uw and v both belong to /, 
3, if at least one of u and » belongs to //, 


Kuv= (45) 
and satisfying the symmetry relation x,,=k,,. If n, de- 
notes the number of electrons in ¢, in the free constituent, 
we can then eliminate the spin in (44) and obtain 


Etreo= Do» ny( | HW | bh) 
+L. D> nyn,{(ur|G| uv) — Ky»(ur|G| vu)}. (46) 


The cohesive energy of the system can now simply be 
obtained by subtracting the expression (46) from the 
expression (33). Up till this point the AO have been 
considered as being of a quite arbitrary type: hydrogen 
like wave functions, Slater orbitals, etc. 

The rest of this section we will devote to a discussion 
of the cohesive energy in case the given AO are Hartree- 
Fock functions associated with the self-consistent field 
with exchange of the free constituents. These functions 
are certainly not the best AO, which can be used in 
investigating the molecule or crystal under discussion, 
for better AO can always be found by applying the 
variational principle (5) to the expression (33) for the 
total energy. However, we note that the cohesive energy 
is always a relatively small quantity, being the differ- 
ence between two /arge quantities, namely the total 
energy of the composed system and the total energy of 
the free constituents. This means that, if we are mainly 
interested in the cohesive energy, it is very convenient 
to use the same AO in treating the composed system and 
the free constituents, for, in forming the difference 
between (33) and (46), all the really large terms will 
then cancel, as we will show here. 











We note that our basic functions ¢, satisfy the differ- 
ential equations, 


| $s*(2)¢,(2) 
Hy ¢,(I)+e? mf ————d 12: $, (1) 
‘ ri2 


»*(2)byu(2) 
= cw f —————d12: $,(1) = éuh, (1), (47) 


"12 


which easily may be derived from (46) by using the 
variational principle (5). Here the eigenvalues e, are the 
orbital energies (one-electron energies) associated with 
the free constituents. By multiplying (47) with ¢,*(1) 
and ¢,°*(1), respectively, and by integrating over the 
variable x;, we get the two relations, 


(u| H|w)+2>, n, 
X {(u»|G| ur) —Ku(u|Glvu)}=en, (48) 
(uo|H™ | w)+2 2 n, 

X {(uSv|G| wv) — kyr(uov|G| vu)} = ny", 
where 7,° is given by (40), and, by combination of them, 
Du (4° | A | w)—-Xy my (u| A | w) = Dy €u(meo—n,) 

—2 2. Lo m,{(uor|G| uv)—n,(ur|G| ur)} 
+2 Du Do Mokyr{ (uor|G| vyu)—n,(uv|G| vu)}. (49) 


Forming the difference between the expressions (33) 
and (46), and using the identity (49), we now obtain for 
the cohesive energy of the molecule or crystal under 
consideration 


Econ = Evot— Etree 
=W+D, (4°| 2 | w)+D0, 0% (uov|G| wr) 
~F Xp Lowe" |G| yw) + Dip elrs’—M,) 
+X De { (uv? |G| wv) — 2n,(u°r| G| wr) 
+n,n,(ur|G| uv)}—2 De D™ {(u°v|G] vu) 
—4nykys(uov|G| vu)+2nynky(uv|G|vu)}. (50) 
We will finally put this result in the form, 
f Econ = Eeistat + Eexch+ Erearrs 
Eeistat=W+ Diy (uo | A? |») 
+n Dv? (uov"|G| uv), 
Eexeh= —3 Lew Liv? (ur"|G| vy), (51) 
Erearr= Qiu €u(My°— My) 
+L L™ {(uo— np, v°—n,v|G| wr) 
—Kyr(uo—n,p, v°—n,v|G| vp)} 


+2 » (Ky»— 3) (uv | G| vy), 
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where, in the last energy term, the indices u“—n,u and 
v°—n,v refer to the atomic orbitals $,°—n,¢, and 
o,°—n,¢,, respectively. The value of x,, is given 
by (45). 

The three terms in (51) have here been called the 
electrostatic (elstat) energy, the exchange (exch) energy, 
and the rearrangement (rearr) energy of the system 
under consideration, but we note that these notations 
refer more to the mathematical form of the different 
terms than to real physical interpretations. The terms 
in the energy expression (14) have, at least conven- 
tionally, a simple physical meaning which is also pre- 
served by the terms in (33), but this meaning is partly 
lost in carrying out the subtraction process (50) due to 
the use of the identity (49). However, it has been re- 
marked by several authors that the so-called exchange 
energy in (14) is nothing but an ordinary electrostatic 
energy for a particular charge distribution. In fact, the 
fundamental hamiltonian (1) contains only two kinds 
of energy, kinetic energy and coulomb interaction 
energy, and every physical interpretation going beyond 
these two concepts must therefore be without real sig- 
nificance. If we remember this limitation, the names 
introduced in (51) may still be convenient and useful. 

We note that, im (51), the electrostatic energy and the 
exchange energy have really cohesive properties, i.e., 
that they correspond to interactions between differenti 
atoms (or ions) in the composed system. The last term 
in (51), the rearrangement energy, is of a new type, and 
it depends on interactions within the same atom. Its 
name is derived from the fact that it counts for the 
energy change due to the rearrangement of the elec- 
tronic distribution over the atomic orbitals when the 
system goes over from the free constituents to the com- 
posed form, i.e., due to the change in charge number 
from n, to n,° and associated bonding, overlapping, and 
repulsion effects. The first term in Eyearr is simply the 
change in orbiial energy due to the formation of a com- 
posed system. 

The author" has previously given an energy formula 
for the ground state of a system having completely filled 
shells with particular reference to ionic crystals, but we 
note that the new formula (51) has a much more con- 
densed form, taking account of the overlapping between 
neighbors of all orders in a simple way. Formula (51) has 
also a much more general applicability, since we have 
removed the previous limitation as to completely filled 
shells, and it may therefore be applied to all molecules 
and crystals (metals, ionic crystals, solid states of the 
rare gases, etc.) which satisfy our basic assumption 
(compare first footnote). 


5. CALCULATION OF THE DIFFERENT ENERGY TERMS 


Let us now investigate the various energy terms in 
(51) in greater detail. In fact, except for the first term 
in the rearrangement energy, they are all electrostatic 


13 P, O. Léwdin, Arkiv Mat., Astron. Fysik 35A, No. 9 (1947); 
see also reference 11, p. 15. 
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potentials associated with different quantum mechanical 
charge distributions, and they are therefore all of 


the type 
ef f Or(x1)M11(xs) | ‘ 
1192 





(52) 


T1072, 


where each of the densities 2; and Qr7 is a product of 
two atomic orbitals. In order to evaluate" the integral 
(52), we will introduce a system of polar coordinates 
(r, 3, g) having a fixed origin. By developing 1/ri2 in 
Legendre polynomials and using the addition theorem 
for the spherical harmonics (35), we obtain 


1 +t 4rr;! 


i » i —_— mgd im(1, gi) VY im* (#2, $2); 


(53) 
rip 10 m—1 2141 7,!+ 


where r; and 7; denote the smallest and the largest of the 
quantities 7;= |x,| and r2=|x2|, respectively. Putting 
the expansion (53) into (52) and using the notation, 


On, ™(r) = f he f On(r, 8, 9) 
0 0 


XVim(d, ¢) sind-dd, N=TI, II, 


we obtain the general potential formula, 


ff em aan 


o +l 4 was 
=> 2: {f Q7,1"(ni)ri- dry 
l=0 m=—1 2/+-1( 5 


rl ™ 
“ J O11, (12) ra! drat f Q7,1™(ri)ri'**dry 
. 0 


xf 277, rm(nire dr} 


rl 


a) 


+l 4g 
= } iS Q71"(ri)rr dry 
=0 m=—1 2]+-1 


Tr) ‘“ 
xf O11, H(r2)r2 dre p f Qn, (nr dry 
, 0 


Tl 
x f Or m(rdrdn|, (55) 
0 


where the last term in the second expression has been 
transformed by using Dirichlet’s formula for double 
integrals. Formula (55) may be used for evaluating 
atomic integrals of two-center, three-center, and four- 
center type.!* However, since it will here be applied only 


14 See reference 4. 
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for the two-center case, the calculations will be essen- 
tially simplified. 

In treating the term Zeistat in (51), some caution is 
necessary in the crystal theory, since the different terms 
are in reality divergent for a crystal, whose volume tends 
to infinity. However, since the crystal energy per unit 
volume is a finite quantity, this divergency is only of a 
formal character and can be removed by a special trans- 
formation of the terms, which we now will carry out. 

Let us introduce the notations, 


04(X) = Dou? byu°*(x) (x), (S6) 


Z,°= [ 2,(x)dr=Ey" Ny” =Z_—&,, (S7) 


where 2,(x), Z,°, and & may be interpreted as the 
asymmetric quantities corresponding to the total charge 
density, the total charge number (in units of e), and the 
actual valency (including sign) of the atom or ion g in 
the composed system. The word “asymmetric” refers 
here to the simultaneous use of the CAO ¢,° and the 
ordinary AO ¢,; see Eqs. (39) and (40). In addition we 
will also use the “radial” charge density U, defined by 


U(x) =4ar°Q,(x), (58) 


and we note that, in general, this quantity is not neces- 
sarily spherically symmetrical around the point g. Using 
the expansion (53), putting the origin of the spherical 
coordinate system in the point g, introducing the expan- 
sion coefficient 


Ui ll f de f U,(r, 8, ¢) 
0 0 


XVim(d, ¢) sinddd, (59) 


and treating the term for =0 separately according to 
(57), we obtain for the potential associated with the 
charge distribution Q,: 


2,(2) Z,° 
f dt2=——w,(1). 
"12 "lg 
—(— & U,, o0(72)dre 
(42)! Tig 


* Ug, o0(r2) 2 +1 1 
-f rin) -E y 
Tig io) l=1 m=—1 2]/4+-1 


a 
f Vo im(12)re'dre 
0 
® Us, im(12) 


(60) 
w=" 


Vim*(1) 


rig'} 


+r1,! in|, (61) 


rig re 


Here the function w,(1) is a deformation potential, giving 
the difference between the potential from a point charge 
of the strength Z,° in the point g and the actual poten- 
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tial. We note that this function tends to zero much more 
rapidly than 1/r1, for 71,—>. In the special case when 
the density U, is spherically symmetrical around the 
nucleus g, the double sum in the expression for w,(1) will 
vanish identically. 

Using (51), (56), (57), and (60), and denoting the 
positions of the nuclei by g and /, we now obtain the 
following transformation of the expression for the 
electrostatic energy: 


Eeistat = W+d. (u°| HH | hs) 
) e” Beka 
$n De? (ulv?|G| wv) =— Do’ 
2 oh 1 gh 
bu@* (1) py(1) 
—> > z.f ————_——d7 


uw og "1g 


"a byuo*(1)b,°*(2)pu(1)$,(2) 
anal > By) dr,dT2 
rr ff 


"12 


e? Zz 0;(1) 
-—5'| ~ 224 f : dt 


2 oh 1 gh "1g 


fer aw) 


6,6, e 
‘7 + Sg | (Zo+ &5)wa(g) 
gh 





e 
=—)’ 
2 oh 


- f 2,(Q)ex(1)dr}, (62) 


This is the desired convergent expression for the electro- 
static energy, and we note that it is very convenient for 
numerical evaluation in crystals as well as in molecules, 
since all really large terms have been eliminated. The 
first term is the coulomb interaction between the atoms 
or ions of the system, being considered as point charges 
situated at their respective nuclei, and the second term 
gives the correction depending on the actual extension 
of these constituents. For a crystal with 6,+0, the first 
sum is nothing but ‘the well-known Madelung energy, 
which may be computed by means of the special 
methods developed in the theory of ionic crystals by 
Madelung, Ewald, and others. The second sum may be 
evaluated by using numerical integration according to 
the methods described, for instance, in reference 11, 

In case of high symmetry, it may sometimes be suit- 
able to introduce the function, 


T',(x)= Davo wn(X), (63) 
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i.e., the sum of all deformation potentials of the system 
except the term associated with the nucleus g, and (62) 
takes then the form, 


e? EEn 
Eetstat canes yy 
2 gh 


+52 {Zt 8 ree) facreaen}. (4 


If we introduce the expansion of I, in spherical har- 
monics with the coefficients 


2x ca 
Pam@)=f def Tal, ¢)¥im(9, ¢)sindd9, (65) 
0 0 


the last term in (64) can be computed from the relation, 


f 0,(1)P, (1dr 


1 w +l ” 


> 


Ug, im(11) Vg, m*(71)dri. (66) 
Ar I=0 m= Jy 
In case U, has spherical symmetry, all these calcula- 
tions will be essentially simplified, and (66) reduces to 
the first term. 

“ The remaining terms in (51), the exchange energy and 
the rearrangement energy, do not show any such com- 
plications as were involved in the electrostatic energy, 
and they may therefore be evaluated in a straightfor- 
ward way by using the general formula (55). Since here 
our basic AO are chosen to be Hartree-Fock functions 
belonging to the self-consistent fields with exchange for 
the free constituents, they are originally given only in 
numerical form, and numerical methods will therefore 
be of special importance. A detailed description of the 
methods of computing coefficients in expansions in 
spherical harmonics and of carrying out numerical 
integrations may be found in reference 11, and particu- 
larly method J described there will be recommended for 
the general case. Numerical methods of this type may be 
considered somewhat tedious and laborious, but we note 
that, in all events, it is possible to evaluate all the terms 
in (51) for a molecule or a crystal by the aid of only 
ordinary desk machines. 

The general theory developed here has been applied 
to the calculation of the cohesive energy and the lattice 
parameter of metallic sodium, and the results will be 
published in Part II of this series of papers. 
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In Part I, an expression for the cohesive energy of a crystal was derived in the case the wave function for 
the ground state is approximated by a single Slater determinant of Bloch spin orbitals, formed by linear 
combination of the atomic spin orbital associated with the self-consistent fields with exchange for the free 
constitutents. By using the new idea of “combined atomic orbitals,” all energy terms were reduced to only 
atomic two-center integrals, which could be evaluated by numerical integration. This method is here applied 
to the calculation of the cohesive energy of the alkali metals, where, due to the crystal symmetry, the com- 
bined atomic orbitals for the valence electrons are almost pure s-functions. It is shown that the conventional 
method, taking only the interaction between nearest neighbors into account, is entirely insufficient and that 
it is necessary to consider even bonding, overlapping, and electronic repulsion effects between neighbors of 
a rather high order. 

Numerical applications, including interactions between neighbors up to the order nine, are carried out for 
metallic sodium, giving the cohesive energy 24.7 kcal/mol and the interatomic distance 3.69A, in good agree- 
ment with the experimental values 26 kcal/mol and 3.67A, respectively. Except for the values of the funda- 
mental constants e, m, h, ---, no empirical data are used. 





1. INTRODUCTION 


N the one-electron approximation of quantum me- 


chanics, there are two fundamental methods for 


and later even the inclusion of ionized states has been 
discussed.* In another resonance treatment, Pauling,’ 
using highly hybridized AO, has investigated the transi- 


66) investigating the properties of crystals, namely the tion metals and related intermetallic compounds. Most 
valence bond method and the crystal orbital method, which the results obtained by using the valence bond 
ula- are closely associated with the corresponding methods in ™ethod have mainly been of a qualitative character, 
s to the theory of molecules.! Here we will give a short sur- and only a few quantitative results have been presented. 
vey of how these two methods have been used in in- A very successful attempt of treating the eoneene 
_ vestigating the cohesive properties of metals. properties of metals was made by Wigner and Seitz. 
am The electron theory of metals, developed by Sommer- They used the crystal orbital method, but, instead of 
rey, feld,? was essentially based on the idea of free electrons USing LCAO, they computed more accurate wave func- 
for- in a box, and it may therefore be classified as a crystal tions by solving the Hartree-Fock equation for ‘gs S- 
here orbital (CO) treatment. The first attempt to find better tem, utilizing the high symmetry of the crystal. Even 
ions one-electron wave functions was made by Bloch,’ who the error in the one-electron approximation, the one 
> for constructed real crystal orbitals by linear combination lation energy, has been investigated by Wigner.’ This 
y in of the atomic orbitals associated with the constituents, | °¢llular method” has often given an excellent agree- 
fore a process which will here be denoted by CO-LCAO, Ment with experimental experience, but a test, given 
the Numerical applications‘ of Bloch’s theory to the calcu- by Shockley,’ shows also that it fails in describing the 
te lation of energy bands gave, however, rather bad quan- one-electron wave functions having higher orbital 
rical tative agreement with experience, and from this fact ©METSIES. — 
ticu- one has usually drawn the conclusion that the whole After this survey , let us now return e the CO-LCAO- 
1 for LCAO-approach is too rough an approximation for method originally introduced by Bloch. It seems rather 
y be metals. surprising that the LCAO-approach can give such good 
note Using the naive valence bond method, Slater has results for molecules, where the atoms are often bound 
erms investigated the cohesive forces in monovalent metals, still more tightly together, and fails so entirely in 
only * Part I appears on p. 1570 of this issue and will in the following 7L. Pauling, Phys. Rev. 54, 899 (1938), Nature 161, 1019 
be referred to as I. (1948), Proc. Roy. Soc. (London) 196, 343 (1949). L. Pauling 
lied ‘See also the introduction to Part I. and F. J. Ewing, Revs. Modern Phys. 20, 112 (1948). 
” *A. Sommerfeld, Z. Physik 47, 1 (1928); A. Sommerfeld and 8 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 
ittice N. H. Frank, Revs. Modern Phys. 3, 1 (1931). (1934). J. C. Slater, Revs. Modern Phys. 6, 209 (1934); F. Seitz, 
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*F. Bloch, Z. Physik 52, 555 (1929). 

‘See, for instance, A. Sommerfeld and H. Bethe, Handbuch der 
Physik (Julius Springer, Berlin, 1933), XXIV: 2, p. 405. N. F. 
Mott and H. Jones, The Theory of Properties of Metals and Alloys 
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*S. Schubin and S. Wonsowsky, Proc. Roy. Soc. (London) 
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10 W. Shockley, Phys. Rev. 51, 129 (1937). 
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metals.‘ A closer investigation of Bloch’s assumptions 
shows now that he considered only interaction between 
nearest atomic neighbors and that he completely 
neglected all overlap effects. On this point we wish to 
make a remark. 

In investigating the ionic crystals, the present au- 
thor!! found that the overlap integrals were very small 
(S~0.04) but that they were nevertheless theoretically 
responsible for all the repulsive forces giving the equi- 
librium state of the crystal. In a metal like sodium, the 
overlap integrals are not small at all (S~0.5), and they 
must therefore certainly be of importance in any theory 
of metals. In addition, due to this very large over- 
lapping, it is no longer justified to neglect the electronic 
interaction between atomic neighbors of the second, 
third, and higher orders. Consequently, there are good 
reasons for the quantitative breakdown of the earlier 
applications‘ of Bloch’s theory, and it would therefore 
be of some interest to reexamine the whole CO-LCAO- 
method for metals, taking the overlap effects into full 
account and considering even interactions between 
atomic neighbors of a rather high order. 

In Part I we derived an expression for the cohesive 
energy of a molecule or a crystal in case the wave func- 
tion for the ground state was approximated by a single 
Slater determinant of molecular or crystal spin orbitals, 
formed by LCAO from the Hartree-Fock functions 
associated with the self-consistent fields with exchange 
for the free constituents. By using the new idea of 
“combined atomic orbitals,” all energy terms were re- 
duced to atomic two-center integrals which could be 
evaluated by numerical integration. We will now apply 
formula (I, 51) to the calculation of the cohesive energy 
and the lattice parameter of an alkali metal, with 
numerical applications, including interactions between 
_ neighbors up to the ninth order, to sodium. The purpose 

of the paper is not to introduce any new physical ideas 
but to show that it is possible to overcome the mathe- 
matical difficulties involved in such a problem. The 
good agreement between the results and experimental 
experience indicates that the simple Bloch orbitals may 
be more useful in the theory of metals than it has earlier 
been supposed. 


2. THE ALKALI METAL CRYSTAL. THE 
BODY-CENTERED STRUCTURE 


Let us consider a metal crystal, where the atomic 
nuclei have fixed positions!? forming a perfect and in- 
finite lattice. This means that, if the basic vectors in 
the space lattice are a1, a2, a3, the nuclei are situated in 
the points $= g1ai+-g2a2+-gsas, where gi, go, gs are all 
integers between — © and +. When treating such a 
crystal, we will consider a cyclic domain, the micro- 
crystal, denoted by (G), defined by a Born-von Kaérman 
boundary condition. Every crystal orbital ¥(x) must 

1 P, O. Léwdin, A Theoretical Investigation into Some Properties 
of Ionic Crystals, thesis (Almquist and Wicksell, Uppsala, 1948); 


see also J. Chem. Phys. 18, 365 (1950). 
12 Compare Part I, first footnote. 
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therefore satisfy a periodicity condition of the form, 
¥(x+Ga,)=Y(x), «=1, 2, 3, (1) 


where G is a very large integer. At the same time we will 
also introduce the ordinary k-vectors, 


k= (kib1+ k2b2+ ksb;)/G, (2) 


where b,, be, bs are the basic vectors of the reciprocal 
lattice (ax-b:= 6,1), and ky, ke, ks are integers. In sum- 
mations over the lattice points g and k in the ordinary 
space and the k-space, respectively, we let an index («) 
denote a summation over all lattice points and an index 
(G) a summation only over the ground points, i.e., the 
G? lattice points of each type, satisfying the condition, 


—G/2<g.<+G/2, —G/2<kk<+G/2. (3) 


The crystal orbitals y;,(x) must always be constructed 
so that they will be orthonormalized with respect to the 
ground domain: 


Wi(x)Pi(x)dr= xr. (4) 


(@) 


Each lattice point g in the ordinary space is associ- 
ated with the elementary volume V,= a: (a2Xasz), and 
each lattice point k in the k-space with the volume, 


Vi.=bi- (b2Xb;3)/G= 1/G3V,=1/V, (5) 
where V is the total volume of the microcrystal. The 


_ density px of lattice points in the k-space is therefore 


extremely large, p.=1/V;.=V, and each sum over a 
certain domain in the k-space can consequently be 
easily transformed into an integral: 


G5, F(k)=G4 f F(k)px(dk)=V, f F(k)(dk). (6) 


Basic Assumptions 


The notations and symbols introduced in Part I will 
be used also throughout this paper. We will assume that 
the crystal orbitals (CO) ¥;, may be found by LCAO 
from the given AO ¢, or from the orthonormalized 


AO ¢y: 
Vi.= Des PuC uk; (7) 


according to (I, 12). In treating the cohesive properties 
of the monovalent metals, we will further make the 
additional assumptions: 


(1) The treatment of the valence electrons can be separated 
from the treatment of the ion cores. 

(2) The distribution of occupied valence electron orbitals in the 
k-space is spherically symmetrical around the origin. 


The first assumption is essentially made in order to 
simplify the numerical work. We note that there are no 
principal difficulties in taking the interaction between 
all orbitals into account,!* and that the “nightmare of | 

13 See reference 11; in treating ionic crystals we have taken even 
the inner AO into full account, when it was necessary. For 10- 


stance, in NaCl, we have treated the interaction between the 1s, 
2s, and 2p orbitals of Nat and the 36 and 3s orbitals of CI. 












1) 
vill 


I will 
> that 
CAO 
alized 


(7) 


yerties 
-e the 


arated 


s in the 


der to 
are no 
etween 
rare of 


en even | 


For in- 
1 the 15, 


or. 








the inner shells’!* can be eliminated by a certain 
amount of labor. However, since we are mainly inter- 
ested in the bonding and overlapping effects of the 
valence electrons, this simplification may be justified in 
a first approximation. At first we will assume that there 
is no hybridization between the ion core (=IC) AO 
and the valence electron (= VE) AO in the formation of 
the CO, which means that the matrix C of the coeffi- 
cients in (7) has the form, 


Cic 0 ) 
4 Cyve/ 


Hence, the interaction between the IC energy bands 
and the VE energy bands will be neglected. From the 
point of view of the valence bond theory,®* Eq. (8) 
means that, in addition to neutral atoms (A), we will 
consider singly ionized states of the type (A)* and (A)- 
but neglect ionized states of the type (A)**, (A)t**, 
etc., where at least one electron has been removed from 
the ion core. 

As in Part I, the letters u and » will indicate arbitrary 
AO. However, when it is desirable to distinguish be- 
tween different types of AO, we will let a and £ indicate 
IC AO and g the VE AO associated with the nucleus at 
the point g: 











(8) 













a IC AO (class JJ) 
g VEAO (class J); 





(9) 






compare (I, 45). Even when neglecting the hybridiza- 
tion mentioned above, we will find that, in the energy 
expressions (33) and (51), there are terms corresponding 
to interactions between IC AO and VE AO, and it is 
therefore necessary to complete our assumption (1) 
with some additional statements. 

The screening effect of all ion cores will, of course, be 
taken into full account. Further, we will consider the 
exchange effect between a VE AO and the IC AO be- 
longing to the same atom, since the corresponding inte- 
grals will be strictly eliminated by the subtraction 
process (I, 50) in forming the cohesive energy. On the 
other hand, 














we will neglect all exchange integrals and all overlap 
integrals associated with a VE AO or an IC AO of one 
atom and an IC AO of one of its neighbors. 






(10) 





Even if these integrals are really not extremely small, 
the neglection may be justified in a first approximation. 
The overlap matrix S, defined by (I, 8), takes now the 


simple form, 
0 0 ) 
(, Syn] 


Combining (8) and (11), we find for the bonding- 











(11) 












4J. H. van Vleck and A. Sherman, Revs. Modern Phys. 7, 
167 (1935). 
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overlapping matrix R, defined by (I, 16) and (I, 17): 


Ca 
0 Rys/ 


Since the ion core orbitals are all completely filled with 
two electrons having opposite spins, we get at once 
Qap=25ag from (I, 16), independent of the special form 
of the unitary matrix Cic and of possible mutual hybrid- 
ization between the IC AO, and further 


Ras= 25a; ba’ —Nabva=0. (13) 


Using (I, 45), thus we find that the whole first double 
sum Of Erearr in (I, 51) will vanish identically. In an 
alkali metal we have further n,°=n,, and for the co-* 


hesive energy (I,51) we then obtain the simplified 
expression: 


(12) 


Econ = Eeistat + Exch + Evcset; 
Eeistat = W+d-u (uo | Hy | K) 


4 +E Dy (nev? |G| yr), 
Eexch= —4 ay (g°h°|G| hg), 
gh 


(14) 





a 
Evert or 


Deo (g°s°|G| gg), 


where we have to take the ion core AO explicitly into 
account only in the electrostatic part. The main problem 
is now the calculation of the CAO g°, and we will 
therefore first treat the bonding and overlapping ma- 
trices in greater detail. 


\ 


The Bonding Matrix 


Since we have already found the bonding matrix for 
the IC AO, we can here confine ourselves to considering 
only the valence electrons. According to Bloch,* we 
have for the matrix C: 


Cyx=G"! exp(27ig-k), (15) 


where the indices g, h, k, --- correspond to the vectors 
g,h, k, ---, and this gives the crystal orbitals® 


(«) 


¥e(x)=G~* 2) v(x) exp(27ig-k). (16) 


Here yg, are the orthonormalized AO. We note that the 
matrix C is unitary with respect to the ground domain 
(3), and that the CO (16) are orthonormalized with 
respect to the microcrystal. 

Now we will use our second assumption that the CO 
corresponding to the valence electrons are in the k-space 
occupied with spherical symmetry within the domain 
|k| <p and that each of these orbitals contains two 
electrons having opposite spins. Since our vector k corre- 


1 See also, P. O. Léwdin, J. Chem. Phys. 18,365 (1950) ; compare 
G. H. Wannier, Phys. Rev. 52, 191 (1937); J. C. Slater, Phys. Rev. 
81, 385 (1951). 
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TABLE I. Some properties of the neighbors of an arbitrary 
lattice point in a body-centered cubic lattice. k= order of neighbor- 
hood, a,=distance, N,=numbers of neighbors of this order, 
Q:.=elements of the bonding matrix. 











k ak Nt Ok 

0 0 1 1.000 00 
1 a 8 0.237 19 
2 1.1547 a 6 0.108 11 
3 1.6330 a 12 — 0.083 42 
4 1.9149 a 24 — 0.068 38 
5 2a 8 —0.054 02 
6 2.3094 a 6 0.003 78 
7 2.5166 a 24 0.028 96 
8 2.5820 a 24 0.033 04 
9 2.8284 a 24 0.032 12 

10 3a 32 0.020 24 

11 3.2660 a 12 —0.001 27 








sponds to the momentum vector in the free electron 
theory, our second assumption can be said to imply the 
existence of the Fermi energy. 

However, we note that a still better quantum me- 
chanical treatment would be obtained by considering 
different distributions of occupied orbitals in the k- 
space, and by taking into account the “interaction be- 
tween configurations.”’ This can be done by constructing 
the total wave function as a linear superposition of 
Slater determinants over the various configurations, and 
by minimizing the energy by using the variational 
principle (I,5). This is necessary in order to obtain 
higher accuracy for the cohesive energy and for the 
elastic constants, and particularly in investigating the 
excited states. 

Here we will go on considering only a single Slater 
determinant. We will now calculate the bonding matrix 
Q, defined by (I, 16). According to (15) and (6), we 
obtain 


|k| <kp 


QOjn,= 2G3 u exp[ 27ik- (g—h) | 


|k|<kr 
=2V, f exp[2aik-(g—h) (dk). (17) 


In the alkali metal crystal, too, we have one valence 
electron per atom (3 electron with + spin and 3 electron 
with — spin), and the condition Q,,=1 gives then 


kp=(3/82V,)!. 


The integration in (17) can now easily be carried out by 
introducing polar coordinates (the polar axis along the 
line gh), and, by elementary integrations, we get finally 


Qon=3(sinE—£ cost)/é*, £=2rkr|g—h|. (19) 


The function Q, obtained here, is also well-known from 
the “cellular method,”® where 1—}3Q? describes the 
“Fermi hole” in the charge distribution, and from 
Slater’s® simplified treatment of the general exchange 
forces. Here the function enters in a somewhat different 
way with another interpretation, describing the bonding 


(18) 
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in the crystal. The elements of the matrix Q are given 
for the body-centered structure in Table I. 


Crystal Matrices 


Here we will investigate the matrix elements with 
respect to the VE AO in greater detail. We have based 
our calculation of the total energy (I, 33) on the matrix 
transformations (I, 22)—(I, 32). In this connection we 
observe that, if F,, is any operator having the perio- 
dicity (G) of the microcrystal, we have the identities, 


{ (@) a 
Vi" FopWidt =>, Crgt PF giCnr. 
gh 


(@ 
(20) 


= 





@ ie 9) 
oh= Do F,, mag= Lo f 00°F opPn+rGdT. 
ny r (ce) 


Here F,, are the usual matrix elements with respect to 
the functions g,, and F’,, is the result of a summation, 
in which generally only one term is of practical impor- 
tance, due to the large magnitude of G. We note that 
F’,, is a cyclic matrix, which depends only on the differ- 
ence (h—g) between its indices. In the following we will 
call an arbitrary matrix A having the properties, 





(21) 


a “crystal matrix.” In treating a crystal, we note that 
we have to replace the matrix elements in (I, 22)-(I, 32) 
by their crystal equivalents. 

In considering a crystal matrix A,,, we will always 
refer its indices to the ground domain (G) given by (3). 
By using the definition (21), it is easily shown that two 
arbitrary crystal matrices A and B always commute, i.e., 
AB=BA. Further, they are all transformed into diagonal 
form by the unitary matrix C, given by (15), with the 
diagonal elements, 


(G) 
(CtAC) c= >. Ao exp(2ik- x). (22) 


Agn=Ao,r—0» Agtre,n=Ag,npre=Ag, hy 








Since, in our special problem, the matrix elements 
A gn depend only on the absolute magnitude of the 
difference (h—g), the elements A ,, are the same for all 
neighbors g and h, having the same order & of their 
neighborhood (g, h). In the following we will frequently 
use the order k=(g,h), and we will let a, denote the 
distance between two neighbors of order k, and N;, the 
number of neighbors of order & to an arbitrary atom in 
the crystal. The numbers a; and NV; are listed for the 
body-centered structure in Table I. Instead of the 
square matrix A,, we can therefore use the equivalent 
row matrix A;, given by the correspondence 


k=(g, h). (23) 


We note that the letter k, indicating order of neighbor- 
hood, must not be confused with the momentum vector 
k or with the index k, representing this vector. For @ 
matrix product we have, according to the ordinaly 














Agh>A,, 
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multiplication law, 
(@) 


(A % B) on _ :¥ A gaBah; (24) 


which for the associate row matrices gives 


(A-B)x=D. Ap mi”*B,. (25) 
Pq 


Here n,?% is an integer, giving the number of lattice 
points of the neighborhood # to g and of the neighbor- 
hood g to h, when (g, h)=. The numbers ;?¢% are con- 
veniently arranged as matrices n; (k=0, 1, 2, ---), hav- 
ing the symmetry relation n,??=n,2?. These matrices 
can be systematically evaluated by considering the 
formulas for the mutual distances between the lattice 
points. A few of these matrices, for the body-centered 
structure, are given in Table II. 

Using formula (20) in the transformations (I, 22)- 
(I, 32), we obtain matrices with crystal properties (21). 
Since S and Q are both crystal matrices, they commute, 
and the bonding-overlapping matrix R, given by (I, 17), 
will simplify to the form, 


R= (1+S)"'Q=TQ. (26) 


We obtain for the corresponding row matrix, 


Ri=L Tymi? Qz; (27) 
Pq 
and for the combined wave function, 
0° (x) = Rogo(x) +2) NiRiox(x). (28) 
k=1 


Now it remains to consider the overlapping. 


Calculation of the Matrices S and (1+S)" 


We will now investigate the overlap integrals S;, for 
the valence electrons. Special formulas for overlap inte- 
grals were given by Bethe” and by Landshoff,” and a 
more general formula was presented by us.'* Later the 
same problem has been treated with numerous applica- 
tions by Mulliken” and his group. In the case of s-func- 
tions, given by 


1 f(rig) 
g\41) = ; 29 
4(X:1) ae (29) 


we have, according to reference 18, for the overlap 
integrals between neighbors of order k: 


1 
S,=— 


2ax Yo 


x akt+r 
f(dr f {(dé, (30) 
|ak—r| 


‘6H. A. Bethe, Handbuch der Physik (Julius Springer, Berlin, 


1933), XXIV: 1, p. 524. 

17 R, Landshoff, Z. Physik 102, 201 (1936). 

18 See reference 11, p. 40. 

19 Mulliken, Rieke, Orloff, and Orloff, J. Chem. Phys. 17, 1248 
(1949). R. S. Mulliken, J. Am. Chem. Soc. 72, 4493 (1950). 
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which quantity is easily determined by numerical or 
analytical integration. 

The calculation of the matrices (1+S)-? and 
T= (1+S)- is slightly more complicated. In our previ- 
ous treatments of the overlapping problem, we have 
used expansions in power series in S, but, in the case of 
the alkali metals, this is impossible, since these power 
series appear to be strongly divergent, due to the large 
magnitude of the elements S; and the immense numbers 
of neighbors. In order to examine this problem in greater 
detail, we note that the sum, 


« 


lS.) =X VSi=M, (31) 
h 


k=1 


is convergent. Let us now introduce a complex param- 
eter \. According to a well-known theorem,” the series 


(1+\S)-?= 1—3S+- 9°S*—+ - --, 
(1+S)-!=1—\S+r2S2—+ ---, 


are convergent at least within the circle |A| <1/M in 
the complex )-plane. In order to fix the square root, we 
split up this plane from the point A=—1 along the 
negative real axis, and the matrices (1+S)-? and 
(1+S)— can then be found by analytical continuation 
of the series (32) up to the point A=1. The value of 
these matrices in A=1 can sometimes be found by 
summing the divergent series (32) for A=1 by a sum- 
mation procedure corresponding to the analytical 
continuation. 

However, there are also other methods of finding the 
matrices (1+S)-? and (1+-S)-'. A simple method is 
based on the fact that every crystal matrix (and hence 
even S) is transformed into diagonal form by the unitary 
transformation C given by (15). An arbitrary function 
F(S) of the matrix S can therefore be determined by 


(32) 


TABLE II. The matrices n; for k=O, 1, 2. If g and h are two e 
neighbors of the order k, then m,”* gives the number of lattice 
points which are neighbors of the orders p and q with respect to 
the lattice points g and h, respectively. 














20See, for instance, Courant-Hilbert, Methoden der Mathe- 
matischen Physik (Julius Springer, Berlin, 1931), I, p. 16. 

















Fic. 1. The arrangement 
of the atomic nuclei in the 
body-centered cubic lattice 
structure. 

















the formulas, 


F= F(S)=CF(s)Ct, 
s= CiSC= diagonal matrix (33) 
Ske= do So,« EXp(27ik- x). 


In calculating the diagonal elements s;;, considerable’ 


simpLfications can often be obtained by expanding the 
exponential function into spherical harmonics and by 
utilizing the symmetry of the lattice. The method de- 
scribed by (33) is closely associated with Wannier’s*! 
way of constructing orthonormalized atomic orbitals. 

According to (26), we need in our treatment of the 
energy only the matrix T=(1+S)-', which can be de- 
termined by still more elementary methods.”? Accord- 
ing to the definition of T, we have T(1+S)=1, or, for 
the corresponding row matrices, 


oe T nx? *(Sogt+ Sq) _ Sox. (34) 
Pq 


Here we first calculate the coefficients, 


dpe= Spe t 2, Me? So; (35) 
q 


and then we obtain a system of linear equations for the 
calculation of T: 

p=l 

a T pd p= Sox. (36) 

p=0 
This system is formally infinite, and, in order to be able 
to solve it by ordinary elementary methods, one has to 
introduce a “‘cut-off,” which in our applications was put 
at /=8, 9, 10, and 11. 


The Body-Centered Structure 


In addition to the description of the body-centered 
structure (see Fig. 1), which may be found in many 
textbooks on crystals, we will here say a few words 
about data which are of importance in our calculation 
of the cohesive properties. As lattice parameter a we 
will use the distance between nearest neighbors, a= 4. 
As before, a, denotes the distance between neighbors of 
order k and N;, is the number of such neighbors. For 
the elementary volume of a lattice point, we have 

21 G. H. Wannier, Phys. Rev. 52, 191 (1937). 


2 Compare P. O. Fréman and S. O. Lundqvist, Arkiv fér Fysik 
2, 431 (1951). ; 
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V,=}(2a/V3)*, and, according to (18) and (19), we then 
obtain for the bonding matrix, 


Qu=3(sin E.—f; Coste) /E'. 
E,= (99°V3/4)ta,/a=3.379a;/a. 


(37) 


The numbers a;, N;, and Q; for k=0, 1, 2, --- 11 are 
given in Table I. 

Table I shows that, by including neighbors up to the 
order k=9, we will take the 136 first neighbors of each 
atom into account. The values of Q; are alternatively 
positive and negative, showing that the bond orders for 
the bonds between an atom and its first-order and 
second-order neighbors are really bonding, but that 
those for bonds with respect io neighbors of the third, 
fourth, and fifth orders are . »/i-bonding, etc. 


TABLE III. Overlap integrals for metallic sodium. Na 3s/Na 3s. 

















\a 
RN. 6.5 7 7.5 8 12 

0 0. 0. 0. 0. 0. 

1 0.45567 0.40630 0.35939 0.31551 0.08970 
2 0.35884 0.30854 0.26281 0.22187 0.04336 
Ms 0.14363 0.10903 0.08182 0.06087 0.00513 
4 0.07619 0.05369 0.03748 0.02602 0.00163 
5 0.06232 0.04297 0.02940 0.02003 0.00121 
6 0.02928 0.01879 0.01206 0.00778 0.00053 
7 0.01746 0.01077 0.00670 0.00423 0.00041 
8 0.01482 0.00905 0.00559 0.00351 

9 0.00805 0.00477 0.00289 0.00182 








Of particular importance in the computations are the 
matrices m; used in the formation of matrix products 
(see Eq. (25)). The matrices up to k=10 have been 
evaluated, and, in Table II, we have given a few ex- 
amples of them. 


3. CALCULATION OF THE COMBINED ATOMIC 
ORBITALS FOR METALLIC SODIUM 


In order to treat metallic sodium, we have used, as 
basic AO, the wave functions associated with the self- 
consistent field with exchange for the free Na-atoms 
numerically given by Hartree and Hartree.** This field 
seems to be somewhat smoother than the field originally 
presented by Fock and Petrashen.™ The calculations 
will be carried out in atomic units,” i.e., with e, m, and 
h=h/2x as standard units. Using the values of the 
fundamental constants recommended by Birge, we find 
for the units of length and energy: 


1 Ly=h?/me?= (0.529 19,+0.000 8) X 10-8 cm, 
1 Eqg=me'/h?= (4.358 340.0085) X 10-"! erg, 
and the conversion formula, 


1 Ey/atom= (L/Ji5)-4.35834X 10-7! kcals/mol 
= 627.15 kcal;5/mol. 


2D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A193, 299 (1948). 
% V. Fock and M. Petrashen, Physik. Z. Sowjetunion 6, 368 
1934). 
% TD. R. Hartree, Proc. Cambridge 24, 89 (1928). 
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We have computed the cohesive energy for metallic 
sodium for four values of the lattice parameter: a=6.5, 
7, 7.5, and 8. In addition, the bonding-overlapping 
matrix R is formed for a= 12. The valence electron AO 
are given by the relation, 


o(X1)=(1/(4)! JL foe(r19)/rio ], (39) 


where the function /3,(7) is numerically tabulated.” All 
calculations have therefore to be carried out in nu- 
merical form, using numerical integration by means of 
Simpson’s rule (or the trapezoidal rule) with central 
difference correction. 

At first the overlap integrals were found according 
to (30). The calculations were performed for a number 
of equidistant values of the distance between the atoms 
g and A, and the actual values, given in Table III, were 
determined (with an accuracy of 0.1 percent) by log- 
arithmic interpolation. We note that the overlap inte- 
grals are very large, and that they therefore never can 
be neglected in the case of metallic sodium, not even in 
the case a= 12. In fact, they must play a very important 
role in a theory based on the use of atomic orbitals. 

We have also investigated the overlapping between 
the VE AO and the IC AO, and, as an example, we will 
mention the value S2,/3.= —0.041385 for a=7 and k= 1. 
This means that the overlapping here is considetably 
smaller but certainly not negligible. However, we have 
neglected this interaction in a first approximation, since 
it is probable that the contribution to the cohesive 
energy is small in the same proportion. These terms 
must be taken into account in treating the elastic 
properties. 


TABLE IV. The elements of the matrix T=(1+S)-. 











a 
K 6.5 7 7.5 < 12 

0 4.1924 3.1439 _ 2.4502 1.9940 1.0629 
1 — 1.0944 —0.8104 —0.5911 — 0.4386 — 0.0820 
Zz — 0.0547 0.0077 0.0011 —0.0123 — 0.0184 
3 0.5035 0.3564 0.2450 | 0.1679 0.0103 
4 0.0129 — 0.0042 — 0.0033 0.0017 0.0021 
5 0.1647 0.1115 0.0838 0.0627 0.0053 
6 0.0414 — 0.0016 0.0002 — 0.0021 — 0.0001 
7 — 0.1469 —0.0821 = 0.0565 — 0.0413 —0.0014 
8  —0.0298  —0.0173 — 0.0106 — 0.0067 

9 0.9472 0.0170 0.0106 0.0071 








By combining the results in Tables II and III, the 
coefficients dp, in (35) can easily be determined, and 
then the matrix T=(1+S)-' is found by solving the 
system (36). The results are given in Table IV. 

Combining the results in Tables I, II, and IV, and 
using formula (27), we then obtain the results for the 
bonding-overlapping matrix R, given in Table V. 

The combined atomic orbitals ¢,° can now be calcu- 
lated by using Table V, formula (28), and the expansion 
in spherical harmonics described by (I, 36)-(I, 38). 
Here we will utilize the high symmetry of the body- 
centered lattice, and, according to Bethe,” we will then 


26H. A. Bethe, Ann. Phys. (5) 3, 133 (1929). 
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in the sum (I, 36) have contributions only for /=0 and 
l=4, and higher. This means that the CAO is a sum of 
a s-function, a g-function, etc., and, if we neglect the 
small contribution from the g-function and the higher 
functions, we obtain simply 


1 fae" (rig) 








Cc = 
res a 
(40) 
N R,. Tr+ak 
faxl(r) =Rofal +E. f faal)db, 
k=1 2a. |r—ak| 


where the radial part f3.°(r) can be evaluated and tabu- 
lated. We note that there are no principal difficulties in 
calculating the g-part, etc., but that, in the approxima- 
tion under consideration, they give negligible contribu- 
tions. The functions f;,°(7) are illustrated in Fig. 2. 
They are “many-body-functions,” which are different 
for different values of the lattice parameter a. They 
are continuous but have weak peaks at the points 
r=a, (k=1, 2,3, ---) due to the dependence on the 
magnitude \r— at in (40). 

The bonding-overlapping effects give the result that 
the combined functions /3,°(7) have a certain oscillatory 
character in comparison to the ordinary function /;,(r). 
In order to find aut how the bonding and the over- 
lapping together are responsible for the cohesive proper- 
ties of the metal, we have to find out how this oscillatory 
character influences the various energy terms, causing 
a minimum of E.on for a certain value of a. 


4, CALCULATION OF THE VARIOUS ENERGY TERMS. 
THE COHESIVE ENERGY OF METALLIC SODIUM 


The cohesive energy for a sodium crystal is, in our 
approximation, given by the expression (14), and it 
consists of three terms: the electrostatic energy, the 
exchange energy, and the rearrangement energy. In the 
following we will consider a mol of the crystal, and we 
let L denote Avogadro’s number. According to (I, 64), 
we obtain for the electrostatic energy per mol: 


Fasans= (¢/2)L) 100) f i UE) @ar|. (41) 


Since, in our approximation, we consider only the s-part 


TABLE V. The om of the reset -overlapping matrix 











R=TQ=(1+S) 
; 4 6.5 7 7.5 8 12 

0 1.3750 1.1549 1.0138 0.9272 0.8784 
1 0.0741 0.0857 0.0913 0.0974 0.1640 
2 —0.0873 —0.0665 — 0.0417 — 0.0236 0.0518 
3 —0.2263 —0.1805 —0.1555 —0.1396 —0.1020 
4  —0.0780 —0.0767 —0.0717 —0.0687 —0.0688 
5 -—0.0697 —0.0480 —0.0465 —0.0458 —0.0559 
6 0.1126 0.0621 0.0518 0.0423 0.0140 
7 0.1237 0.0953 0.0765 0.0628 0.0359 
8 0.1265 0.0999 0.0805 0.0674 

9 0.0707 0.0646 0.0547 0.0486 
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of the CAO, the radial density U, is spherically sym- 
metrical around the lattice point g, which will essen- 
tially simplify Eqs. (I, 56)—(I, 66). The calculations can 
now be carried out according to the equations, 


(U(r) = 2fr(r) +2 foe*(r) + 6fop"(1) + fac" (1) fas(7), 


wy)=- “f U(e)ae— J ae, 


Ni: tak (42) 
T(r)= 3 a | w(t)édE, 
|r—ak| 


k=1 2ray 


, 





r(0)= x Nuitae, 


by means of numerical integrations. 

We will now investigate how the bonding-overlapping 
effects influence the various energy terms, particularly 
the simple term 11I'(0). As is seen at once from the 
second of Eqs. (42), also the function w(r) is oscillatory, 
and, in Fig. 3, the functions rw(r) are given for a=6.5, 7, 
7.5, and 8. The curves have the same general shape, but 
there are also some characteristic differences, since the 
four curves all cross each other in the region between 
r=8 and r=10. The phenomenon is perhaps best illus- 
trated by the Table VI, where, according to the last 
Eq. (42), the contributions 11V,w(a,) to 111P(0) are 
tabulated. When considering these contributions for 
k=3 and different a-values, we note that they are nega- 
tive for higher a-values, but that they change sign in 
going over to the point a=6.5. This corresponds to a 
rather rapid decrease in the attractive forces, and we 
shall see that this phenomenon is largely responsible for 
the existence of a minimum, i.e., of an equilibrium state 
of the crystal. Of course, the oscillatory character of 


Fic. 2. The combined atomic orbitals f3.°(r) for different a-values and the ordinary orbitals f3,.(r); r in Lu. 





fss°(r) influences all energy terms, but the effect on the 
contribution to 111'(0) from neighbors of the third order 
(k= 3) is the most obvious. 

The electrostatic energy is easily computed according 
to (41) and (42), and a survey of the results for different 
a-values may be found in Table VII. 

According to (14), the rearrangement energy has the 
simple form, 


Exearr=} >. (g%g°|G| gg), (43) 


which is essentially the self-potential of the 3s-electrons 
on each atom (3 electron with + spin and § electron 
with — spin), including some bonding-overlapping 
effects. By using the general formula (I, 55) this term 
can be evaluated from the relations, 


f U(r) = f35°(r) -fas(r), 


| eu)=- -f Us(é)dt— [> a 
(44) 


a * U3,(r) “ 
Evearr= “| f dr— f w3e(7) U3.(r)dr . 
4 0 0 


r 








It is characteristic for the rearrangement energy (43) 
that, in our approximation, it does not tend to zero for 
a—«, In fact, we have 


9 


é 
lim fas"(r) = f35(r), lim Keer™ —L ° 0. 107 506. (45) 
an an 2 


This means also that the cohesive energy as a whole does 
not tend to zero for a>, but to a limit given by (45), 
which is certainly a wrong prediction of the theory. This 
effect of giving a too strong ionization is characteristic 
for the naive CO-LCAO method, and the phenomenon 
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is well-known also from the theory of molecules.“ This 
disadvantage, which will influence the shape of the 
energy curve and then the elastic properties, can be 
removed only by considering the “interaction between 
configurations,” mentioned previously in connection 
with our basic assumption (2). 

By using (44), the rearrangement energy can be 
evaluated by means of numerical integration, and the 
results may be found in Table VII. 

Finally, the exchange energy in (14) is given by the 
formulas, 


cr 2 
* “x 


é 
Eexch= — 3 ay (g°h°|G| hg)=——L DD Nili, 


gh k=1 


6°" (1) pn *(2) bn(1) bo(2) 


—@T 1072, 
k=($, h), 


where, in the last integral, g and h are two lattice points 
of the order k of neighborhood. By using the general 
formula (I, 55), we obtain after some calculations: 


Pr 1 od 
=> ——| f fss© (rioi®(ax| nro dn 
=0 (2/+-1)? Yo 


(46) 
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x f fas(r2)cci(ax| r2)re'**dre 
0 


+f fas©(ri)aur’(ax| ri)ri*2dr; 
0 


x f Fae(r2)oe(ax|r2)ro-'dre}. (47) 


This formula is a generalization of a relation originally 
given by Landshoff.”’ Here the radial functions a; may 
be considered as the coefficients in the expansion of ¢, 
in spherical harmonics. The general form of these coeffi- 
cients may be found in reference 11. For s-functions, we 


TABLE VI. Contr#utions to 111°(0) from neighbors of different 
orders. The quantity 11N,w(a;) in units of }Ey/atom. 








6.5 7 7.5 8 





—0.335 753 
—0.145 079 
+0.005 390 
0.033 231 
0.009 031 
0.002 343 
0.003 223 


—0.122 804 
—0.058 432 
—0.002 871 
0.006 127 
0.002 739 
0.003 047 
0.006 523 
0.004 994 
0.000 418 


—0.068 057 
—0.037 345 


—0.212 124 
—0.095 260 
—0.025 564 


— 
—_OOCOmNAM EWN 


Sum = —0.422 631 —0.310 222 —0.160 259 —0.105 336 =11T'(0) 








*7 See reference 17; compare also S. O. Lunqvist and P. O. 
Léwdin, Arkiv fér Fysik 3, 147 (1951). 
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TABLE VII. Survey of the various contributions to the co- 
hesive energy in metallic sodium, according to formula (14). 
Unit=43£x/atom. 








Ecoh 


—0.014 795 
—0.078 434 
—0.036 796 
—0.019 789 


Eexch 


—0.101 708 
—0.102 075 
—0.094 387 
—0.087 845 


Eelstat 


—0.422 631 0.373 985 
—0.310 222 0.213 741 
—0.160 259 0.101 400 
—0.105 336 0.064 370 


a Evearr 


6.5 0.135 559 
7 0.120 122 
7.5 0.116 450 

0.109 022 








have in particular 


2/+1 r+ak r?+a,?— R? 
f fus(R)P:(——— 
| 


ray, r—ak| ra, 


ai(a;|7r)= 


or explicitly 


r 


1 r+ak 
ao(ax_| r)=— f fas(R)dR, 
|r—ak| 


ra. 


r+ak 


| +0") fus(R)AR 


as(ax| r)= 
ra,? 


(49) 


|r—ak| 


rtak 
-{ fo RRR}, 
| 


r—ak| 





Hence, the functions a; can be evaluated by means of 
numerical integration. For the corresponding ‘‘com- 
bined” quantities, we have 


QA pte 
ai© (ax |r) = f fas°(R) 


2ra;. r—ak| 
rt a,2— R? 
xPi( —— }dR, 
2ra, 


(50) 


etc. All terms in the infinite series in (46) can therefore 
be computed by using numerical integration, but we 
note that, in our approximation, it is necessary to con- 
sider only the first few terms. The results are given in 
Table VII, and the exchange energy appears to be only 
slowly decreasing in the interval between a=6.5 and 
a= 8, which is probably due to the oscillatory charac- 
ter of f.°. 

The results of the numerical computations of all 
energy contributions are collected in Table VII, which 
shows that E.o, has a minimum in the vicinity of the 
point a=7. In order to find the position of this mini- 
mum, we must determine the values of the energy terms 
even in the intermediate points, and, for this purpose, 
we have used logarithmic subtabulation to the interval 
0.1, utilizing all four points. However, we wish to 
emphasize that this interpolation is, in reality, a rather 
delicate problem, due to the hidden oscillatory effect in 
each contribution. Here we have only four points at our 
disposal, but it would certainly be desirable to carry out 
the actual computations in a few more points; the point 
a= 12 is too far away from the interval under discussion 








0.2} Las 


Qa=(s 








Fic. 3. The function rw” given by (42) for different 
values of the lattice parameter a. 


to be of real use. The result of the subtabulation is 
illustrated by Fig. 4. The table with the interval 0.1 
shows that there is a minimum for the cohesive energy: 


Evoh, min= — 24.66 kcal/mole for a= 6.97 Ly=3.69A, (51) 


in comparison with the corresponding experimental 
data—26 kcal/mol and 3.67A, respectively. A survey 
of the various energy contributions in kcal/mol in the 
vicinity of the minimum point is given in Table VIII. 
However, even if the excellent agreement with experi- 
mental experience obtained here may be somewhat 
fortuitous, the existence of the minimum itself is re- 
markable. It goes back to the change of the oscillatory 
character of the CAO /;,° for different a-values, which 
is again the result of the bonding-overlapping effect. 
Hence, the existence of an equilibrium state of the 
crystal seems to depend theoretically on the simul- 
taneous influence of the bonding and the overlapping. 

We note that, in our present treatment, we have not 
taken the “correlation energy” into consideration, i.e., 
the error due to the use of the one-electron approxima- 
tion. Our calculation, using the same basic AO in treat- 
ing the crystal and its free constituents, is essentially 
based on the assumption that, in forming the cohesive 
energy by the subtraction process (I, 50), the correlation 
energy of the crystal and the correlation energy of the 
free constituents will cancel each other.” It would be 
highly desirable to take up this problem in a more 
detailed investigation by using, for instance, Wigner’s® 
idea or the method due to Mdller and Plesset.”” How- 
ever, the problem is certainly difficult, since one has 
not yet obtained any accurate solution for many- 
electron atoms, and the case of molecules and crystals 
seems to be still more complicated. 

The close agreement between theory and experimen- 
tal experience for metallic sodium is, in the approxima- 
tion treated here, confined to the cohesive energy and 
to the lattice parameter. When treating the elastic 


% See, for instance, the discussion of this problem given by 
Seitz in F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 348. 

29°C. Miller and M. S. Plesset, * tg Rev. 46, 618 (1934). 
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properties, we will find that the minimum on our energy 
curve is too sharp to give a good value of the compressi- 
bility, which is partly depending on the effect mentioned 
in connection with Eq. (45). This means that we obtain 
a good result for the energy in (14) and its first deriva- 
tive, but not for the higher derivatives. 

In conclusion, we will give a survey of the various 
approximations introduced in our theory. Principally, 
we have neglected the interaction between configura- 
tions and the correlation energy. Practically, we have 
neglected the exchange and overlap integrals between a 
VE AO or a IC AO of one atom and an IC AO of one 
of its neighbors. In treating the CAO we have further 
omitted the contributions from g-functions and higher 
functions. In treating other properties of the crystal, it 
may be necessary to include one or more of these effects. 


5. JUSTIFICATION OF THE CO-LCAO-APPROXIMATION 


In treating the energy of metallic sodium, we have 
started from the AO ¢, associated with the self-consis- 
tent field with exchange for the free atoms, and the 
crystal orbitals have then been found by LCAO. The 
question is now whether better crystal orbitals could 
be found by a change of the AO forming the starting 
point. In order to examine this problem, we will use the 
variational principle (I, 5). By starting from the energy 
expression (I, 33), 


E=W+Y (u°|A|w+X (uor"|G| ur) 
—3 2D (u%r"|G| vu), (52) 


with the supplementary condition (I, 39), simplified by 
using the fact that T and Q here commute, 


J ¢,°*d.dr=Qyn (53) 


and by varying ¢,° and ¢, independently of each other, 
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Fic. 4. The different contributions to the cohesive energy of 
metallic sodium as functions of the lattice parameter a. Energy 
unit = $£y/atom. 
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the extremum condition 5E=0 gives the two relations, 


*(2),(2) 


sa 
Hig,() +E, f dra-4,(1) 


Y12 


2 ,°* 2 Pu 2 
as f ee s0.:thtmEsbhtiien (84) 


Y12 


$»°*(2),(2) 
Hi9,°(1)+e? x. f clin $,°(1) 
119 a 


2 





¢,(1) =), by" (1) Avy. 


*(2) by (2) 
; f $,°*( ( (55) 


‘12 


We note that these two equations are consistent, for, if 
2 is chosen as a crystal matrix, we have AR= Rd, and 
(55) can then be derived from (54) by multiplying Eq. 
(54) with R,,. and summing over yu. 

Let us now investigate in which respects Eq. (54) is 
different from Eq. (I, 47) for the free atoms. Here we 
are mainly interested in the valence electron AO g, and 
for u=g (I, 47) takes the form, 


y*(2),(2 
Hy ,(1) +e? > rol [ee ere lt 
vb 12 
1 _ 


dre (4)| =e) (56) 


"12 


Considering the same approximation as used in this 
paper, i.e., neglecting all exchange and overlap integrals 
between a VE AO or an IC AO of one atom and an 
IC AO of one of its neighbors, we will find that Eq. (54) 
contains a perturbation potential of the form, 


$°*(2)br(2) 
——_——-d 


T12 


2 * 2 . 2 
Pha fete een 
2 T12 , 


T2 


H pert(1) = H+ e? rw f 


(57) 


e* 7 1 
+1 —— andr) ’ 
2 ’ 


Tig 


where I’ and ws, are given by (42) and (44), respectively. 
This perturbation potential is therefore almost purely 
spherically symmetrical, and, for sodium and a=6.5, it 


Taste VIII. Survey of the various contributions to the cohesive 
energy of metallic sodium, according to formula (14), in the 
vicinity of the minimum point. Unit=kcal/mol. 








Ecoh 


— 24.36 
— 24.60 


Eexch 


— 32.20 
— 32.01 


a Erxearr 


6.9 38.19 
7.0 37.67 


Eelstat 


—106.43 76.09 
—97.28 67.02 
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Fic. 5. The perturbation potential Hpert given by (57) for 
a=6.5 as a function of r. This potential is constant around the 
nucleus, but then has peaks for the r-values associated with the 
neighboring lattice points. 


is illustrated by Fig. 5. It is seen that Hyert is almost 
constant around the nucleus under consideration, and 
that it then has small peaks at the neighboring lattice 
points. It is possible that our crystal orbitals could be 
slightly improved by a perturbation calculation, but the 
general shape of Hyert Shows also that our approximation 
of these orbitals is perhaps more satisfactory than one 
could expect without a closer investigation. 


6. COMPARISON WITH THE CELLULAR METHOD 


In the cellular method,’ developed by Wigner, Seitz, 
Slater, and others, the crystal orbitals for k=0 are 
determined by numerical integration of the one-electron 
Schrédinger equation by using the “cellular idea.” In 
order to carry out a comparison with this method, we 
will now investigate the shape of our CO y, in the s-cell. 
Since the overlapping matrix S is transformed into a 
diagonal matrix s by the unitary transformation C, 
given by (15), we have 


t= C= 4(1+S) C=C. (1+s8)4, 
G-} 


v(x) = (as! ~ $o(x) exp(27ik- g); 


compare Wannier.*! Here the diagonal elements of 8 
are given by (33). In the case of k=0, we simply obtain 


(58) 


(59) 


| So= NiSk, 


k=1 
G-} G-} 


do x)= 
(1+500)? + ' (1+-S00)# 14/4 
Ni. mak 


x | fal +E — 


k=1 2a, 





Yo(x)= 





fas(€)dé 


\ |r—ak| 


where in the last expansion we have neglected the g-part 
and higher functions. The function Yo(x) is, of course, 
periodical in the lattice, but we are here considering only 
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Fic. 6. The one-electron wave function x(x) given by (16) 
for k=0 and a=7. We note that this function is almost perfectly 
constant over the main part of the cell, and that it thus has the 
— property as the corresponding function in the cellular 
me , 


its s-part in the fundamental s-cell. The shape of Yo(x) 
is illustrated by Fig. 6, and we note that this function is 
almost perfectly constant over the main part of the 
cell. Hence; the lowest wave function in our theory has 
the same characteristic property as the basic wave func- 
tion in the cellular method. 

We wish to emphasize that the overlap integrals S;, 
are extremely important in forming o(x) according to 
(60). The normalization factors (1+ 500) for the differ- 
ent a-values are given in Table IX, and they are very 
large in comparison to the value 1, obtained when over- 
lap is neglected. Table X gives the contributions to soo 
from neighbors of different orders for a=7, and we note 
how important even the higher neighbors are. 

We observe that the wave functions ¥;(x) for k~0 are 
constructed according to different principles in our 
treatment and in the cellular method. The crystal 
orbitals must always fulfil the Bloch condition, 


¥(x+a,) = x(x) exp(27ia,-k), 


and this relation is automatically satisfied by the Bloch 
orbitals (16) used here. On the other hand, there are 
some difficulties in the cellular method having the 
condition (61) fulfilled even on the boundaries of the 
cell; compare also reference 10. 

It would perhaps also been of some interest to com- 
pare our treatment with the valence bond method,* *? 


x=1,2,3, (61) 


TABLE IX. Normalization factors according to (60) for 
different values of the lattice parameter. 








(1 +s00)3 





3.492 
3.141 
2.842 
2.587 
1.568 


developed by Slater, Pauling, and others. This can be 
done by expanding the fundamental wave function 
(I, 6) in determinants of the given AO ¢, by using 
(I, 12) and (I, 10) and elementary theorem concerning 
determinants of products of rectangular matrices, but 
the mathematical details will be confined for a later 
publication. The valence bond wave function for NV 
valence electrons (V/2 with plus spin and N/2 with 
minus spin) distributed over V atoms, obtained in this 
way, implies a resonance phenomenon between bond 
structures containing atoms which are neutral or singly 
ionized, and the result shows therefore a close resem- 
blance with Pauling’s model for the alkali metals. 


7. CONCLUDING REMARKS 


This calculation of the cohesive properties of metallic 
sodium has partly been carried out in order to reexamine 
the possibility of utilizing the simple Bloch orbitals, 
constructed by LCAO, as crystal orbitals. It has been 
shown that the overlap integrals, instead of being 
negligible, are of fundamental importance for the whole 
theory and its applications. It has further been shown 
that it is possible to overcome the mathematical diff- 
culties which were previously associated with the LCAO- 
approach, namely, the problem of the many-center 
integrals and the problem of including bonding and over- 
lapping effects between neighbors of sufficiently high 
orders. In fact, we have here considered each atom in 

“ two-body interaction with its 136 first nearest neighbors, 
which implies many-body interaction with a still larger 
number. 

Our main result is that, even if the excellent agree- 
ment between theory and experimental experience ob- 
tained for sodium may be somewhat fortuitous, our 
method can be used for quantitative purposes. The 
numerical calculations may be rather tedious and labori- 
ous, but they can be carried out in a straightforward 
way by using purely numerical methods, particularly 
numerical integration. In reality we have used only 
ordinary desk machines of the type “Facit ESA” 
(Atvidaberg, Sweden). 
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TABLE X. Contributions to soo from neighbors of 
different orders for a=7. 








NrSk k NxSk 





0.258 48 
0.217 25 
0.114 41 
» 0.099 65 
0.020 28 


Soo= 8.865 13 


3.250 40 
1.851 24 
1.308 36 
1.288 56 
0.343 76 
0.112 74 
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N a recent note! on the surface tension of small 
droplets the convenience of extending the Gibbs? 
thermodynamic theory of spherical interfaces to general 
dividing surfaces was discussed. It is the purpose of 
this paper to examine the thermodynamic functions of 
practical importance from this more general standpoint 
and incidentally to include the derivation of useful 
expressions which had been anticipated in our earlier 
note. Some of the thermodynamic results to be obtained 
presently will also be of value in the statistical mechani- 
cal theory of the plane and spherical interface which 
will be discussed in the succeeding paper in this series. 
We consider a two phase region consisting of a liquid 
phase a and a vapor phase @ with a curved transition 
zone separating the two bulk phases. Following Gibbs 
an imaginary dividing surface is placed in the transition 
zone so that the total volume is divided into a volume 
V_ containing the liquid phase and a volume Vz con- 
taining the vapor phase. The exact location of the 
dividing surface is still arbitrary at this point of the 
development, although it should be emphasized that all 
expressions of physical significance must be invariant 
in the sense that their numerical value must be inde- 
pendent of the location of the imaginary surface, even 
though the explicit formulas will, in general, be different. 
The use of these dividing surfaces is not only possible 
but indispensable in the treatment of curved interfaces, 





























*Presented at the Pittsburgh meeting of the American Physical 
Society, March 8-10, 1951. 
1936) P. Buff and J. G. Kirkwood, J. Chem. Phys. 18, 991 
8y, W. Gibbs, Collected Works (Yale University Press, New 
Haven, Connecticut, 1948), Vol. I, pp. 55-353. 
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An extension of the Gibbs thermodynamic theory of spherical interfaces leads to generalized forms for 
the Kelvin relation and the Gibbs adsorption equation. Quantities of physical interest are calculated in 
terms of the particular dividing surface making the superficial density of matter vanish, frequently more 
convenient than the surface of tension. An expression is proposed for the work required to form a droplet 
which is not in equilibrium with the surrounding vapor. 
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since precise meaning is given to the concept of area 
and curvature. In the case of the plane interface the 
concept of a dividing surface is still useful but not 
necessary, and valid alternative expositions exist,* the 
ultimate justification for which is to be found in the 
fact that in the absence of external fields the component 
of the stress tensor perpendicular to the plane interface 
is uniform throughout. 

The starting point of the theory is provided by varia- 
tions in the state of the system originally in a condition 
of equilibrium. By restricting our discussion to a one 
component system in the absence of external fields, the 
Gibbs phenomenological theory leads to the following 
fundamental equation for the variation in state of a 
small segment of the two phase system characterized by 
the area s and principal curvatures c; and ¢2 of the 
dividing surface, 


6E— TbS— piN+ pabVat psiV s 
= ybs+C 6c, +C26c2 
= y6s+C8((c1+¢2)/2)+(Ci—C2) 6[ (c1— 2) /2]J; 
C=C;+C,, 


(1) 


where E, S, and N are, respectively, the energy, entropy, 
and number of moles of the system, and where we 
have already utilized Gibbs’ demonstration of the uni- 
formity of the temperature T and chemical potential y, 


i.e., 
w=udlT, Pa)=ug(T, Pa); (2) 


a relation which determines the pressure fa of the bulk 
phase a in terms of the pressure fg of the bulk phase 8 


3E. A. Guggenheim, Thermodynamics (North-Holland Pub- 
lishing Company, Amsterdam, 1949), pp. 35-39. 
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and which thus provides operational significance to pe 
and pz, in Eq. (1). y is the generalized surface tension, 
and C; and C, are the curvature termsf which Gibbs 
had the great foresight to include in bis theory, all 
referred to the dividing surface selected. It will be 
shown subsequently, Eq. (16), that the elusive term C 
permits of a simple interpretation for a convenient 
dividing surface of the spherical interface. 

At this point in his theory, Gibbs selected a particular 
dividing surface, the surface of tension, chosen so as 
to make C vanish. It was then assumed by him that 
this selection would simultaneously make Ci;—C, vanish, 
which although valid for the plane, cylindrical and 
spherical interfaces, is an approximation in the general 
case, the assessment of which is a task for molecular 
theory. We shall see, however, that new results may be 
obtained if the selection of the dividing surface is 
delayed. Thus with use of the Gibbs criteria for equi- 
librium 


CitCe 
padV at BybV = v0s+C5( , 
Ci— C2 
+-CHA(“—), @) 
5V.= —5Vz, 


a generalized Gibbs-Kelvin relation may be deduced 


& 
Pa— pe= v(cr+c2) ene 
Ss 


Ci;—C2 
-( Jeter (4) 


2s 


from the familiar relations, 
6V.=sdN ; 
6c,= —c6N ; 


5s=(c1+c2)s6N ; 


5co= —c276N ; 


(S) 


where 6N is the uniform normal distance through which 
all parts of the dividing surface move. 

Although the subsequent analysis may still be pur- 
sued for an interface with arbitrary curvatures, we shall 
restrict ourselves from now on to the spherical drop 
since this is the case of main interest, so that Eq. (4) 


reduces to 
Pa— pp= 2yc— (c°C/s). (6) 
Additional consequences of the theory may be obtained 


by utilizing the form of Eq. (1) corresponding to a 
reversible change from the original equilibrium state, 


dE=TdS—padVa—ppdV pt udN+yds+Cdc. (7) 
Subtracting the corresponding equations for the bulk 
ft It may be readily shown from the statistical mechanical 
derivation of the generalized Gibbs-Kelvin relation, Eq. (6), on 


the basis of the virial theorem, that C is an external force similar 
to pa, pp, and y. 
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phases @ and £, taken to hold in amount up to the 
dividing surface, 
dEa=TdSa— padVatudN « 


8 
dEg=TdSp— ppdV p+ pd Ng, " 


we obtain 
dE*=TdS'+ wdN*+yds+Cdc, 
E*=E—E.—Es; S*=S—Sa—Szp; 
N*=N—N.—Na. _ (9) 
Thus J* is the actual excess in moles over the amount 
computed under the assumption that the respective 
bulk properties hold up to the dividing surface. Integra- 


tion of Eq. (9) at constant curvature, keeping uniform 
properties throughout the extent of the surface, leads to 


E*=TS*+ pN*+75, 
E=TS+ uN —paVa—peVe+7s. 
Equating the result of differentiation of Eq. (10) to 
Eq. (9) yields a generalized Gibbs adsorption equation, 
S.dT+Tdu+dy=(C/s)dc 
Ss=(S*)/(s);_ T=(W*)/(5). 
With use of Eq. (2) and the power series expansion, 
Me(T, pa)=Mel(T, po)+ Valpa— po) 
—KV./2(pa-fu)?+-**, (12) 


where V. and K are the partial molar volume and 
isothermal compressibility coefficient of the liquid at 
the pressure ~,. at which the two phases meet at a 
plane interface, the Gibbs-Thomson formula for the 
vapor pressure of the drop is immediately obtained, 


RT logp/po= Val (Pa— Pa) 
~K/2(ba- pa)?e0 H+ 
where p/p. is the supersaturation ratio. 

The Gibbs formula for the work of formation W ofa 
droplet from a large amount of vapor is derived by 
subtracting Eq. (10) from the corresponding expression 
for the original vapor under the condition of constant 
entropy, volume, and composition 


Eor= TorS+ N peor— Por( Vat Va), 


with the result 


(10) 


(11) 


(13) 


(14) 


W=ys— (pa— pp) Va, (15) 


where terms involving differences of temperature, 
chemical potential, and pressure have been neglected. 
It will be noted that the formula for W, Eq. (15), 
also equal to the change in Helmholtz free energy, A4, 
for the process considered. 


II 


We shall now express the invariant quantities Eq. 
(6), (13), and (15) in terms of the two dividing surfaces 
of major importance. The first is the classical surfact 









» the 


(8) 


(9) 


nount 
active 
tegra- 
‘iform 
ads to 


(10) 


10) to 
1ation, 


(11) 


sion, 


(12) 


ne and 
yuid at 
t at a 
for the 
1ed, 


, (13) 


W ofa 
ved by 
pression 
onstant 


(14) 


(15) 


erature, 
aglected. 
(15), is 
rgy ’ AA, 


ties Eqs. 
surfaces 
1 surface 





of tension of radius r, chosen so as to make C vanish. 
The other is the dividing surface of radius R, chosen so 
as to make the superficial density of matter I vanish. 
It is, the latter dividing surface, which we shall dis- 
tinguish by a prime, which has been intuitively em- 
ployed in applications, although the formulas commonly 
utilized incorrectly correspond to the surface of tension. 
From the first form of Eq. (10) it is worth noting that 
only y’s’ may be properly labelled a surface free energy. 
The curvature dependence of y’ is determined by 
Eq. (11) 










(dy'/dc’)r=C'/s’, (16) 


which is to be contrasted with the analogous Gibbs*- 
Tolman®-Koenig® formula pertaining to the surface of 
tension 















(=) _ — 26y[1+ dc+ (6c)?/3] 
dc} 1428c[1+8c-+ (8c)2/3] (17) 
6=R--r. 







The formulas for the temperature dependence of y 
and ’ may be readily deduced 


dy'/T 
(2) 

a1/T J 

dy/T 
oe. 

| Bt [1+ 8+ (86)*/3]L(Es/ Vs) — (Ea/ Vo) 
7 14-28c[1+ dct (8c)?/3] 















» (18) 






which in conjunction with Eqs. (16) and (17) prove of 
value in connection with discussions!’ concerning the 
temperature dependence of an “effective surface ten- 
sion” defined in terms of the Becker-Déring theory of 
nucleation. 

With use of Eq. (16) the Gibbs-Kelvin expression{ 
may be exhibited in the two forms, 


pa— pp=2y/r=2y'/R+(dy'/AR) 7. (19) 


Substitution of Eq. (19) into Eq. (15) leads to the 
following expression for the work of formation of a drop 
4rr’y 4nR'y'[ 


d logy’ 
(2) | 
3 L dlogR/ r 
‘Reference 2, p. 232. 


®R. C. Tolman, J. Chem. Phys. 17, 333 (1949). 
*F. O. Koenig, J. Chem. Phys. 18, 449 (1950). 
A951) M. Pound and V. K. LaMer, J. Chem. Phys. 19, 506 
tG. Bakker’s [Handbuch der Experimentalphysik (Akad. Ver- 
lags., Leipzig, 1928) ], Vol. VI, early work on Eq. (19), based on 
is alternative thermodynamic approach and his quasi-thermo- 
dynamic definition of surface tension, unfortunately led to the 
or, conclusion that surface tension is curvature inde- 
ndent. 









W=AA 





















THE SPHERICAL INTERFACE. I. 


1593 








while the Gibbs-Thomson formula for an incompressible 
fluid is given by 


2V..7(T, r) 27’ 07’ 

a of) | 
r R OR/ ¢ 

It is of interest to remark that in applications of Eq. (21) 


to small droplets the mass of the droplet in moles is 
properly given by (42R?/3V.)=[42(r+6)*/3Va]. 


Ill 


RT logp/p.= 


Although the application of macroscopic thermo- 
dynamic concepts to the kinetics of nucleation of 
supersaturated vapors is to be considered approximate,' 
it has led to extraordinarily useful qualitative con- 
clusions. In this connection we shall indicate that by 
violating the condition (2), while retaining all other 
thermodynamic relations, a plausible expression may 
be obtained for the work of formation of a droplet 
which is not in equilibrium with a large mass of sur- 
rounding dilute vapor. This formula, which describes 
the one dimensional Eyring surface employed in current 
nucleation theories, will also give us additional insight 
into the nature of the unstable equilibrium for the one 
component system. 

The droplet will be characterized by the statement 
that NV.’ moles of the liquid phase are contained within 
the '=0 dividing surface of radius R. In accordance 
with the preceding discussion the following expression 
is assumed 


E+=TS— paVa—ppVatystN a'ualT, pa) 
+(N—Na')up(T, ps). (22) 


The desired expression for the work of formation W* is 
then immediately obtained 


W+(N.’) = AAt= Na'(ta- us)+ W(N.’), (23) 


where W is the work required to form a droplet of 
radius R in equilibrium with the surrounding vapor. 
With use of the alternative relations, 


j= ~-7.( Ae) 

or T or T 
07's’ 

Pa P= ey 

it may be shown that 


dwt a’wr 
) =(); ( ) <0; (25) 
dN ‘- Ha =HB dN,” Ha =p 


i.e., Wt has a maximum for the droplet which is of 
such a size so as to be in equilibrium with the vapor 
phase and where the formula for W* is rigorous. For an 
incompressible liquid the approximations 


up=UaT, pat); pe= petit, 














(26) 
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where p,°T't and p,*t't are the pressures in the respective 
bulk phases when the droplet is in equilibrium, lead to 


Wrz y's! (pactit— perrit) Fe. (27) 


which may also be derived on the basis of the kinetic 
considerations employed by Becker and Doring.® 


IV 


Additional information concerning the curvature de- 
pendence of surface tension and the validity of Gibbs’ 
phenomenological assumption Eq. (1) may be obtained 
from statistical mechanics. In the case of the plane 
interface the virial theorem as well as the thermo- 
dynamic definition of surface tension used in conjunc- 
tion with a device introduced by H. S. Green,® lead to 
results in complete agreement with the mechanical 
definition of surface tension employed by Kirkwood 
and Buff.’ For the spherical interface the virial theorem 
yields our generalized Gibbs-Kelvin relation, Eq. (6), 
while the mechanical and thermodynamic definitions 
lead to identical results for drops large compared to 
the range of intermolecular force, the only ones to 
which thermodynamic concepts are applicable. The 
expressions for y and C surmised by Tolman"! on the 
basis of his quasi-thermodynamics can be confirmed by 
molecular theory 


v=JS (o7(z)—oa8)(1+c2)*dz, 
C/s=2S (o7(z)—oag)2(1+c2)dz, 
Fap= — Pal 1— A(z) ]—ppA(z), 
A(z)=0, z<0; A(z)=1, 220, (28) 


where z is a coordinate directed outward from the 
arbitrary dividing surface of curvature c, A(z) is the 
unit step function and o7 is the tangential component 


8 R. Becker and W. Déring, Z. Physik 24, 719 (1935). 

9M. Born and H. S. Green, A General Kinetic Theory of Liquids 
(Cambridge University Press, London, 1949), p. 23. 
10 J. G. Kirkwood and F. P. Buff, J. Chem. Phys. 17, 338 
1949). 

1 R. C. Tolman, J. Chem. Phys. 16, 758 (1948). 
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of the point function stress tensor, recognized to be 
determined by molecular theory. With use of Eqs. (16), 


(17), and (28) the curvature dependence of y and 7’ : 


is given by 
¥/Ya=1—(26./r)+---; 
Y'/Y¥o= 1—(25./R)+ tear 
where 6, is the distance 6 corresponding to the plane 
interface. 5.. has been previously calculated” for repre- 


sentative systems and found to be positive and of the 
order of magnitude of a molecular diameter. 


(29) 


APPENDIX 


We shall now show that the curvature dependence of surface 
tension may also be included in Frenkel’s® approximate surface 
thermodynamics for a one component system which utilizes a 
dividing surface corresponding roughly to the T=0 dividing 
surface on the exact Gibbs formulation. The starting point for a 
spherical interface is provided by the equation, 


bE=T5S+ualT, pp)bNatus(T, pg)iNg— piV+yis+Caéc, 
V=VatVs; Va=NaValT, ps); Va=NeVa(T, pp), 
where ua and V, are the chemical potential and partial molar 
volume, respectively, of the liquid phase a, both taken at the 
pressure pg of the vapor phase 8. The remaining symbols have 
their usual significance. With use of the criteria for equilibrium 
Eq. (Ai) immediately leads to 

Ha— up= — Va(2ye—(CC/s)). (A2) 
Upon integration of Eq. (Al) at constant curvature and sub- 
sequent differentiation, we obtain 


(Al) 





E=TS+NatatNpus— ppV+7s, (A3) 
(dy/dc)r=C/s, 
so that e 
he Valdys/dVa)7, (A4) 
and 
— (Ha— ug) Va be (hel Yel) 
Wn Te NOl/Ve) JP. 


It should be noted, however, that although these equations bear 
a formal resemblance to the results of the Gibbs formulation, 
the latter should always be used in applications. 


2 J. Frenkel, Kinetic Theory of Liquids (The Clarendon Press, 
Oxford, 1946). 
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The Infrared Dispersion of Acetylene and the Dipole Moment of the C—H Bond 


R. L. Ketty,* R. RoLterson, anp B. S. ScHURIN 
University of Wisconsin, Madison, Wisconsin 
(Received July 6, 1951) 


The index of refraction of acetylene has been measured at 55 wavelengths in the infrared between 1 and 20 
microns. The contributions of the molecular vibrations to the index of refraction have been determined and 
interpreted in terms of effective charges on the constituent atoms. According to the analysis, during the 
infrared-active bending vibration the hydrogen atoms have an effective charge of 0.99110~ esu. The 
product of this effective charge by the separation of the carbon and hydrogen atoms is interpreted as giving 
an estimate of the C—H bond moment, the value obtained being (1.05-+0.01) X 10-18 esu cm. For the active 
stretching vibration, the computed effective charge was 0.515 X 10~" esu, which is the rate of change of bond 
moment with internuclear distance. A comparison of these results with previous work indicates a possible 
regularity in the C—H bond moment in going from methane to ethylene to acetylene, although the regularity 


may be only apparent. 





INTRODUCTION 


OR simple molecules whose absorption is strong 

enough, measurements of infrared dispersion pro- 
vide a sensitive and accurate method for determining 
the intensities of infrared bands. From the intensities, 
the effect of the molecular vibrations on the dielectric 
constant can be calculated, as well as the electric bond 
moment or the rate of change of bond moment with 
internuclear distance. The reasons for measuring re- 
fractive index rather than intensity of absorption have 
been pointed out by Van Vleck! and explained in a 
previous paper.” The results of previous dispersion work 
of methane’ and ethylene‘ made it desirable to determine 
the magnitude of the C—H bond in acetylene, since 
there appeared to be a possibility of a regular change in 
the C—H moment associated with changing carbon- 
carbon bonding. 


EXPERIMENTAL 


The apparatus used and the method of obtaining data 
have been described previously.* The major change since 
the measurements on methane was the use of a KBr 
hollow prism, placed at a position about midway be- 
tween the NaCl hollow prism and the thermopile, and 
used interchangeably with the NaCl prism. This addi- 
tion, with a KBr monochromator prism, provides a 
means for obtaining data at wavelengths longer than are 
possible with NaCl, and increases the aperture and 
therefore the intensity at the thermopile. It suffers the 
disadvantage that, since the optical lever arm (and 
hence the thermopile displacement) is smaller, minor 
experimental variations in the measurement of thermo- 
pile displacement correspond to relatively large varia- 
tions in the calculated refractive index of the gas. For 
this reason, the precision of the data is not as high when 


* Now at Stanford Research Institute, Stanford, California. 
‘J. H. Van Vleck, The Theory of Electric and Magnetic Suscepti- 


_ bilities (Oxford University Press, London, 1932). 


? R. Rollefson and A. H. Rollefson, Phys. Rev. 48, 779 (1935). 

*R. Rollefson and R. Havens, Phys. Rev. 57, 710 (1940). 

*C. F. Hammer, thesis, Infrared Dispersion of HCl, DCl, NxO 
and C,H, (University of Wisconsin, 1948). 


using the KBr components as with the NaCl. However, 
the contribution of the lowest frequency vibration to the 
index was large enough: in the KBr region (15 to 20 
microns) so that the lack of precision was not a serious 
problem. 

The monochromator was of the Wadsworth type and 
the KBr calibration was calculated by the method of 
Cross® from the data of Gundelach.® Discrepancies in 
the wavelengths of known absorption bands indicated 
that the published index of refraction data for KBr was 
not satisfactory. The wavelengths in this research in the 
KBr region were taken from an empirical correction 
curve and may be in error by as much as 1 percent. 
However, in view of the good agreement between the 
calculated and experimental data at the shorter wave- 
lengths, the dispersion equation for acetylene cannot be 
greatly in error. 

The gas used was Matheson’s 99.5 percent pure tank 
acetylene, dissolved in acetone for shipping. The acetone 
was removed by bubbling the gas through a water trap, 
and the acetylene was purified by several fractional 
distillations between liquid air traps. In many runs, 
attempts were made to detect the presence of acetone in 
the gas by measuring the infrared absorption in the 5.8 
micron region, where the acetone bands are not over- 
lapped by those of acetylene. The absorption measured 
was negligible and therefore the acetone present was at 
most about 1 part in 1000. Because of the possibility of 
explosions in working with pure acetylene at higher 
pressures, all data were taken at pressures of about 1 
atmosphere absolute with the gas in a system of small 
glass tubing with a total volume of 1 liter. 

All data were taken at 25°C. The values of the re- 
fractive index obtained were reduced to 0°C and 760-mm 
pressure by means of the coefficient of expansion and pv 
data given in the International Critical Tables. Since 
most data were taken at about 760 mm, the pv correction 
was usually negligible, being at most 0.03 percent. 





5 P. C. Cross, Rev. Sci. Instr. 4, 197 (1933). 
6 E. Gundelach, Z. Physik 66, 775 (1930). 
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TABLE I. Intensities of absorption bands in C2Ho. TABLE II. The index of refraction m of C2H2 in the infrared at 
——— (°C and 760-mm pressure. Here (mo—1)exp is the average experi- 
mental value of mo—1; (mo—1)ext is the value obtained by ex- 











































































Assi vi i 
— - trapolating the equation (2) of Watson and Ramaswamy; and 
vs. 710 cm™ 803.610! cm-! sec! (to—1 eae is calculated by the dispersion formula (3) in the text. 
vs” 733 803.6 pocceemnnpcmmnee: 
5 760 803.6 r . (no — ext X 108 (no —1)eale «106 (no —1)exp X 108 
v9 733 2410.8+27% 1.015 microns 587.56 586.89 586.82 
, 1.078 86.87 86.11 86.16 
w., oo 151 1.165 86.10 85.21 85.37 
vas 1350 151 1.257 85.46 84.40 84.31 
38: ’ 83.44 83.48 
vas(vat vs) 1328 302+5% ae “72 
1.745 83.58 81.40 81.33 
ve =. = 1/872 83.32 80.74 80.66 
veuslvat vets) — -” 2.003 83.09 80.03 79.91 
. 2.628 82.45 74.59 74.41 
— 976+57% 2.670 82.43 73.80 73.10 
2.712 82.40 72.85 72.41 
RESULTS 2.756 82.37 71.58 71.04 
The index of refraction of a gas can be represented siiad — _— atid 
by an equation of the form, 3.214 82.16 91.22 91.02 
3.293 82.13 86.94 86.61 
n—1= D0 (c,)/(v?—v), 3.458 82.08 82.75 82.46 
a ’ 3.535 82.06 81.59 81.30 
where the v; are characteristic frequencies of the mole- _— 4.061 81.94 76.83 76.20 
cule. If the equation representing the index in the ase 91.85 v0.43 79 6 
visible region be extrapolated into the infrared, the 4'g94 81.84 7151 71.57 
observed index will differ from this “extrapolated” 5.060 © 81.81 69.70 69.73 
index by an amount given by the contributions of the 3-292 eo phe 67.87 
‘ P . : . . 5.522 81.78 65.74 65.69 
infrared rotation and vibration-rotation bands, since 
these contributions are not detected by observations in _ 5.745 81.77 63.42 62.97 
the visible 5.958 81.76 61.06 61.22 
: 2 ~ 6.155 81.74 58.54 58.34 
For acetylene, Watson and Ramaswamy’ have made 6,344 81.73 55.64 56.00 
the most complete measurements in the visible region 6.52 81.72 52.48 52.57 
and give a dispersion equation which fits their data. It 6.61 81.72 50.56 50.59 
should be noted that these authors made their measure- 669 81.71 48.63 47.82 
ments at 25°C, and the results were reduced to those : 
which would have been obtained had the gas been ideal. eae =< = - a 
Removing this correction increases their tabulated — g 39 81.66 55.81 54.40 
values by 0.84 percent, and reduction to 0°C gives the 8.44 81.66 pp a 
equation, 8.58 81.65 46. 5. 
ny— 1=5453 X 10°/(9403 X 10°— 7”), (1) 8.72 81.65 42.15 41.43 
‘ , 8.86 81.65 38.33 37.38 
where v is the frequency in cm“. 8.99 81.64 34.67 34.00 
In order to make the averaged experimental data ia Sop an paped 
agree at 1 micron with the values of the index obtained , 
from the extrapolation formula (1), the observed index 9.38 81.64 23.08 23.10 
and the extrapolated index had to be shifted with re- oa a ere re 
spect to each other by 0.29 percent. It was assumed that 49 19 81.63 496.95 497.20 
index of refraction data, either in the visible or infrared, 10.33 81.62 486.42 486.66 
gives the slope of the dispersion curve more accurately 10.55 81.62 474.86 475.46 
than it gives absolute value. Shifting the extrapolation 49/77 81.62 461.48 462.39 
formula amounts to a calibration of Watson and _ 10.98 81.62 446.56 pi 
Ramaswamy’s apparatus in terms of the dispersion of 11-20 81.62 428.15 s.3 
nitrogen as obtained by Bennett,® since nitrogen was 46.79 81.59 818.09 819.18 
used for calibration in this research. Increasing Eq. (1) 16.90 81.59 807.21 806.73 
by 0.29 percent gives the final extrapolation equation 17.28 81.59 790.04 -—> 
stan as 8 P q , 17.75 81.59 773.39 774.23 
< / 9 , 81.59 761.04 760. 
(to— 1ext= 5468.6 108/(9403X108—v). (2) 18h oe a oe 740,70 


7H. E. Watson and K. L. Ramaswamy, Proc. Roy. Soc. : » 
(London) 156A, 144 (1936). * aaeed = 
8C. E. Bennett, Phys. Rev. 45, 200 (1934). == —— 


























—_— Se ee Oe 


OoOeOwNv~ 


6 
9 
8 
0) 


18 
13 
5 
23 


70 








INFRARED DISPERSION OF C.2H, 1597 


The index of refraction of acetylene has been meas- 
ured at 55 points between 1 micron and 20 microns. The 
data can be fitted by an equation of the form, 


(no— 1)eate= (no— Dext +> A i/2rc(v?— v), (3) 


where the A ; are integrated absorption coefficients. The 
values of A ; and v; are given in Table I. The v; are taken 
from the absorption curves of Bell and Nielsen,’ where 
vs, vs’, vs’ are the centers of the P, 0, and R branches 
of the v; band. It is, of course, not strictly correct to give 
equal inten@ties to the three branches, but since only 
the total absorption coefficient As=A5’+A,;"+A,5” 
could be measured by this method, small chanves among 
As’, As’, As”, keeping A; constant, would hardly be 
significant in the calculations. What is called here v4; is 
the combination band 4+ 75. The v3 and vo45 values are 
those given by Bell and Nielsen for the overlapping 
bands at 3.04 microns, and A; and Ao45 are adjusted to 
fit their estimate of relative intensity. Except very near 
this band, there is little error in the calculated contribu- 
tion to the index by using A 3,245 and V3; 245, where A 3; 245 
is the sum A3+A 45 and 3,045 is the weighted average 
of v3 and vo45. At wavelengths shorter than 5 microns, it 
is sufficiently accurate for most computations to use the 
combined terms A; and v5, Ags and 145. 

Table II and Fig. 1 show the complete final results, 
where (#)—1)exp is the average value of several meas- 
urements, (”%o—1)ext is the extrapolated value from 
Eq. (2), and (%o—1)ecaic is the value calculated by means 
of Eq. (3) and the coefficients in Table I. 

Because it was not possible in one run to take data 
over the complete wavelength range, it was necessary to 
shift the individual runs into agreement at overlapping 
points, to eliminate kinks in the experimental curve 
which would have no physical significance. That is, the 
absolute value of the index curve measured in any one 
run might differ from that of any other run by a small 
amount, the largest difference observed being about 
1X 10-* or 0.16 percent. 

The relative values of (m)—1)exp are considered ac- 
curate to better than 0.2 percent, although the absolute 
values may be in error by as much as 0.65 percent. The 
estimates of the accuracy of the A; were obtained by 
calculating the refractive index, using values of A; 
which were so small or so large that the calculated curve 
obviously did not match the experimental points. 


INTERPRETATION 


In order to obtain the value of the dipole moment of 
the C—H bond from measurements of the contributions 
of the infrared bands, it is necessary to calculate the 
effective charges existing on the atoms in the molecule 
in order to give the observed index of refraction. 
Acetylene is known to be a linear, symmetric molecule 
and the analysis can be carried out in two parts, 
neglecting the interaction of parallel and perpendicular 


* E. E. Bell and H. H. Nielsen, J. Chem. Phys. 18, 1382 (1950). 





cules (D. Van Nostrand Company, Inc., New York, 1945). 


vibrations. Following Colby, the potential energy Vo 
for the linear vibrations can be expressed 


2V o= ki(Qi2? +O) + R2Q23"+ 2k3023(Qi2t Oss), (4) 


where Qi2=%2—%1, etc., and x; is the Cartesian dis- 
placement coordinate of the ith atom along the axis of 
the molecule, numbering from one end of the molecule 
to the other. The kinetic energy 7, after the necessary 
substitutions, becomes 


2ST = m(m+2M)(Qi?+Qsr?) +4S°Qos? 
+mSQ23(Qi2t+Qzs)+2m°QiQss, (5) 


where m and M are the masses of the hydrogen and 
carbon atoms respectively, and S=2(m+M). The solu- 
tion for the normal frequencies »;=),*/27c is straight- 
forward and gives 


Ait A2= (Ry/2u) sini 2(2k3— ke)/M, 
AyA2= 2(kiko— 2k3?)/mM, (6) 
As=2ki/n, 
if 1/u=(1/2m)+(1/2M). Only the vs vibration is 
infrared-active, using the notation of Herzberg." 
If a periodic electric field E be applied parallel to the 
axis of the molecule, there will be an additional potential 


energy gE(—%x1+%2+%3;—44), if q is the effective charge 
on each hydrogen atom. Now the potential energy Vz 


‘in the presence of the field becomes 


V e=VotgE(Qi2—Qss), (7) 


and the kinetic energy is given by (5). The solution now 
shows that Qoes;=0, Qiet+Qs1=0. Letting A=(27w)?, 
where w is-the frequency of the incident electric field, 


Qi2=93E/(ki— 3ud), (8) 


where q; is the effective charge for the v3 vibration. The 
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Fic. 1. The refractive index of acetylene in the infrared. 


0 W. F. Colby, Phys. Rev. 47, 388 (1935). 


1G. Herzberg, Infrared and Raman Spectra of Polyatomic M ole- 
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TABLE III. Values of constants used in computations. 








2.99776 X 10" cm/sec 
4.8021 10~" esu 
1.67324 10 g 
19.9235 10-*4 g 
3.0872 10-* g 
2.7128 X 10'® molecules/cm? 
1.06 10-8 cm 
1.20 10-8 cm 
0.003738/C° 
1.12 10-5/mm 
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polarization per molecule p= q3(—4%1+42+4%3—44) or 
p=4Eq3’/u(A3s—d), (9) 


using the results in (6). The contribution to the square 
of the index of refraction is given by the well-known 
expression, 
A(n?—1)=42rP/E, (10) 


where P is the polarization per cm’. If V is the number 
of molecules per cm*, P= NV p/3 after averaging over all 
orientations of the molecules. Since »~1, A(n—1) 
=4A(n?—1), so that 


A;:(n—1)=2Nq3/3mrpc?(v3?— vr’), (11) 


if A3=(2mcvs)? and v is the frequency in cm~. The 
contribution of the v; band may also be expressed 


A;(n—1)=A3/27°c(v??— P). (12) 


From Table I, As=325X 10" cm™ sec. Equating (11) 
and (12), and using the values of the constants shown in 
Table III, leads to the result g3s=0.515X10~'° esu or 
gs=0.107e, if e is the charge on the electron. It must be 
remembered that the value of A; shown in Table I is 
based on the assignment and estimate of relative 
intensities given by Bell and Nielsen. If the assignment 
be reversed, as they suggest might be necessary, the 
values of A; and Ao4; must be reversed and hence 
gs=0.73X10-" esu. 

For the perpendicular vibrations, the kinetic and 
potential energies may be written 


2T= my? + My2+ Mye+my?, (13) 

2Vo= ha(62+ 597) + 2k5 6150. (14) 

Here y; is the displacement of the 7th atom in a direction 

perpendicular to the axis of the molecule, and 6; and 62 

are angular displacements from the equilibrium con- 
figuration defined by 

i= (yo—yi)/a+ (yo—ys)/b, 

52= (ys—y2)/b+ (ys—ys)/a, 


where a is the C—H separation and 6 is the C—C 
separation at equilibrium. The conditions that the 
center of mass remain at rest and that the internal 
angular momentum vanish are given by 


myi+My.+My3+mys.=0, 
May2+M (a+b)ys+m(2a+b)y4=0. 


(15) 


(16) 


KELLY, ROLLEFSON, AND SCHURIN 






The Eqs. (15) and (16) may be used to change (13) to 
the form, : 


2ZT (4/a2u) = (Z+db?) (5;°+ 522) + 2(Z— db”) 5152, (17) 


where Z=(2a+6)?+Mb?/m and d=1+(M/m). The 
frequencies for the normal vibrations obtained from (14) 
and (17) are 


= (Ra— k;)Z/Ma’b’, 
As= 2(Rat+ ks)/a7p, 
where as before \;=(27cv;)*. Only the vs Vibration is 
infrared-active. 
A periodic electric field E parallel to the y axis gives 


an additional potential energy, and expression (14) 
becomes 


(18) 


Ve= Vo—qEa(6:1+ 62), (19) 


since 6:+62=(—yityetys—ys)/a. The solution now 
shows that 6:=62 or that only the vs vibration con- 
tributes in the presence of the electric field. The polar- 
ization per molecule is 


p= 95(— vit vot y3s— ys) = ags5(61+ 52), 


from which 


p=2Eqs"/ap(As— A). (20) 


Averaging over all orientations of the molecules for this 
doubly-degenerate vibration gives the result P=2N p/3. 
Thus, from (10), 


A;(n—1)=4N q3?/3umc?(v;?— v*), (21) 


where »v is again the frequency in cm~!. Equating (21) 
to the expression, 


As(n—1)=A;/27°c(v—v), (22) 


where A;= 2410.8 X 10!" cm“ sec“, we obtain g;=0.991 
X10" esu or g5=0.206¢. 

It is interesting, in order to have a physical picture 
of the molecule during the vibrations, to calculate the 
magnitude of the displacements of each atom from 
equilibrium. By setting T+ V = hey, it can be shown that 
the maximum displacements during the v; vibration are 
0.096A for the hydrogen atoms and 0.008A for the 
carbon atoms. Since a=1.06A, the change in bond 
length is only 0.1 the bond length itself, and g3 can be 
interpreted as the rate of change of C—H bond moment 
with bond length. 

In the perpendicular vibration v;, each angle 6 has a 
maximum value of 0.207 radians or 11.8° on each side of 
equilibrium, and the separation of the carbon and 
hydrogen atoms changes by at most 0.0254. Since the 
bond length is essentially constant in this vibration, the 
product of effective charge by internuclear distance can 
be interpreted as an effective dipole moment. The value 
of this moment in acetylene is ucy=0.991 X 10-1 X 1.06 
X 10-8= (1.0540.01)D, where 1D=10~"* esu cm. 

We cannot, however, determine the polarity of the 
moment, about which there is some controversy. 
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SPECTRUM 


Coulson,” on the basis of theoretical studies, has shown 
that the carbon atom is the positive end of the dipole. 
On the other hand, Cole and Thompson" have used 
measurements on the extinction coefficients of benzene 
derivatives in solution to prove that the hydrogen is the 
positive atom. Gent,'‘ in a survey on the polarity of the 
C—H bond, points out that there is very possibly a 
reversal of polarity from methane to acetylene, and that 
the carbon end of the bond is likely to be negative in 
acetylene but positive in methane. 

From dispersion measurements on methane, Rollefson 
and Havens’ found the C—H bond moment to be 
0.307D.° For the out-of-plane bending in ethylene, 
Hammer‘ calculated a moment of 0.629D. (For other 
vibrations, values of 0.72 and 0.315D were obtained.) 
The effective charge for the stretching vibrations was 
approximately 0.5X10~-'° esu for each of the three 

2 C. A. Coulson, Trans. Faraday Soc. 38, 433 (1942). 

8 A. R. H. Cole and H. W. Thompson, Trans. Faraday Soc. 46, 


103 (1950). 
4W.L. G. Gent, Quart. Rev. 2, 383 (1948). 


AND STRUCTURE OF 


NITROUS ACID 1599 
hydrocarbons. It appears from this research that the 
magnitude of the C—H bond shows some regularity, 
being almost in the ratio 1:2:3 as the carbon-carbon 
link goes from zero to double to triple bonding, although 
this regularity may be entirely accidental, since the 
signs may not be the same. 

An additional item of interest is the extrapolation of 
the refractive index to infinite wavelength, where e= 7”. 
Watson, Rao, and Ramaswamy" have measured es- 
sentially the static dielectric constant, obtaining the 
value e—1=1330X10~* after reduction to 0°C. From 
Eq. (3), (#0—1)2=661.71X10-* or (m?—1).= 1323.9 
x 10~-*. The difference between n’ and ¢ is only 6X 10-*, 
which is within the limits of experimental error. The 
contributions of the infrared bands* thus completely 
account for the difference between the dielectric con- 
stant and the square of the refractive index extrapolated 
to zero frequency from ‘the visible. 


15 Watson, Rao, and Ramaswamy, Proc. Roy. Soc. (London) 
143A, 558 (1934). 
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An investigation of the infrared spectrum of nitrous acid has shown that in the gaseous state this substance 
exists in two tautomeric species which are believed to be ¢rans- and cis-forms. The cis-form is of higher energy 
by about 506 calories mole~!. A complete vibrational analysis is given and the OH in plane bending fre- 
quencies are found to be 1260 cm and ~1292 cm“, and the out of plane frequencies 543 cm~ and 637 cm= 
for the trans- and cis-molecules, respectively. From the rotational constants the O— N—O angle is estimated 
to be 118° for the ¢rans-form and 114° for the cis-form, from which conclusions are drawn regarding the 
electronic structure of the molecule. The standard entropy of nitrous acid at 25° is calculated. 


INTRODUCTION 


O the best of our knowledge the only previous 
observation on the infrared spectrum of nitrous 
acid was made by E. J. Jones! who observed what 
appeared to be a double band in the 1.4y region. This 
he explained as due to the presence of two isomeric 
forms of the acid. Strangely enough an investigation 
recently completed in this laboratory has shown that 
this belief of Jones is indeed correct though it was not 
at all justified by his observations. He had observed 
merely the P and R branches of a single A type band, 
of which the central Q branch was not evident, prob- 
ably because of the lack of resolving power of his 
spectrometer. Our investigation has encountered some 
unusual problems, but has been very rewarding as the 
experimental results finally all appear to fit into a very 
plausible pattern. 


* Contribution No. 1630. 
'E. J. Jones, J. Am. Chem. Soc. 65, 2274 (1943). 


EXPERIMENTAL PROCEDURES 


Since the equilibrium between nitrous acid, NO, NOs, 
and water vapor is very rapidly established it was not 
possible to study the first substance in the pure state 
and it was necessary to investigate an equilibrium 
mixture. Such a mixture may contain a considerable 
number of species which have strong absorption bands 
and may produce considerable interference. It was 
consequently necessary to identify all bands due to 
contaminants and to choose conditions such that inter- 
ference from this source was at a minimum. A typical 
mixture employed contained NO and NO, at partial 
pressures of 570 mm and 15 mm, respectively, and the 
vapor of water, or of heavy water, at the saturation 
pressure at 25°C. With the use of existing thermo- 
dynamic data? this mixture was estimated to contain 


2 For references see L. G. Wayne and D. M. Yost, J. Chem. 
Phys. 19, 41 (1951). 
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Fic. 1. Prismatic spectrum of heavy and light nitrous acid in the NaCl region. The absorptions indicated by C are definitely 
due to contaminants. Nitrous acid pressure was 2-3 mm throughout, path length was 5 cm in curves A and C and 50 cm in 


curves B and D. 


nitrous acid at a pressure of about 18 mm, together 
with traces of NO; and nitric acid. 

The spectra were mapped under low dispersion fro 
2-15u with a Beckmann IR-2 spectrometer equipped 
for recording, and provided with a simple automatic 
slit control which keeps the background intensity 
reasonably constant through this region. In the region 
14-25y a vacuum spectrometer* with potassium bromide 
optics was employed. The fine structure investigation of 
the O—H fundamentals, overtones and combination 
bands out to 3.24 was made with a vacuum grating 
spectrometer previously described.* A selected lead 
sulfide photoconductive cell cooled with solid CO, was 
employed as detector. The water vapor lines, recently 
measured with high accuracy by R. C. Nelson® were 
used for wavelength calibration. 


EXPERIMENTAL RESULTS 


The prismatic spectra of nitrous acid and of deutero 
nitrous acid are shown in Figs. 1 and 2. Portions of the 
region investigated with high dispersion are represented 
in Figs. 3-5. In Table I are given the frequencies of 
band origins, together with a description of the bands 
and assignments. 


INTERPRETATION 


The spectrum of nitrous acid exhibits several unusual 
features of which the most striking is the duplication of 
many of the more intense bands which one appears 


3A recent gift from the Shell Development Company. For 
description see R. R. Brattain, Phys. Rev. 60, 164 (1941). 

4 Badger, Zumwalt, and Giguére, Rev. Sci. Instr. 19, 861 (1948). 

5 R. C. Nelson, Summary Report No. IV, Contract NObs 28373, 
Dept. Physics, Northwestern University. 


obliged to attribute to the presence of two tautomeric 
forms. This is most immediately evident in the region 
of the O—H stretching frequencies and their overtones. 

In both fundamental and overtone regions two rather 
intense bands appear in the spectra of both light and 
heavy nitrous acid. The more intense of these is in 
each case an A type band, while the other has hybrid 
structure but is predominately of B type. The frequency 
difference between the two bands in the overtone region 
is approximately twice that in the fundamental region, 
and the isotope shift of all four bands is well within the 


_range to be expected for hydrogen valence frequencies. 


These facts appear to exclude the possibility that any 
of the bands could be assigned to a combination tone, 
and indicate that there are indeed two O—H stretching 
fundamentals. 
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Fic. 2. Prismatic spectrum of nitrous acid in the KBr region: 
The weak lines in the background spectrum, except for the C0: 
maximum, are due to water which was present to the same 
amount in all spectra. 
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We attribute the fundamental of lower frequency to 
a cis-form of nitrous acid and that of higher frequency 
to a trans-form (see Figs. 6(a) and (b)). This assignment 
was first suggested by the band types and is strongly 
supported by the rotational constants. The possibility 
that a nitro form (Fig. 6(c)) may occur has been con- 
sidered, but for several reasons it seems evident that 
such a form does not contribute to the spectrum. 
A nitro form would almost certainly be planar and its 
N—H fundamental band would consequently be of 
pure B type. Although one of the observed fundamental 
bands is predominantly of B type itis actually a hybrid 
as it quite definitely has a weak central Q branch. 
Furthermore, the change of rotational constant with 
deuterium substitution seems quite impossible to ac- 
count for with a nitro model although it is perfectly 
compatible with the cis-structure. 













TEMPERATURE EFFECT 






It is immediately evident that the spectrum of nitrous 
acid in the region 5-25 contains too many bands to 
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Fic. 3. Bands of cis- and trans-nitrous acid in the 3y region. 







be ascribed to one molecule but in the beginning it was 
by no means obvious how they were to be apportioned 
to two molecular species. It is now clear that this can 
be done for the most part on the basis of intensity. 
As will be shown later, the ‘rans-tautomer is about 
three times as prevalent as the cis-form and its bands 
are correspondingly more intense and more numerous. 
There is, however, one important exception to this 
generalization, namely the pair of similar bands near 
12u, which led us into great difficulty. This was not 
resolved until an investigation was made of the effect 
of temperature on the relative intensities of certain 
bands. 

The temperature range in which it is practical to 
investigate nitrous acid is unfortunately not very great 
and in most cases the situation is rather unfavorable for 
observing small changes in the relative intensities of 
analogous bands. In the O—H overtones no effect 
could be detected with certainty in the range 10-65°C. 
Since the band envelopes are quite different and the 
father high intensity ratio of corresponding bands is 
unfavorable, we could only conclude that the difference 
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Fic. 4. First overtone of the O—H stretching vibration 
in trans- and cis-HONO. 


in energy of the ¢rans- and cis-tautomers is not large, 
probably not much greater than 350 cal mole. 

Fortunately the pair of bands at 12u present a very 
favorable case owing to their practically identical en- 
velopes and intensities. As shown in Fig. 7 a definite 
although small temperature effect was observed. The 
integrated intensity of 856 cm~! was found to increase 
relative to that of 794 cm~' by about 19 percent when 
the temperature was raised from 0° to 70°C. A similar 
effect was noticed with respect to the bands at 637 cm™! 
and 543 cm—', whose intensity ratio was estimated to 
increase about 22 percent in the same temperature 
interval. 

These estimates, although in reasonable agreement, 
may be considerably in error since there is considerable 
overlapping of bands, the band envelopes change some- 
what with temperature, and the presence of overlapping 
contaminant bands could lead to error. We believe the 
last effect is absent and are convinced that the tempera- 
ture effect is definitely real. The bands at 794 cm™! and 
543 cm are consequently attributed to the tautomer 
of lower energy which will later be identified as the 
trans-form. From the temperature effect the difference 
in energy of cis- and ¢trans-forms is estimated to be 
506+ 250 cal mole“. 


ASSIGNMENT OF BANDS IN THE REGION 5-25u 


The assignment of 1696 cm and 1690 cm? in light 
and heavy nitrous acid, respectively, to a double bond 
N=O valence vibration, v2, seems straightforward. We 
believe that this is a é/rans-band and that the cis- 
fundamental of lower frequency and intensity is ob- 
scured by NOs, although its first overtone does appear. 
Because of the isotope shift we assign 1260 cm™ and 
1018 cm™ to the hydrogen and deuterium bending 
vibrations in the plane of the molecule, v3. The former 
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Fic. 5. First overtone of the O—D stretching vibration 
in trans- and cis-DONO. 

















1602 JONES, 
band exhibits an extra maximum on the high frequency 
shoulder of its R branch which we believe represents the 
R branch of a weaker, partially overlapping band with 
center at about 1292 cm—!. Since the out of the plane 
hydrogen torsional frequency is found to be higher for 
the cis-tautomer it is plausible to attribute the (weaker) 
higher frequency in plane bending also to the cis-form. 
The corresponding band is not resolved in the DONO 
spectrum. 

The bands at 794 cm™ and 856 cm“ are believed to 
represent the N—O single bond valence vibrations, 1, 
of trans- and cis-tautomers, respectively, which are 
shifted to 739 cm and 816 cm“ in heavy nitrous acid. 
The above assignment to cis- and (rans-forms is re- 
quired by the temperature effect which shows that 
794 cm originates in the same molecular species as 
543 cm, which is definitely a ‘vans-band. It is further- 
more supported by the Teller-Redlich rule of isotope 


TABLE I. Band centers and assignments in the 
spectrum of nitrous acid. 











HONO DONO Band Assignment 
vy (cm™) I v(em-!) I type cis trans Description 
543 80 416 60 C v6 H out of plane 
598 120 591 120 A (v5)? v5 O-—N —O bend 
637 50 508 40 c v6 H out of plane 
794 100 739 40 v4 : 
856 100 816 100 Am } O=N stretch 
1260 50 1018 60 A v3 - 
~1292 ~10? A v3 } O—H bend 
1696 20 1690 20 ? ve O=N stretch 
2505 2 tee ? 2v3 
3257 1 3196 05 A 2yoa » 
3372 1.5 3361 LS A an, 
3426 1.5 2530 1 B(A)> 7 
3590 5 2650 3 423A »,{ OH stretch 
4124 0.0005 A vot2pv3 
4378 0.001 A vitvs 
4830 0.02 ; A vitvs 
5038 0.002 4999 B(A)e 32 
6050 0.001 A vitis 
6664.8 0.03 4963 B(A)> 2 
7015 0.10 §212 A 21 








® Assigned on the basis of intensity, frequency, and isotope shift. 
Fundamental estimated to be around 1640 in HONO and 1610 in DONO, 
obscured by NOsz. 

b Hybrid, predominantly B type. 

¢ DONO band is hybrid. 


shift, which is poorly satisfied by an alternative assign- 
ment. 

The band at 543 cm™ clearly has C type structure 
though one branch of the band is obscured. The struc- 
ture and large isotope shift identify it as the OH 
torsional or out of the plane vibration. It is attributed 
to the frans-tautomer since the rotational spacing is 
much greater than that of the OH valence fundamental 
of the cis-species. The rotational structure of the com- 
panion band of the cis-species at 637 cm—! could not 
be resolved but the breadth of the band and its isotope 
shift identify it. 

The remaining vibration is the O—N—O bending to 
which the most intense band in the spectrum is assigned. 
On deuteration the shift is from 598 cm to 591 cm. 
In this case again, only one band is observed for the 
two species. 

The assignments of a number of combination bands 
are given in Table I. 
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(a) (b) (c) 
Fic. 6. 


If the band origins are represented by the usual 
expression v= )_v,w:+)_)>_2,.0;xi; the following approxi- 
mate values of convergence and interaction constants 
are found for the /rans-tautomer of nitrous acid: 


x11(DONO) = —45, 
tu — 6, xXna= — 38. 


jo Na — 83, FS a, X33= —%, 


Xi3= — 21, 


Unless otherwise indicated these values refer to HONO. 


ROTATIONAL STRUCTURE 


Details of the bands showing a resolvable rotational 
structure are given in Tables II and IIf. Unfortunately 
only the low frequency branch of the band at 543 cm 
was observable, which furthermore was contaminated 
with water lines, some of which practically coincide 
with HONO lines. The interference was not serious at 
high nitrous acid pressures and allowance was made for 
it in measuring the maxima. Because of the limits of 
KBr optics only the high frequency branch of the 
corresponding band for DONO was observed. In the 
latter case the central Q branch was observed but for 
some unexplained reason no rotational structure could 
be resolved, though strong continuous absorption was 
found from 460 cm™ to the limit of the KBr optics. 
Consequently the rotational constant for the /rans- 
molecule is known only roughly, and only for HONO. 

For the ground state of the ¢rans-molecule we take 
the most probable value of the rotational constant 
A—(1/2)(B+C) to be 2.40 cm~ for cis-HONO, 1.94 
cm—! for cis-DONO, and 3.2 cm-! for trans-HONO. 
Probable values for the moments of inertia of the 
various molecular species have been calculated from 
these constants and from estimated parameters and 
are given in a subsequent table. 
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Fic. 7. The change of relative intensity with temperature of the 
856 cm™ and 794 cm™ bands of cis- and trans-HONO. 
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TABLE IT. Frequencies of the Q branches and combinations in the OH perpendicular bands of the cis-form of nitrous acid. 








HONO HONO 
v1 =3426.1 cm7 2»: =6664.8 cm™! 


ko (Ao—Bo)* (Ai —B:) PO RO 


DONO 
2v1 =4962.8 cm™! 


(Ao—Bo) (A2—B2) PO Ro (Ao—Bo) (A2—B2) 


a 





3432.04 
37.11 
42.71 
47.24 
52.29 
56.86 
61.69 
66.54 
70.86 


4972.11 eee 
76.23 1.87 

49.68 79.88 1.92 

45.43 83.44 1.94 

50.99 1.95 

36.65 

37.52 


6658.19 


48.06 
44.08 
38.98 
33.59 
28.50 
23.64 


6675.46 
80.84 


4953.65 
85.90 
91.18 
95.63 

6700.51 
05.19 
09.98 


NHHHNK,.., 
mowers - 
SOAaA: +? 


—8, 


NO. 


NNNNN ND bo ° 
* Www wwwwe: * 
"NROADAS*: > 


18.67 
13.70 


RK OOCmMNAMUEAWN SO 


NNNNKYNNN oi. 
PP PR pwr: : : 
mOSSSONSH::: 








« Ai —Bz; is the rotational constant of the ith vibrational level when Bi =(1/2)(Bi+Ci). 


A comparison of the separation of the P and R 
maxima of the A type bands of the spectrum with that 
predicted from the moments of inertia above has shown 
that these bands have in reality considerable hybrid 
character. The presence of weak central branches in the 


error since it has little effect on the rotational constants. 
However the change of rotational constant with deu- 
terium substitution seems to exclude the possibility 
that it is as small as 90°. The angle has been taken 
somewhat smaller in the cis-modification in line with 


cisO—H_ bands has likewise shown this to be true of the smaller O—N-—O angle which we attribute to an 
aa these apparently B type bands. Nevertheless it is re- interaction between hydrogen and remote oxygen. 
sale markable, considering the lack of molecular symmetry, The O—N —O angle is rather accurately determined 
utidhe that bands of as nearly pure type are observed. This is _ since with any plausible set of the remaining parameters 
an ot particularly true of the bending fundamental at 598 the rotational constants require values which do not 
a ie cm~' which is unexpectedly of A type. An explanation differ by more than about 2° from those already given. 
rr" of this fact may be found in the electronic structure of It is of interest to compare nitrous acid with two 
the the molecule discussed below. other substances which are isoelectronic with it and 
sie have nearly equal mass. These are formic acid and ONF. 
foo THE STRUCTURE OF NITROUS ACID The former has an O—C—O angle of about 125°.” The 
could The two parameters of the nitrous acid molecule /atter presumably has an apex angle around 116°, 
+ ome which it would be most difficult to predict from Considerably closer to that of nitrous acid. Unfortu- 
ptics. previous experience are the O—N—O angle and the nately ONF has not been investigated by electron 
leaitag long O—N distance. Fortunately the choice of these ‘liffraction but a comparison of vibrational frequencies*° 
JO. quantities is very much restricted by the known rota- Shows that this molecule has a structure essentially 
- take tional constants, which are relatively insensitive to the identical with those of ONCI and ONBr. These mole- 
stant remaining parameters. We have consequently chosen to Cules both have an apex angle of 116° '° and have 
1.94 estimate the latter parameters by the comparison of Unusual internuclear distances which have been taken 
ONO. force constants and frequencies with those of other Teena BV. Pediibte ate et ia eee 
f the molecules of known structure and to use the rotational parameters of HONO. 


from 
s and 


re of the 
YO. 


constants to solve for the angle and distance mentioned 
above. The rotational constants are accounted for by 
the parameters given in Table IV. 

The following arguments support the foregoing 
choice. The O— H distance was estimated from the O—H 
frequencies with the assistance of Badger’s rule.® It can 
scarcely be in error by 0.01A. The choice of the HON 
angle is rather arbitrary and could be in considerable 


TABLE III. Frequencies of maxima in the HONO 
band at 543.2 cm™. 


’Q c *Q 


(536.4) 
530.8 
923.0 
517.7 

(511.5) 








im wroe| A 








*R. M. Badger, J. Chem. Phys. 2, 128 (1934). 








cis trans 


THO 0.98A® 0.98A® 
YON 1.46» 1.46°¢ 
’'NO 1.20* 1.20* 
ZHON (103°) (105°) 
ZNON 114° 118° 





Estimated moments of inertia (g cm? X10°) 
HONO DONO HONO DONO 


Ta 10.13 12.1 7.83 8.21 
Ip 68.4 69.6 75.2 80.8 








« Estimated with assistance of frequency and force constant comparison. 
» Calculated from rotational constants with use of remaining parameters. 
e Assumed to be same as in cis-form. 


7 Van Zandt Williams, J. Chem. Phys. 15, 232 (1947). 
8 W. G. Burns and H. J. Bernstein, J. Chem. Phys. 18, 1669 
1950). 

%E. A. Jones and P. J. H. Woltz, J. Chem. Phys. 18, 1516 
(1950). 

10 J. A. Ketelaar and K. J. Palmer, J. Am. Chem. Soc. 59, 2629 
(1937). 





1604 JONES, 
to indicate the contribution of an ionic structure to 
the ground state. 

The higher NO frequency of nitrous acid (1696 cm) 
is, however, considerably lower than the corresponding 
frequency of ONF (1844 cm~') which suggests that the 
short NO distance is considerably longer than the 1.14A 
found in the nitrosyl compounds. A comparison of the 
force constant with those of NxO and NO; leads to the 
conclusion that it is not greatly different from that 
found in those molecules, namely 1.20-+0.01A, which 
is close to a double bond N—O distance. 

The lower NO frequency of nitrous acid (»(trans) 
=794 cm™!, ™(cis)=856 cm~!) lies between the NF 
_valence frequency of ONF (767 cm) and that of 
NF; (1.=908 cm~'). The longer N—O distance in 
HONDO is consequently bracketed by the 1.37A' found 
in NF;, and the rather long N—F distance presumed to 
exist in ONF. It is fixed within rather close limits by 
the change of rotational constant with deuterium sub- 
stitution which we believe shows that it is certainly not 
less and probably slightly greater than a normal N—O 
single bond distance. 

From the foregoing it seems probable that the following 
three structures contribute significantly to the ground 
state of nitrous acid, though we are not in a position at 
present to estimate precisely their relative importance. 

N H N H 
YN/ 4 
O O O 


+ nal ~ 


rs H 
ON / 
6 


O 


The last of these we presume to be responsible for the 
greater stability of the ¢rans-isomer, which would be 
difficult to account for on the basis of the first two 
structures. From the O—N—O angle and the N—O 
frequency we conclude that the contribution of this 
structure is less than in the nitrosyl halides, although its 
effect is nevertheless extremely significant. The relative 
contributions of the second and third structures are 
presumably rather dependent on the O—N—O angle. 
As this angle changes in the bending vibration an 
unusually large change in charge distribution would 
consequently be expected. We suggest that this effect is 
responsible both for the “parallel” character of the 
598 cm-! fundamental and for its high intensity as 
compared with the very weak bending fundamental 
of NOs. 


Since the third structure stabilizes the /rans- 


1 VY, Schomaker and C. S. Lu, J. Am. Chem. Soc. 72, 1182 
(1950). : 
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MOORE 

tautomer one might reasonably expect its contribution 
to be greater to this form. This is indeed supported by 
the fact that in the /rans-tautomer the low NO fre- 
quency is slightly lower and the high frequency higher 
than in the cis-form. The smaller O— N—O angle of the 
cis-form is probably not in contradiction to this belief 
but presumably results from an interaction between 
hydrogen and extreme oxygen indicated by the lower 
O—H valence frequency of the cis-form. 

As points of dissimilarity between nitrous and formic 
acid we mention that the latter substance does not 
exist in a ¢rans-form under circumstances so far in- 
vestigated and does associate at pressures at which no 
indication of nitrous acid dimers was found. 


THERMODYNAMIC AND OTHER PROPERTIES 
OF NITROUS ACID 


Although the energy of the ¢rans-form of nitrous acid 
is lower than that of the cis-form by about 506 calories, 
the torsional frequency of the /rans-form is consider- 
ably the lower. Consequently it is evident that if the 
torsional potential is represented by a sum of cosine 
terms, at least three terms are required to fit the facts. 
The data available probably do not warrant an attempt 
to evaluate this function exactly, but we estimate that 
it has maxima of the order of 12 kcal mole! above the 
lower minimum, at approximately +88° from the 
trans-position. This potential barrier is sufficiently large 
that one may question whether equilibrium was fully 
established in the studies of the rate of formation of 
nitrous acid by Wayne and Yost.? On the other hand, 
it is not so large that there can be much doubt that 
equilibrium was established in our measurements of the 
effect of temperature on relative intensities. 

From the frequencies and moments of inertia given 
above we estimate for the standard molal entropies 
at 25°C: S (trans)=54.9 eu. and S (cis)=54.8 e.u. 
From AS and AE we estimate for the equilibrium be- 
tween the two forms: Kos°=p trans/p cis=2.5. This 
corresponds roughly to the average ratio of intensities 
of trans- and cis-bands. The standard entropy of the 
equilibrium mixture of nitrous acid is consequently 
56.0 eu per mole at 25°. 
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The Microwave Spectrum of Methyl Stannane* 
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The microwave spectrum of methyl stannane between 25,500 and 29,000 mc is reported. All of the ob- 
served lines may be assigned to the J = 1-2 rotational transitions of the isotopic species representing the five 
most abundant tin isotopes. The dipole moment was found from the Stark splitting to be 0.68+-0.03 Debye 
unit. Insufficient information is available for a complete structure determination, but if tetrahedral angles 
and a C—H distance of 1.090A are assumed, the data can be fitted with a C—Sn distance of 2.143-+0.002A 
and a Sn—H distance of 1.700+0.015A. The influence of hindered internal rotation on the spectrum is 


discussed. 





INTRODUCTION 


HERE have been several recent investigations of 

the influence of hindered internal rotation on 
microwave spectra; among the compounds which have 
been studied are methy] alcohol,! 1,1,1-trifluoroethane,? 
methyltrifluorosilane,? and methyl silane.t Another 
simple symmetric rotor whose microwave spectrum 
would be expected to yield information on internal 
rotation is methyl stannane, CH;SnH3. Furthermore, 
this molecule seemed of interest from the standpoint 
of structural parameters, since no spectra of tin com- 
pounds in the microwave region had previously been 
reported. The microwave spectrum of CH;SnH; in 
the region between 25,500 mc and 29,000 mc is reported 
in this paper. The spectrum was observed on a Stark 
modulation spectrograph which employed zero-based 
100 kc square-wave modulation. 


PREPARATION 


Methy stannane was prepared by the reduction of 
CH;SnCl; with lithium aluminum hydride.’ The 
CH;SnCl; was prepared by bubbling methyl chloride 
through fused anhydrous stannous chloride at 365°C.§ 
Solutions of CH;SnCl; and LiAlIH, were made in 
thoroughly dried tetrahydrofuran, and the CH;SnCl; 
solution was added very slowly to the LiAIH, solution 
in an evacuated system. The gaseous products were 
frozen out from time to time during the course of the 
addition. After three bulb-to-bulb distillations of this 
product from —78°C to —190°C, a sample was ob- 
tained whose infrared spectrum (taken with a Baird 
infrared spectrophotometer) showed no trace of tetra- 
hydrofuran bands. The bands which did appear in this 


*The research reported in this paper was made possible by 
support extended Harvard University by the ONR under ONR 
Contract N5ori-76, Task Order V. 

'D. K. Coles, Phys. Rev. 74, 1194 (1948); Hughes, Good, and 
“ee “Microwave spectrum of methyl alcohol” (to be pub- 
ished). 

? Dailey, Minden, and Shulman, Phys. Rev. 75, 1319(A) (1949). 

*Minden, Mays, and Dailey, Phys. Rev. 78, 347(A) (1950); 
John Sheridan and Walter Gordy, J. Chem. Phys. 19, 965 (1951). 

*D. R. Lide and D. K. Coles, Phys. Rev. 80, 911(L) (1950). 

°A. E. Finholt, e¢ al., J. Am. Chem. Soc. 69, 2692 (1947). 

* Albert C. Smith, Direct Synthesis of Organotin Halides, Ph.D. 
thesis (Harvard University, 1951), p. 150. 


spectrum included the characteristic vibrations of the 
CH; group, plus a very intense band at 1870 cm", 
which presumably is the Sn—H stretching frequency. 

Although an impure sample gradually deposited a tin 
mirror on the glass sample bulb, samples of CH;SnH; 
from which the tetrahydrofuran had been removed 
showed no noticeable decomposition after standing in a 
glass bulb for one month. There was rapid decomposi- 
tion, however, when the sample was admitted to a 
copper wave guide. It was found that searching could be 
carried out and frequency measurements made by 
working rapidly after a sample was introduced into the 
guide, although both the sensitivity of the spectrograph 
and accuracy of frequency measurements were some- 
what impaired. 


MICROWAVE SPECTRUM 


If covalent bond radii’ are used to calculate bond dis- 
tances, the J/= 1-2 transition of CH;SnH; is predicted 
to be in the neighborhood of 26,700 mc. A search from 
25,500 mc to 29,000 mc yielded only the group of lines 
given in Table I. The observed relative intensities of 
the last five lines agree qualitatively with reported 
isotopic abundances of the five strongest tin isotopes.® 
As a further check the frequencies of all tin isotopes may 
be predicted (in the rigid symmetric-rotor approxima- 
tion) from the observed frequencies of any two isotopic 
species, using no other data besides atomic masses.° If 
the lines at 27,560.69 mc and 27,641.99 mc are assigned 


TABLE I. Observed spectrum of CH;SnH3. 








Approximate relative 


Frequency intensity (30°C) 


27,517.58 mc 
27,558.79 
27,560.69 
27,580.52 
27,600.80 
27,621.20 
27,641.99 


Assignment 





Sn”° (excited torsional state) 
Sn"!8 (excited torsional state) 
Sn!20 
Snug 
Sns 
Sn!!7 
Snus 








7L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1945), second edition, p. 164. 

8 J. R. White and A. E. Cameron, Phys. Rev. 74, 991 (1948). 

® Masses were taken from Bethe, Elementary Nuclear Theory 
(John Wiley and Sons, Inc., New York, 1947). 
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TABLE II. Predicted and observed frequencies of tin isotopes. 











Isotope Predicted Observed 
Sn!20 tee 27,560.69 
Sn!!9 27,580.52 27,580.52 
Sn 27,600.71 27,600.80 
Sn? 27,621.21 27,621.20 
Snts tee 27,641.99 








to Sn” and Sn"®, respectively, such a caltulation gives 
the results in Table II. The agreement is seen to be 
satisfactory, especially in view of the fact that pressure 
broadening from the decomposition limited the ac- 
curacy of frequency measurements to about +0.10 mc. 
The still weaker tin isotopes whose frequencies were 
predicted in this way were below the sensitivity of the 
spectrograph. 

The lines at 27,517.58 mc and 27,558.79 mc appeared 
noticeably stronger at room temperature than at dry 
ice temperature, indicating that they are due to mole- 
cules in excited vibrational states. In view of their 
intensities it is reasonable to assign them to the first 
excited torsional state of the Sn”? and Sn!"!® species, 
respectively. The corresponding satellite line from Sn" 
was expected to be slightly above noise level, but it was 
obscured by the Stark components of the 27,600.80 mc 
line. 

The observed Stark effect of the above lines was in 
agreement with that expected for the /=1—2 transi- 
tion of a rigid symmetric rotor; viz., one pair of first- 
order components, a strong second-order component 
moving to high frequency, and a weaker (one-third the 
intensity) second-order component moving to low fre- 
quency. The dipole moment calculated from the second- 
order Stark effect is 0.68+0.03 Debye unit. The elec- 
trode spacing and voltmeter were calibrated from 
measurements on the OCS line at 24,325.92 mc.!° 

The absorption coefficient of the Sn™® line at 27,560.69 
mc is calculated to be 2 10~* cm“, if it is assumed that 
50 percent of the molecules are in the ground vibra- 
tional state. 


STRUCTURAL PARAMETERS 


The fact that the lines of CH;SnH; were found almost 
1000 mc above the predicted frequency indicates some 
error in the parameters which were assumed. The 
assumed C—Sn and Sn—H distances were ultimately 
based on x-ray diffraction measurements of the Sn—Sn 
distance in crystals of grey tin, and thus involve a 
rather uncertain extrapolation. A complete determina- 
tion of the structure of CH;SnH; involves five param- 
eters—three distances and two angles; however, only 
two independent equations may be obtained from the 
observed microwave frequencies, and the accuracy of 
these is reduced by the fact that the Sn atom is so close 
to the center of mass of the molecule. An unsuccessful 
search was made for the C™ lines in their natural 


10 R. G. Shulman and C. H. Townes, Phys. Rev. 77, 500 (1950). 
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abundance; these lines would have permitted an ac- 
curate calculation of at least the C—Sn distance. Since 
these lines could not be found, it appears that the avail- 
able data can be handled best by treating the two most 
questionable parameters—the C—Sn and Sn—H dis- 
tances—as unknowns, while using reasonable values 
for the other parameters. If we assume tetrahedral 
angles for both the CH; and SnH, groups and a C—H 
distance of 1.090A, then the best fit for the observed 
frequencies is obtained with a C—Sn distance of 2.143+ 
0.002A and a Sn—H distance of 1.700+-0.015A. These 
distances are consistent with a single bond radius for Sn 
of 1.37A, as compared with 1.40A given in the tables of 
Pauling.’ 

All stable’ tin isotopes are reported to have spins of 
either zero or one-half. The spectrum of CH;SnH; 
offers no evidence to the contrary, since all lines can be 
explained without the assumption of a quadrupole 
hyperfine structure. 























INTERNAL ROTATION 






As mentioned above, the original interest in CH;SnH; 
resulted from studies of hindered internal rotation. It 
was hoped that intensity measurements on the torsional 
satellite lines would give potential barrier information 
which could be compared with data already obtained on 
similar molecules. However, the instability of the com- 
pound made quantitative intensity measurements in- 
feasible without fairly elaborate equipment, which does 
not seem to be justified at the present stage of intensity- 
measuring techniques. 

The theory of internal rotation" predicts a splitting 
of each torsional energy level as a result of tunneling 
through the hindering potential barrier. Thés energy 
splitting should lead to corresponding changes in the 
moments of inertia, and hence to a splitting in the pure 
rotational lines. Such a splitting has been observed in 
the microwave spectra of CH;SiH;' and CH;SiF;.* The 
lines of CH;SnH; showed no internal structure; how- 
ever, it must be remembered that the resolution was far 
from optimum because of the unavoidably high pres- 
sures. In CH;SiH; the ground-state line-structure could 
not be resolved, and the first excited torsional line 
showed a splitting of only 0.7 mc. Somewhat greater 
splittings might be expected in CH;SnHs, since the 
potential barrier is undoubtedly lower. It is thus likely 
that the use of an absorption cell in which CH;SnH; is 
reasonably stable would make it possible to resolve this 
splitting, either in the lines already seen or in weaker 
lines of more highly excited torsional states. 
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Thermodynamics of the Critical Point 
W. G. SCHNEIDER AND A, CHYNOWETH 


National Research Laboratories, Ottawa, Canada 
(Received October 15, 1951) 


N a recent communication with the above title Curtiss, Boyd, 

and Palmer! have given a relation for the thermodynamic 
velocity of sound at the critical point, and it was suggested that 
this relation could be employed to derive Cy at the critical tem- 
perature. We have recently concerned ourselves with just this 
problem and have been led to the conclusion that the above 
procedure is difficult and is likely to lead to large errors unless the 
sound velocity measurements are made at very low frequencies. 
We have made use of the relation 


e=(Tr/C,)(0P/dT)2—v(0P/d2) 7, (1) 


where c is the velocity of sound and 2 is the specific volume. This 
relation is equivalent to Eq. (3) of the above article. The coeffi- 
cients (O@P/d8T), and (0P/dv)7, when derived from equation of 
state data may be regarded as static quantities in the sense that 
they refer to equilibrium measurements at zero frequency. The 
abnormally high absorption of sound observed in the neighbor- 
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Fic. 1. Heat capacity near the critical point for sulfur hexafluoride. 
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hood of the critical point absorption of sound observed in the 
neighborhood of the critical point (2) can, according to present 
evidence, be interpreted on the basis of a configurational relaxation 
process. Hence (0P/dv)7, (and possibly also (8P/8T),) will be 
time dependent, and its value for a high frequency periodic force 
will in general be greater than the static value. In particular, while 
(8P/dv)7, as derived from Pv isotherm measurements (static 
measurements) is zero at the critical point, the “dynamic” value 
of (0P/dv) 7 will not be zero. In other words, while a system in the 
critical state is highly compressible with respect to infinitely slow 
pressure changes, it is relatively hard (incompressible) with re- 
spect to very rapid pressure variations. 

Figure 1 shows a plot of C, vs temperature for sulfur hexafluoride 
in the neighborhood of the crifical point. The heat capacity values 
were derived from recent isotherm measurements? and sound 
velocity data.** Unfortunately no calorimetric measurements of 
C, for sulfur hexafluoride are available for comparison. There are, 
however, calorimetric measurements for carbon dioxide* and 
ethylene,’ which. can be compared with the heat capacity values 
derived from Eq. (1) with the aid of acoustic data. In Table I are 


TABLE I, 








Cy at the critical temp (cal/mole) 


From acoustic and 


CY? 
(cal/mole) isotherm data Calorimetric 





6.82 17.5 ~50 

8.12 19.6 ~34 
22.20 38.3 

2.98 13.0 








shown the values at the critical point for carbon dioxide, which 
were previously given by Curtiss, Boyd, and Palmer, and also the 
corresponding data for ethylene. For both gases the calorimetric 
values are seen to be greater by roughly a factor of two. If the 
calorimetric measurements are regarded as static (zero frequency) 
measurements, this difference can be accounted for on the basis 
of the above interpretation. 

The second column of the table shows for comparison, values 
of the heat capacity at zero pressure, C,°, for the several gases 
listed. Also included in the table is the value of C, for xenon at 
the critical temperature which was derived from recent sound 
velocity measurements. 

) Curtiss, Boyd, and Palmer, J. Chem. Phys. 19, 801 (1951). 

2K. E. MacCormack, and W. G. Schneider, Can. J. Chem. 29, 699 (1951). 

3.W. G. Schneider, Can. J. Chem. 29, 243 (1951). 

*See also the above note immediately preceding the present com- 
munication. 


4A. Michels and J. C. Strijland, Physica 16, 813 (1950). 
5 Pall, Broughton, and Maass, Can. J. Res. B16, 230 (1938). 





Infrared Spectra of Rapidly Solidified Vapors 


F. E. MALHERBE AND H. J. BERNSTEIN 
National Research Council, Ottawa 
(Received October 11, 1951) 


ROWN and Sheppard! recently described the formation of 

glassy solids during the rapid freezing of liquid hydrocarbons. 
We observed a similar phenomenon during an investigation of 
rotational isomerism in 1,2-dichloroethane, when condensing the 
vapor rapidly onto a rocksalt or KBr plate in a cell of the type 
that has been previously described.2* When the vapor is con- 
densed on the plate at 94°K,* which is the steady temperature 
attained by cooling with liquid nitrogen, a white solid is pro- 
duced which shows an infrared spectrum similar to that of the 
liquid (i.e., there are bands resulting both from the gauche- and 
trans-isomers of dichloroethane). On allowing the solid to warm 
gently, a sharp temperature interval (123+2°K) is reached 
during which the gauche-bands disappear and the trans-bands 
increase in intensity. The exact temperature at which this change 
takes place is dependent on the conditions, especially the rate and 
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temperature (below 118°K) of the initial condensation. If the 
vapor is condensed on a plate above. 123°K, the gauche-bands are 
not present in the solid spectrum. 

During this transition, which corresponds apparently to the 
crystallization of the original glassy solid, there is a frequency 
shift in the maxima of the érans-bands which amounts to, roughly, 
the shift between the liquid and solid spectra. On further warming 
very little change occurs until a temperature of approximately 
173°K is reached, where again a small frequency shift in the 
trans-bands is observed, a shift which is reversible with tempera- 
ture around approximately 177°K. The two ¢trans-bands which are 
sufficiently strong and narrow to permit of accurate measurement 
show the following shifts for rising temperature: 


Shift in maximum 


+2.3 40.7 pees for 10 
—2.6+0.8 cm™!/ different samples 


Band frequency 


1229.8 cm™! 
1455.6 cm=! 


Pitzer‘ has reported a peak in the heat capacity curve of di- 
chloroethane at 177°K and proposes that the lattice for this sub- 
stance is essentially the same above and below this transition 
point. The observed frequency shifts do, however, seem to indicate 
slight changes in the lattice constants.t For the case of dibromoe- 
thane it has not been possible to produce a solid showing gauche- 
bands. This is probably because of the fact that, owing to the 
lesser volatility, the effective rate of condensation is less than in 
the case of dichloroethane and allows the solid sufficient time to 
crystallize at 94°K. 

It should be mentioned that under certain conditions of con- 
densation (in particular the single deposition of a relatively thick 
layer, rather than its building up by succesive depositions of 
thinner layers), solids are obtained which show very markedly the 
Christiansen filter effect.5® { In such cases there are additional 
frequency shifts which are irreversible with temperature and diffi- 
cult to measure accurately owing to the symmetry of the bands. 
In the case of dichloroethane, but particularly of dibromoethane, 
the general level of absorption increases as the the temperature 
rises above 210°K up to the melting points. It should be empha- 
sized that the shifts measured around the 177°K transition in 
dichloroethane were on samples showing no scattering anomalies. 

1J. K. Brown and N. Sheppard, J. Chem. Phys. 19, 976 (1951). 

2 E. L. Wagner and D. F. Hornig, J. Chem. Phys. 18, 296 (1950). 

3A. Walsh and J. B. Willis, J. Chem. Phys. 18, 552 (1950). 

* All temperatures were measured with a copper-constantan thermo- 
couple, the tip of which was in contact with the rocksalt plate. 

4K. S. Pitzer, J. Am. Chem. Soc. 62, 331 (1940). 

+A similar conclusion was reached by S. Mizushima and Y. Morino 
(Proc. Indian Acad. Sci. A8, 315 (1938)) on the basis of the Raman spectra 
of solid 1,2-dichloroethane obtained at 230°K and 130°K, in which changes 
in lattice frequencies were observed. 

5 Christiansen, Wied. Ann. (1884). 

6W. C. Price and K. S. Tetlow, J. Chem. Phys. 16, 1157 (1948). 


t We have observed a very pronounced Christiansen effect in the infrared 
spectrum of solid dimethyl ether produced by rapid condensation. 





Temperature Dependent Magnetic Shielding 
in Ethyl Alcohol* 


UrRNER LIDDEL, Office of Naval Research, Washington, D. C. 
AND 


NorMaN F. Ramsey, Harvard University, Cambridge, Massachusetts 
(Received September 24, 1951) 


RNOLD, Dharmatti, and Packard! have reported three 
distinct proton resonances in ethyl alcohol, whose intensi- 

ties are approximately in the ratio of 3:2:1 and hence presumably 
associated with the CH;, CH», and OH groups, respectively. The 
relative displacements of these lines are of magnitudes consistent 
with Ramsey’s? theory of magnetic shielding in molecules. How- 
ever, Packard and Arnold? find that the position of the weakest 
resonance, which presumably is associated with OH, is markedly 
temperature dependent, while the others are not, even though all 
of them at room temperature are shifted comparable amounts. 
The existence of a temperature dependence is consistent with the 
general formulation of Ramsey’s* theory if there are alternative 
molecular states whose energy separation is of the order of &T, 
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and it is of interest to note that suitable low-lying states should be 
expected in the case of ethy] alcohol. 

One mechanism for the production of such states is the process 
of association of ethyl alcohol which has long been known to be 
an associated liquid.*® Since this association is by a hydrogen 
bond involving the hydrogen in the OH group, this hydrogen 
should experience a different magnetic shielding in the associated 
and unassociated state. If the correlation time‘ for the lifetimes of 
the different states is sufficiently small (less than a millisecond), 
the hydrogen resonance will be observed at the frequency cor- 
-responding to the average shielding for the states. Since changes 
of temperature will alter the distribution between the associated 
and unassociated states, the resonance frequency should be tem- 
perature dependent. 

Alternative mechanisms for the temperature dependence are 
effects of temperature on the hydrogen angle vibrations and 
hindered rotations. The frequency of the hydrogen angle vibra- 
tions is such’ that appreciable change in the population occurs in 
the temperature range of the experiment, and the amplitude of 
the vibration is sufficiently large that the shielding could be notice- 
ably different in the two lowest vibrational states. 

Experimentally, it should be possible to distinguish between the 
two alternatives by dissolving the alcohol in a solvent such as 
CCl, which is known to alter the extent of association. Also, the 
effect of a hydrogen bond on the magnetic shielding could be 
studied by comparing the proton magnetic resonance frequencies 
in ortho-nitrophenol and para-nitrophenol or in similarly related 
compounds. 

* This work was supported by the joint program of the ONR and AEC. 

1 Arnold, Dharmatti, and Packard, J. Chem. Phys. 19, 507 (1951). 

2N. F. Ramsey, Phys. Rev. 78, 699 (1951). 

3M. E. Packard and J. T. Arnold, Phys. Rev. 83, 210 (1951). 

4 Hilbert, Wulf, Hendricks, and Liddel, J. Am. Chem. Soc. 58, 2287 
(1936), and unpublished results. 

o Pierce and D. P. MacMillan, J. Am. Chem. Soc. 60, 779 (1938). 


6 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
7S. C. Schumann ana J. G. Aston, J. Chem. Phys. 6, 480 (1938). 





Variations in Absolute Chemical Shift of Nuclear 
Induction Signals of Hydroxyl Groups of 
Methyl and Ethyl Alcohol* 


J. T. ARNOLD AND M. E. PACKARDT 
Stanford University, Stanford, California 
(Received October 12, 1951) 
N connection with observations of chemical effects in proton 
nuclear induction signals,' it was reported? that the absolute 
chemical shift of signals because of the OH groups of methyl and 
ethyl alcohol shows a temperature dependence, while that of the 
CH, and CH; groups does not. 

We have measured this effect, with particular attention to ethyl 
alcohol in the temperature range of 150° to 350°K. In Fig. 1 the 
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Fic. 1. Separation of OH and CH: signals in milligauss versus temperature. 
The different symbols represent results obtained in different runs. 
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Fic. 2. Separation of nuclear induction signals of OH groups from the neigh- 
boring groups in ethyl and methy] alcohols dissolved in carbontetrachloride. 


chemical shift between the OH and CH: groups of ethy] alcohol 
is plotted as a function of temperature. 

More recently, we have observed that dilution of the alcohols 
has an effect similar to raising their temperature. A one-to-one 
solution of ethyl alcohol in chloroform at room temperature gives 
the aspect of pure alcohol at 350°K. In Fig. 2 we have plotted the 
effect of dissolution in carbon tetrachloride upon the chemical 
shift of the OH group. In the case of ethyl alcohol it is seen that 
the chemical shift between the OH and CH: groups at concentra- 
tions of about 10 percent is very nearly that of pure boiling 
alcohol. 

The samples used in the determination of the temperature 
dependence were cylindrical of approximately 1-mm diameter by 
5-mm length, contained in small unsilvered vacuum flasks. It was 
not feasible to measure temperatures by direct means in such 
small samples. The temperatures indicated in Fig. 1 are taken from 
a cooling curve which was deduced from signal amplitudes. The 
signal amplitudes over most of the temperature range are assumed 
to be inversely proportional to temperature in accordance with 
the Curie law. (Below about 200°K the signal amplitudes fall off 
because of viscosity effects and ultimate freezing out of the 
alcohol.) Data obtained at measured time intervals after initial 
heating or cooling to known temperatures indicate very closely 
an exponential time dependence of temperature in the interval 
200° to 350°K. 

In the slow passage observation of nuclear induction signals 
chemical shifts may be measured directly on the face of a per- 
sistent screen oscilloscope. The calibration of sweep fields in the 
present measurements was accomplished by observing signals 
because of a pure water sample (which gives a discrete sharp line) 
when the linear sweep field had superposed on it a low amplitude 
sinusoidal variation at a known frequency » in the audio range. 
The resulting display is equivalent to excitation of nuclear in- 
duction signals with a radiofrequency field having side bands 
spaced at intervals from the center frequency.’ This method per- 
mits accurate calibration of sweep fields. . 

We wish to thank Professor Felix Bloch for his continued interest 
in chemical effects in nuclear induction. 

* Assisted by the joint program of the AEC and ONR. 

t Now associated with Varian Associates, San Carlos, California. 

1 Arnold, Dharmatti, and Packard, J. Chem. Phys. 19, 507 (1951). 


2M. E. Packard and J. T. Arnold, Phys. Rev. 83, 210(A) (1951). 
3 Robert Karplus, Phys. Rev. 73, 1027 (1948). 





The Microwave Spectrum of Furan* 
M. H. Stirvetz 


Brookhaven National Laboratory, Upton, Long Island, New York 
(Received October 12, 1951) 


HE heterocyclic 5-membered ring compound furan has been 
found to give rise to over. fifty strong absorptions in the 
microwave K-band. Of these 26 have been assigned to specific 
rotational transitions. The derived rotational constants correspond 


TABLE I. Observed and computed frequencies (Mc). 











Transition v(obs) v(calc) 
86,2—86,1 19011.46 19009.36 
1210,3-41210,2 19767.98 19773.51 
97,2999, 20624.34 20621.60 
119,3—+119,2 20637.71 20642.40 
108,3—10s,2 21377.91 21381.72 
97,3-297,2 21984.30 21987.29 
86,3 86,2 22458.99 22461.19 
108,2—1010,1 22540.27 22536.54 
75,3—75,2 22810.92 22812.60 
64,3-764,2 23055.80 23057 .01 
53,3-753,2 23213.45 23214.25 
11,1 21,2 23259.30 23259.29 
42,3 +42,2 23305 .88 23305.81 
31,3-31,2 23352.47 23352.23 
30,3 432,28 23384.46 23384.46 
41,3 43,2 23402.53 23402.72 
52,3—754,2 23440.06 23440.49 
10,1 —20,2% 23453.13 23453.13 
63,3 65,2 23507.71 23508.45 
74,3—76,2 23619.06 23620.11 
85,387,2 23790.73 23792.15 
96,3 98,2 24043.08 24044.78 
107,3-+109,2 24399.77 24401.97 
1192114 24767.50 24763.31 
118,31 1io,2 24888.97 24891.49 
129,3-71211,2 25541.64 25544.58 








« Parameters adjusted to give agreement at these points. 


to a planar molecule of near oblate symmetry, with electric dipole 
moment oriented along the principal axis of least moment of 
inertia. The spectrometer, utilizing Stark effect modulation, has 
been described recently.! It is estimated that frequencies are 
accurate to better than 0.1 mc. 

In Table I are listed, together with the transition assignments, 
the frequencies*observed and those computed on the basis of 
standard rigid asymmetric rotor theory.? The average discrepancy 
is of the order of 1.7 mc. Centrifugal stretching effects are ap- 
parently unimportant up to rather high J, although the steady 
increase, with J discrepancy between observation and_prediction, 
is undoubtedly to be attributed to this cause. All transitions 
through J=12 predicted to fall in the K-band were observed, 
with the exception of one which should appear in a small in- 
accessible region. 

From the two J=1 to J=2 transitions, and the transition 3p, 3 
—32,2 we obtained the rotational constants: (A+C)/2= 7058.94, 
(A—C)/2=2388.10, and «=0.916142. These correspond to mo- 
ments of inertia 53.5067, 54.6656, and 108.2204 amu-A,? which 
may be compared with the values 56.44, 54.58, and 111.02, re- 
spectively, computed from the structure ef furan proposed by 
Pauling and Schomaker' on the basis of electron diffraction work 
(together with reasonable assumptions about the C—H bonds). 
Though there is no great disagreement, it may be noted that the 
preliminary estimates indicated that the dipole moment lay along 
the axis of intermediate moment of inertia. It turns out that taking 
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Fic. 1. Allowed transitions: I. for uw; II. for yp. 
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this as an assumption leads at first sight to no obvious incon- 
sistency in the interpretation of the spectrum. The selection rules, 
though changed, still permit two J=1 to J=2 transitions as well 
as a doublet of the form Jx,=3—J x, =2 for every J=3. Evena 
large measure of quantitative agreement is possible, since only 
the splitting of the two levels of lower value of K, is involved, in 
first approximation, in producing the doublet splitting (see 
Fig. 1). The Stark effect of the 1-2 transitions, however, may be 
used to show unambiguously that the dipole moment in fact lies 
along the least axis of inertia. For the line at 23259 mc the ratio 
of the displacements of the M=1 and M=O components is ob- 
served to be 5.64, in good agreement with the value 5.690 com- 
puted for the transition 1),:—2;,2 on the basis of the above given 
structure. If «4 were oriented along the b-axis, the corresponding 
transition would be 1;,:—2o,2 and the computed ratio would differ 
in sign as well as in magnitude from that observed. The value of 
the dipole moment is determined to be 0.661+0.006 debye. 

It may be noted that the effective moments of inertia here 
obtained show only a very slight effective aplanarity; i.e., J. is 
very nearly equal to J,+J>». This is, of course, an essential condi- 
tion for the possibility of equating effective moments of a molecule 
believed to be planar to equilibrium moments in determining 
structural parameters. It is thus hoped that the use of various 
deuterated furans may lead to a microwave structural deter- 
mination. 

The author would like to thank Dr. V. W. Cohen for much 
helpful advice during this research. 


* Research carried out at Brookhaven National Laboratory, under the 
auspices of the AEC. 

1 Wentink, Koski, and Cohen, Phys. Rev. 81, 948 (1951). 

2 King, Hainer, and Cross, J. Chem. Phys. 11, 27 (#943). The notation 
developed by these authors is used in this report. 
3L. Pauling and V. Schomaker, J. Am. Chem. Soc. 61, 1769 (1939). 





Infrared Spectrum of Some Complex 
Hexafluorides 


A. DE LATTRE 


Centre d’ Analyse spectrale, Moléculaire de l'Université de Liége, 
Liége, Belgium 


(Received September 14, 1951) 


HE infrared (IR) spectra in the KBr region of 3 samples of 
synthetic cryolite have been investigated by the powder 
method. One of the samples was obtained by precipitation, the 
other by fusing together AlF;+3NaF, and the third was a com- 
mercial product. All samples give maximum absorption at about 
599 cm™, which can be safely considered as the highest of the 
two F,, frequencies of AlFs~— octahedra, the lowest one falling 
outside of the region of observation. 

Using Wilson’s formula for XY.» and the AI-F distance from 
x-ray measurements on cryolite, we can calculate from the 
observed frequency the valence stretching constant ko, of the 
AIF bond as a function of the ratio of the deformation constant 
to the valence stretching constant. (See Table I.) 

It is seen that within the range of reasonable values for p, ko1 
varies from 2.15 to 1.10 while in any case the lowest IR active 
vibration falls far outside our range of observation. Badger’s rule 
would require ko: = 2.3 10°. On the other hand, assuming a central 


TABLE I. Fix vibrations. 











Highest: Lowest: 
ko. observed predicted 
0.05 2.15 105 599 221 
0.10 1.83 599 281 
0.20 1.10 599 311 
dynes/cm cm"! 
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force field with Coulombic forces and Born-type repulsiva, we find 
koi: = 1.43 X 10° if Al*** is supposed to have 3 elementary charges 
and F~ one. It is remarkable that the force constant predicted for 
a purely ionic molecule falls within the range of values permitted 
by experiment. 

A further study of the Raman and IR spectra of solids and 
solutions containing ions of the type XY¢ is in progress. Four 
samples of fluoferriates of sodium and ammonium studied by the 
powder method all give a diffuse band in the region 492-458 cm™, 
and a sample of KPF¢ gives strong well-defined peaks at 847 and 
561 cm™, 

Seifert! states that KPF, contains PF,* tetrahedra rather than 
PF, octahedra. Recently Bode and Voss? announced the forth- 
coming publication of the x-ray structure of KPF.. 

Our observed IR frequencies are shown in Table II. 











TABLE IT. 
Tetrahedron Octahedron 
hypothesis hypothesis 
koi +++ 3.18105 dynes/cm 4.0 X105 dynes/cm 
kg +++ 1.29 10° dynes/cm 0.84 X 105 dynes/cm 








In PF; the valence and deformation constants are 4,6, and 
1.07, respectively. From IR data alone, no decision can be taken 
as to the structure, since both models give reasonable force con- 
stants. If Seifert’s conclusion is confirmed by Bode and Voss, 
ko: =3.18 can be adopted as a fairly safe value for the stretching 
constant of the P-F bond in PF,"*. 


1 Seifert, Z. Krist. 76, 455. 
2 Bode and Voss, Z. anorg. Chem. 264, 144 (1951). 





On the Theoretical Calculation of Transition 
Probabilities* 


HARRISON SHULL AND FRANK O. ELLISON 


Department of Chemistry and Institute for Atomic Research, 
Iowa State College, Ames, Iowa 


(Received October 4, 1951) 


HE theoretical computation of transition probabilities! for 
electric dipole transitions in electronic spectra of molecules 
requires the evaluation of the transition integral 


N 
o= [wil z ri) do, (1) 


where W&; and YW, are the antisymmetrized and normalized 
N-electron wave functions of the initial and final states, re- 
spectively, and r; is the radius vector of the kth electron referred 
to a system of coordinate axes. The transition probability is 
proportional to the square of Q. In most of the previous literature, 
integrals of the type (1) have been evaluated utilizing the center 
of the system as an origin for ry. Bayliss? has recently suggested 
that this choice of origin is not merely one of convenience, but of 
necessity. He states that “the value of Q in general, although not 
necessarily in particular cases, depends on the origin of x.” One 
would suspect @ priori that the transition integral is independent 
of the choice of origin, inasmuch as the quantity calculated is a 
function only of the electronic states of the system. If such a 
dependency did exist, previous theoretical treatments would be 
.seriously questioned until the exact criteria for selecting a proper 
origin were determined. It does not seem immediately obvious 
why the center of the molecule would be the most natural choice. 

It may be shown quite easily that the transition integral is 
independent of the choice of origin with but one restriction. If, in 
the integral (1), the origin of the vectors r; is transformed, such 
that r,’/=rx.+1ro, the integral becomes 














—— = 


, lied 


n 
l- 


for 
ules 


(1) 


lized 
- -re- 
rred 
y is 
ture, 
enter 
ested 
ut of 
h not 
One 
ident 
lisa 
ich a 
Id be 


roper 
vious 
hoice. 
ral is 
If, in 
, such 








N N 
a= fwi( 2 rv) Wydo= wil (nitro) [rae 
= Q4+rNVSi;. 


Therefore, if the wave functions of the initial and final states are 
orthogonal to each other (i.e., Si;=0), the transition integral is 
independent of the choice of origin of the dipole length operator. 
If the functions were not orthogonal, it would be implied that some 
of the initial state is mixed in with the final state. 

In the actual calculation of transition probabilities, the elec- 
tronic configurations of the lower and upper states are usually 
expanded in terms of atomic orbitals (AO’s) either by the valence 
bend or molecular orbital approach. Therefore, the ultimate evalu- 
ation of (1) reduces to the computation of one-electron integrals 
of the form {¢ir@e2dv where ¢; and ¢2 are typical AO’s, generally 
of the Slater-type, directly involved in the transition. These one- 
electron integrals often depend upon the choice of origin, since 
¢, and ¢2 are not necessarily orthogonal. Therefore, when carrying 
out the integration (1), with orthogonal functions W; and W,;, a 
unique origin should be chosen, but the final answer will be 
independent of this choice. 

It should be pointed out that the calculations by Bayliss? of the 
transition probabilities for a one-dimensional electron gas in a 
field of uniform potential are correct, contrary to the statement 
in his recent paper.? This is a consequence of the orthogonality 
of the eigenfunctions concerned, making the transition integral 
independent of whether the origin of x be placed at the center or 
boundary of the system. 

* Contribution No. 155 from the Institute for Atomic Research and De- 
partment of Chemistry, Iowa State College, Ames, lowa. This work was 
supported in part by the Ames Laboratory of the AEC. 

1 For an extensive review of methods and references, see R. S. Mulliken 
and C. A. Rieke, Phys. Soc. Rep. Prog. Phys. 8, 231 (1941). 


2N.S. Bayliss, Australian J. Sci. Research A3, 109 (1950). 
3N.S. Bayliss, J. Chem. Phys. 16, 287 (1948). 





The Spectra of Bromine Pentafluoride* 


T. G. BurRKE AND E. A. Jonest 


K-25 Laboratories, Carbide and Carbon Chemicals Company, 
Oak Ridgs, Tennessee 


(Received October 3, 1951) 
HE Raman spectrum of liquid bromine pentafluoride has 
been studied at room temperature using a Lane Wells spec- 
trograph and 4358-Hg excitation. The Raman tubes were fabri- 
cated from the inert plastic Fluorothene,! a polymer of trifluoro- 
chloroethylene. Some infrared studies were made on gaseous 
bromine pentafluoride in the region from 400-cm™ to 700-cm™ 
using a Perkin-Elmer 12C spectrometer equipped with KBr optics. 
All infrared runs were made on the gas at low pressure because 
BrF; readily attacks the window material used in the KBr region. 
Bromine pentafluoride was prepared by the direct combination 
of bromine and fluorine according to the method reported by 
Ruff and Menzel.? Purification was accomplished by condensing 
the reaction mixture and fractionally distilling it in an all-metal 
still. 
The results through the region of the fundamentals are given 
in Table I. The nine Raman frequencies listed in Table I have 


TABLE I. Infrared and Raman frequencies in the spectrum of 
bromine pentafluoride. 








Raman lines (liquid) Infrared bands (gas) 
cm"! cm-l 


Relative intensities* 





684 V.S. 690 
629 V.W. 645 
569 V.S. 583 
539 VS. ee 
480 V.W. Tr 
410 M.S. 418 
365 Ss. oe 
310 M.S. 

241 Ww. 


—L_ 








, -V.S. =very strong; S.=strong; M.S.=medium strong; W.=weak, 
V.W. =very weak. 
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been designated as the fundamentals of BrF;. The lack of infrared 
data on the low frequency fundamentals and polarization of the 
Raman lines prevents a definite structural assignment from this 
study. However, for the two likely models, the tetragonal pyramid 
and the triagonal bypyramid, the data do favor the former, since 
for the C4, structure one expects nine Raman frequencies and for 
the D3, structure only six Raman frequencies. 

A normal coordinate treatment and investigation of the polari- 
zation of the Raman lines are in progress in the Physics Depart- 
ment at Vanderbilt University. 

We wish to thank G. J. Vogel and R. W. Vogel of the K-25 
Chemistry Department for the sample used in this investigation. 

* This document is based on work performed for the AEC by Carbide 
and Carbon Chemicals Cémpany at Oak Ridge, Tennessee. 


t Now at the Department of Physics, Vanderbilt Univeristy, Nashville, 
Tennessee. 


1J. S. Kirby-Smith and E. A. Jones, J. Opt. Soc. Am. 39, 780 (1949). 
20. Ruff and W. Menzel, Z. anorg. u. Allgem. Chem. 202, 49, (1931). 





Density Measurements in Gaseous 
Detonation Waves* 
G. B. KIsTIAKOWSKY 


Gibbs Chemical Laboratory, Harvard University, Cambridge, Massachusetts 
(Received October 17, 1951) 


EASUREMENTS of detonation velocities permit the de- 

duction of the parameters of thermodynamic equilibrium 
behind the wave front,! in the so-called Chapman-Jouguet plane, 
but they provide virtually no information on the intervening 
deflagration zone. To obtain an independent experimental check 
of such thermodynamic calculations and to observe the deflagra- 
tion zone, it is essential to measure some other wave parameter, 
e€.g., pressure, temperature, or mass velocity. None of these 
measurements, however, are readily carried out in a time short 
enough to avoid the disturbing effects of the walls of the confining 
vessel. The literature, indeed, reveals no trustworthy data on any 
of these variables. 

A time record of gas density in the wave provides as much in- 
formation as that of the pressure, and it has the advantage that 
the ratio of densities of the shocked but unreacted gas and of the 
fully reacted gas is quite high, since according to v. Neumann? 
the pressure drops and the temperature rises in the intervening 
deflagration zone. Moderately soft x-rays, detected by a scintilla- 
tion counter, provide a practical method, because their absorption 
coefficients are in the useful range, and yet they do not depend on 
the state of chemical binding. Moreover, an absorption measure- 
ment integrates the density over the entire path of the rays, 
parallel to the wave front, instead of measuring the events 
immediately at the wall, as is done by a pressure gauge; thus wall 
effects are minimized. 

For the present experiments a G. E. X-Ray Corporation*® 
copper tube type CA7 was used, operating on 20 kv dc potential 
at 30 m A current. It faced suitably reinforced 10 mil thick 
beryllium windows mounted oppositely in the walls of a 10 cm 
i.d. steel pipe. The width of the x-ray beam in the direction of wave 
travel varied from 2 to 4 mm. The beam was faced by a terpheny] 
crystal backed by a 1P21 photomultiplier. The output was fed 
through a cathode follower to a Du Mont CRO type 248. Time 
resolution was only slightly better than 1 ysec, since it was not 
desired to display individual pulses; on the contrary, the number 
of quanta reaching the counter was sufficient to produce a steady 
output with statistical fluctuations of the order of a few percent 
of the total. 

The first trace in the figure is a time-density record of the 
detonation of a mixture of oxygen, acetylene and methyl] bromide, 
sweep time being 300 microseconds. The second trace, of 140 usec 
duration, shows the detonation of a mixture of methyl bromide 
and oxygen. The passage of the shock reflected from the end of the 
pipe is also seen in the first trace. The apparent steepness of the 
wave front in the second trace is 2 usec, as would be expected 
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Fic. 1. Time-density records of two detonations. 


from the time of passage by the x-ray beam of a square wave, 
plane and normal to the pipe axis. 

The most interesting feature of these records is the absence of 
the high density region preceding the state of the fully reacted 
gas. The width of this region must be small compared to the 
width of the x-ray beam; thus the Chapman-Jouguet plane in these 
detonations follows the shock front less than a millimeter behind. 

Further work with this equipment and its improvements are 
now underway and will be described later. 


* This research was made possible by funds extended to Harvard Uni- 
versity under the ONR Contract MSori-76, T. O. XIX, NR-053-094. 

1 Kistiakowsky, Knight, and Malin, J. Am. Chem. Soc. 73, 2972 (1951). 

2 J. v. Neumann, OSRD Report No. 549 (May, 1942). 

3 It isa pleasure to acknowledge my thanks to the G. E. X-Ray Corpora- 
tion and particularly to Mr. H. W. Pickett for the loan of the tube and for 
useful suggestions. 





Note on the Electron Affinity of Fluorine 


RICHARD B. BERNSTEIN 


Argonne National Laboratory and Illinois Institute of Technology, 
Chicago, Illinois 


AND 
Max METLAy 
School of Mines, Columbia University, New York, New York 
; (Received October 15, 1951) 


T seems advisable to reconsider the available facts regarding 
the electron affinity of the fluorine atom in the light of the 
recent definitive value for the heat of dissociation of fluorine, 
37.7+0.4 kcal/mole, obtained by Doescher.! Evans, Warhurst, 
and Whittle? pointed out clearly that the electron affinity calcu- 
lated by Mayer and Helmholtz,’ using the Born-Haber cycle, was 
dependent on the particular choice of D(F2) employed. 

The early value of 63.5 kcal/mole had been used to obtain 
the now “accepted” value of 95.3 kcal/mole for the electron 
affinity of fluorine, which is the average result based on calcula- 
tions for each of the various alkali metal fluorides. Employing the 
new dissociation energy gives a corrected value of 95.3—4(63.5 
— 37.7) =82.4 kcal/mole for the affinity. 

An experimental study to determine the electron affinity of 
fluorine has been reported by Metlay and Kimball.‘ The results 
were considered anomalous at the time for two reasons. First, the 
apparent electron affinity showed a trend with temperature over 
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and above the random scatter in the data. Second, the numerical _ 


values obtained were considerably lower than the expected value 
of 95 kcal/mole. 

The observed trend was attributed to incomplete dissociation of 
fluorine on the hot, fluoride-coated tungsten filament, i.e., an 
accomodation coefficient for dissociation of less than unity. This 
conclusion no longer appears tenable. It is possible that both the 
large scatter in the data and the apparent temperature effect may 
be due to the considerable experimental difficulties encountered 
with such measurements on fluorine. 

The mean value of their results (27 observations) is 82.2 
kcal/mole (a.d.=+3.9 kcal/mole). This is in good agreement 
with the calculated value of 82.4 kcal/mole as stated above.: In 
the absence of a more reliable experimental determination this 
would appear to be the best available estimate for the electron 
affinity of fluorine. 

Thanks are due Professor J. E. Mayer and Dr. J. J. Katz for 
valuable discussions. 
1R.N. Doescher, J. Chem. Phys. 19, 1070 (1951). 
2 Evans, Warhurst, and Whittle, J. Chem. Soc. 1524 (1950). 


3 J. E. Mayer and L. Helmholtz, Z. Physik 75, 19 (1932). 
4M. Metlay and G. E. Kimball, J. Chem. Phys. 16, 779 (1948). 








Irreducible Representations of Cubic Groups 
FRANK MATOSSI 
Naval Ordnance Laboratory, White Oak, Silver Spring, Maryland 
(Received October 15, 1951) 


Bae determination of degenerate symmetry coordinates of 
molecular vibrations requires the knowledge of the actual 
matrix representations of the respective irreducible representa- 
tions. These matrices should be orthogonal (or unitary). The 
matrix belonging to the product of two symmetry elements should 
be the product of the matrices of the factors. A certain power 
of the matrix must be equal to the unit matrix. The sum of the 
diagonal matrix elements must be equal to the respective group 
characters. It is not necessary that all matrices should be different. 

A set of matrices satisfying these conditions for cubic groups! 
is given below for the E-species and F-species. Only the group Tz 
is considered explicitly. The matrices for the other cubic groups 
can easily be derived from the Tz-matrices. Because the matrices 
may be different for different orientations of the symmetry 
elements, these elements are described by the permutations of 
the corners 1, 2, 3, 4 of a regular tetrahedron. A few of the differ- 
ences are indicated. 

The E-matrices are, 


1 ww 
~e 
for Cs, in all directions; 
“a1 
aa a 
for Co, : a in all directions; 





x3 


i 
: 3 





for S, (1234), : for S, (1324), } Rif 
v3 1 
- 7 2 
1 _%3 
“-_  -F 
for o (12) (3) (4), & 5 for « (34) (1) (2), 
v3 1 
2 2 


The matrix for (1324), for instance, is the product of the matrices 
for (1234) and (123) (4). 
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For the species F; and F2, we have (the upper sign corresponds 
to F,; the lower, to F») 
0 


01 
for C3 (123) (4), : for Cs (143) (2), |0 0 
1 0 


for Cz (12) (34), 








1 
0 
1 
0 
0 


| O +1 0 
for S; (1234), | ¥1 0 0 | ; for Ss (1324), 
| O 0 +1 
¥1 0 0]; 
for o (12) (3) (4), 0 0 +1 
0 +1 4 


0 +1 0 
for ¢ (34) (1) (2), |+1 0 0 
| 0 O 1 


The F-matrices are obtained with the method indicated by 
Venkatarayudu, i.e., applying the symmetry operations to the 
symmetry coordinates of translations (F2) and rotations (F;), 
which can be written down immediately in any appropriate 
coordinate system. Of course, the signs in the matrices depend on 
the arbitary orientation of this coordinate system. The matrices 
given above are obtained if an orthogonal system is chosen with 
x, y, 2 axes going, respectively, from the center of side 34 to 12, 
from 13 to 24, from 14 to 23. The E-matrices may be obtained by 
starting from some reasonably obvious ones (C3, C2, some a) to 


, 1 
form the necessary products. The assignment of lo > toe 


(21) (3) (4) is, of course, arbitrary. But nothing essential is 
changed with other possible assignments. The assignment of the 
matrices to the symmetry elements has been checked by deter- 
mining the symmetry coordinates of a tetrahedral X4-molecule in 
agreement with Born’s data.? 

1T. Venkatarayudu, Proc. Indian Acad. Sci. (A) 17, 75 (1943) has given 
representations which do not agree with some of the requirements men- 
tioned. For other than cubic groups, no problem is involved. 


aa Born, Optik (Verlag. Julius Springer, Berlin, Germany, 1933), p. 





The Pure Quadrupole Spectrum of Solid 
Vinyl Chloride 


J. H. GOLDSTEIN 
Department of Chemistry, Emory University, Emory University, Georgia 
AND 
RALPH LIVINGSTON 


Chemistry Division, Oak Ridge National Laboratory,* 
Oak Ridge, Tennessee 


(Received October 3, 1951) 


URE quadrupole transitions for Cl® in vinyl chloride have 

been observed at a frequency of 33.414 Mc at 77°K and 
33.613 Mc at 20°K, using a technique that has been previously 
reported.! On the assumption of a cylindrically symmetrical field,? 
these frequencies lead to a value of about —67 Mc for the coupling 
constant, eQ¢@zz. 
_ It is of interest to compare the present result with that obtained 
'tom the hyperfine structure in the microwave spectrum of this 
molecule. The theory employs two parameters, xaa=€Q¢aa and 
Xvb= Qo, where a and b are the in-plane principal inertial axes. 
Because of the asymmetrical structure of the molecule, the unique 
(a) axis does not coincide with the C-Cl bond axis. Since the 
x-tensor is incompletely determined in: the inertial system its 
transformation to any other axis system is impossible unless 
certain assumptions are introduced. In particular it has been found 
that by assuming the C-Cl bond to be a principal (z) axis of the 
field gradient tensor, a value of —67+2 Mc is obtained for 
04.2, in good agreement with the present result. 
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The physical properties of viny] chloride indicate that the inter- 
molecular forces in, the solid are of the van der Waals type. The 
electric field at the nucleus should therefore be determined almost 
solely by the C-Cl bond, which suggests the above comparison. 
Because of the agreement between the two values of eQ¢z:, it is 
felt that the assumption of the C-Cl bond as a principal axis of the 
field gradient tensor is a reasonable one. 

Dehmelt and Kriiger have reported the somewhat higher value 
of 70.8 Mc for the coupling constant in solid étrans-dichloro- 
ethylene.? In this molecule a decrease in the double-bond character 
of the C-Cl bond, as compared with vinyl chloride, is not un- 
reasonable, and a corresponding increase in eQ¢., should follow. 
Unfortunately, this molecule possesses no pure rotational spectrum 
so that comparison with microwave results is not possible. 

It is also possible, using the microwave data for vinyl chloride, 
to estimate the effect of bond asymmetry on the calculated 
coupling constant in the solid. The Hamiltonian for a quadrupolar 
nucleus in an inhomogeneous electric field’ may be written in 
the form 
_ Obs: _ 3] 2_-]2 _ Qe 8.0.9 . 

maj teary 
where e= ¢rz—dyy— yy. The first term in (1) is the Hamiltonian 
for the cylindrically symmetrical case. The second operator, which 
may be treated as a perturbation, has matrix elements completely 
defined by 


(Im|1,2—I,2| Im+2) 
= 3((J+m+1)(—m)(1+m+2)(1—m—1)}. (2) 
In the case of Cl, J=3, the eigenvalues of Hy are Ey3=a/4 and 
Es;=—a/4, where a=eQ¢,.. The secular equation for the com- 


plete Hamiltonian, H, factors into two identical quadratic blocks 
with solutions 


H=H)+HW= 


E=+a/4[1+ 2/307}! (3) 


where B=eQe. From the microwave spectrum of vinyl chloride, 
8 was found to be equal to —7 Mc (3) and with a= —67 Mc, from 
Eq. (3) we obtain E=+16.78 Mc and v=33.56 Mc, which would 
lead to an apparent value of 67.1 Mc for a. Thus the effect of 
bond asymmetry is in this case quite negligible. 

* The work at this Laboratory was performed for the AEC. 

1R. Livingston, Phys. Rev. 82, 289 (1951). 

2H. G. Dehmelt and H. Kriiger, Naturwiss. 37, 111 (1950). 


3 J. H. Goldstein and J. K. Bragg, Phys. Rev. 75, 1453 (1949). 
4H. G. Dehmelt and H. Kriiger, Z. Physik 129, 401 (1951). 





The Reaction Sites in a Field of Stationary 
Ultrasonic Waves 


OLLE LINDSTROM 


Division of Physical Chemistry, The Royal Institute of Technology, 
Stockholm 26, Sweden 


(Received October 2, 1951) 


HE oxidizing action of ultrasonic waves is most generally 

considered to be in some way connected with the phe- 
nomenon of cavitation. Recently it has been pointed out by 
several authors that there is an analogy between most of the 
chemical effects of ultrasonic waves and those of ionizing radia- 
tion.'~ It is assumed that water molecules are split into hydroxy! 
radicals and hydrogen atoms, and these reactive species are 
supposed to be responsible for the various chemical effects 
observed. 

The production of reactive molecules may occur (i) at the 
moment of birth of the cavity, e.g., because of the violent rupture 
of the light;> (ii) during the lifetime of the cavity, e.g., by electrical 
discharges in the cavity’s atmosphere;* and (iii) at the collapse, 
e.g., because of the ensuing high pressure and temperature.’ 
Furthermore, there is the possibility that the cavity will be filled 
with gas and transformed into a small gas bubble. The gas bubble 
will move from its birthplace in a velocity node to an antinode, 
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Fic. 1. The starch paper is 














placed around the metal strip 
and the whole assembly in- 
serted in the slit of the reflector. 








and here active molecules may be generated (iv) by interaction 
between the surface-layer of the bubble and the oscillating liquid 
medium.’ It is observed that in the first three alternatives the 
induced reactions will take place in the nodes, whereas reactions of 
type (iv) should be located in the antinodes. 

In order to decide between the two main possibilities an experi- 
ment was performed, in which the sites of reaction in a field of 
stationary waves were determined. As a suitable reaction the 
production of iodine from an aqueous solution of potassium iodide 
and carbon tetrachloride was chosen.? The reaction centers were 
indicated in a most simple way by means of a potassium iodide 
starch paper arranged perpendicularly to the reflector (Fig. 1). 
The production of iodine was found to take place in distinct zones, 
and the distance between the zones amounted to half of the sound 
wavelength (Fig. 2). Since the first reaction zone appeared 


LO.5cm , Fic. 2. Reaction zones on the 
starch paper (reaction solution: 
5 g KJ per 100 ml of water satu- 
rated with carbon tetrachloride; 
700 kc/s; 2:W/cm?; 30 s; and 

PTT TT 25°C). 

1Al 


precisely in the plane of the reflector, it is evident that the reaction 
in question preferably takes place in the nodes. This result 
supports the concept that oxidation promoted by ultrasonic waves 
is intimately connected with the cavitation process itself and does 
not depend on any processes in which the gas bubbles produced 
by cavitation may take part. 

The author wishes to thank Professor Ole Lamm for his kind 
interest and encouragement. Thanks are also due the Swedish 
State Council of Technical Research for financial support. 


1P, Giinther in G. Schmid, Naturwiss. 37, 16 (1950). 

2R. O. Prudhomme and P. Grabar, J. chim. phys. 46, 323 (1949). 

3N. Miller, Trans. Faraday Soc. 46, 546 (1950). 

4Q. Lindstrém and O. Lamm, J. Phys. and Colloid Chem. 55, No. 7 (1951). 
5W. A. Weyl and E. C. Marboe, Research 2, 19 (1949). 

6 J. Frenkel, Acta Physicochim. URSS 12, 317 (1940). 

7 Lord Rayleigh, Phil. Mag. (6) 34, 94 (1917). 

8H. Beuthe, Z. physik. Chem. A163, 161 (1933). 

® Weissler, Cooper, and Snyder, J. Am. Chem. Soc. 72, 1769 (1950). 








The Dielectric Constant of Uranium Hexafiuoride 
Vapor at 9400 mc/sec*} 


DALE W. MAGNUSON 


K-25 Laboratories, Carbide and Carbon Chemicals Company, 
Oak Ridge, Tennessee 


(Received October 1, 1951) 


REVIOUS determinations of the dielectric constant of ura- 
nium hexfluoride have resulted in considerable discrep- 
ancies.'2 Although Smyth and Hannay! found no significant 
variation of the molar polarization, the results of the two in- 
vestigators are in better agreement if a small dipole moment is 
postulated. The structure of the uranium hexafluoride molecule 
which best fits the electron diffraction data* is slightly asym- 
metrical and would probably have a permanent dipole moment. 
In addition, Burns, McKown, and Asbury‘ have made dielectric 
constant measurements on liquid uranium hexafluoride which are 
not in agreement with the measurements on the vapor. These 
previous investigations are summarized in Table I. 
The dielectric constant of uranium hexafluoride vapor at 
9400 mc/sec was determined at five temperatures by measuring 
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TABLE I. Dielectric constant and molar polarization of 
uranium hexafluoride. 















Molar 
Temp (e—1)T/ polarization 
°C (e—1) X108 To X108 cc Reference 











Previous investigations 











59.5 27.0+0.2 1 
67.4 27.2+0.3 1 
89.0 27.0+0.2 1 
19.7 30.7 +1.0 2 
70.0 33.6 4 
This investigation 

8. 3229.5 +3.7 4211.8+4.8 31.468 +0.036 
28.2 3815.4+5.7 4209.2 +6.3 31.448 +0.047 
40.0 3676.5 +3.8 4214.8+4.4 31.490 +0.033 
61.1 3441.5+4.5 4211.2+5.5 31.463 +0.041 

3221.9+4.1 4201.9+5.3 31.394 +0.040 

Mean 4209.8 31.453 

Average Dev. from Mean +3.4 +0.025 








the change in the resonant frequency of a cavity as it is filled with 
dielectric. These data are also given in Table I. The absence of 
any significant variation with temperature of the molar polariza- 
tion confirms the results of Smyth and Hannay! that the dipole 
moment is probably zero. The minimum detectable dipole moment 
is less than 0.15 Debye unit. The mean value of and the average 
deviation of the molar polarization is (31.453+0.025) cc which is 
14 percent higher than the results of Smyth and Hannay.! 

The cavity and gas handling manifold were previously exposed 
to uranium hexafluoride so that no appreciable reaction occurred 
during the runs. The uranium hexafluoride purity was better than 
99.8, mole percent which was determined by experiments on the 
lowering of the freezing point. The most likely impurity is hy- 
drogen fluoride which has a larger dielectric constant. It is esti- 
mated that 0.2, mole percent of hydrogen fluoride would change 
the dielectric constant by 10X10~°. This is the largest source of 
error. The apparatus and possible errors of measurement are 
discussed in a previous report. 

* This document is based on work performed for the AEC by Carbide 
and Carbon Chemicals Company, Oak Ridge, Tennessee. 


7 The results of this investigation are also included in a doctoral thesis 
submitted to the University of Tennessee. 

1C, P. Smyth and N. B. Hannay, The Dipole Moment and Molecular 
Structure of Uranium Hexafluoride (Princeton University Press, Princeton, 
New Jersey, 1944), MDDC-441. 

2 Amphlett, Mullinger, and Thomas, Trans. Faraday Soc. 44, 928 (1948). 

3S. H. Bauer, J. Chem. Phys. 18, 27 (1950). 

4 Burns, McKown. and Asbury, ‘The electrical resistivity and dielec- 
tric constant of liquid uranium hexafluoride,’’ (Carbide and Carbon 
Chemicals Company, K-25 Plant, August 10, 1949), K-482. 

5D. W. Magnuson, J. Chem. Phys. (to be published). 








Charge Densities in Conjugated Systems 


R. MCWEENY 
King’s College, University of Durham, Newcastle-U pon-Tyne, England 
(September 27, 1951) 


N simple MO theory (LCAO with neglect of overlap between 
AOs) the mobile “charge densities” (gu) give a useful picture ol 

the division of mobile charge among the atoms of a conjugated 
system, while the “bond orders” (puv) may be empirically related 
to propertics of the bonds. Recently, the unrealistic assumption 
of nonoverlapping AOs has been removed;}? in Léwdin’s scheme 
the original definitions of the g’s and p’s may be retained, pro 
vided the MOs are written as LCAOs, AOs being certain orthog- 
onal combinations of the AOs which they replace. But the q's 
and ’s now have a many-orbital or molecular character which 
detracts from their immediate conceptual value: it is, for example, 
quite misleading to think of gu as the charge on atom yp. The total 
mobile charge has, in fact, been divided out among the orbitals 
(AOs) rather than among the atoms. In many cases it seems pre 
ferrable to divide the “charge cloud” into localized regions; but 
although this type of division has been tacitly accepted in certall 
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cases (diatomic molecules), its generality and its implications do 
not appear to have been appreciated. 

We rewrite the LCAOs, appearing from Léwdin’s treatment of 
the secular equations, as LCAOs. Thus, with an obvious notation, 


Vj =Zydy’Cyj(LCAO) = ZydyCy;/(LCAO), 
and we define local charges 


Qu’ = 2jC,;"2 (“atom charge”), 
Quy’ = 2S vs jCyj’Cy;’ (“bond charge’) 


(terms arising from doubly filled orbitals being counted twice in 
the summations). Assuming the mobile system is described by a 
single antisymmetrized product of MOs (the usual assumption of 
one configuration) it follows easily that: 


(1) The total mobile charge is divided out among the atoms and 
the bonds in amounts q,’ and qyy’, respectively, distributed with 
(normalized) densities py=¢,? and py,=dydy/Sy». These densities 
are localized in so far as they decay rapidly from well-defined 
maxima on the atoms and in the bonds. Thus Zyqu’ +2 y>»'du’=N, 
the total mobile charge, and Dygu’py+Zy>v'Quo’ Puv= Pp, the total 
charge density function. 

(2) A portion of the charge density py=Qy' put2yv'$qur’ Puy May 
be formally associated with atom yu, the corresponding amount of 
charge being gu=q,y’+2,'3qu,’. This latter quantity is then found 
to be identical with the formal charge (g,) introduced by Chirgwin 
and Coulson and, of course, Zyqu=N. 

(3) In contrast with the q’s, the local charges provide an ana- 
lytical picture of the charge distribution about an atom. For two 
atoms with equal formal charges may bear sensibly different local 
charges, g,’, and the surrounding charge distributions may be 
quite differently distorted, as would be indicated by disparities 
among the various g,,’. Figure 1 shows the charge distribution 
of the z-electrons in naphthalene. 

(4) Equality of the q’s (e.g., in alternant hydrocarbons) has 
usually been taken to imply (i) “self-consistency” of the cus- 
tomary assumption of equal Coulombic and resonance integrals, 
(ii) chemical equivalence towards attack by charged radicals, and 
(iii) complete absence of the charge shifts which would account 
for the small dipole moments of many conjugated hydrocarbons. 
From (3), the existence of overlap is seen to invalidate all these 
contentions. 

(5) In terms of the charge allocation of (2), such quantities as 
the “effective dipole moment” the “effective scattering factor,” 
etc. may be conveniently defined for atoms in molecules (i.e., with 
shared electrons). Thus a dipole moment M,=2,’3qys'tyy may be 
associated with atom y, fy, being the position vector relative to u 
of the centroid of py, (simply the midpoint of u—» when atoms 
u,v are of one kind). This concept of localized dipoles might be 
useful in dealing with the interactions between large molecules. 
Summation of the individual vectors leads, except in cases of high 
symmetry, to a resultant molecular dipole moment even in pure 
hydrocarbons (e.g., phenanthrene). Effective scattering factors 
are being investigated elsewhere.* 

(6) Many properties of the whole electron configuration (e.g., 
the usual approximation to the total energy) may be determined 
immediately once the local charges are known. For, with Ay, 
=(1/Sy) S-ouX¢ud, (quantities substantially independent of the 
particular molecule and overlap-problem), the mean or approxi- 
mate value of A is 


A= 2udu A w+ Zp, »'Quv’A py. 


In using qu, Py» for this purpose the conventional A,, must be 
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2 
I 3 Fic. 1. Charge distribution 
in naphthalene. gi’ =0.757, q2’ 
=0.767, qs’ =0.719, gir’ =0.273, 
ges’ =0.193, gis’ =0.213, gus’ 
=0.178. 
4 5 


replaced by “transformed” matrix elements, between AOs—in- 
volving an independent transformation for each particular A. 

(7) Just as the g, may be misleading in discussing charge distri- 
butions, the nonlocal character of the ~,, may introduce incon- 
sistencies into bond length predictions. Thus, equality of p,, and 
Pp does not imply a similarity between the wave functions in 
the regions ,-» and »_,. On the other hand, on simple MO theory, 
the energy term associated with a bond corresponds roughly to 
electrostatic interaction between the nuclei and the bond charge; 
this would suggest a close connection between bond properties 
and the gy’. Unfortunately the whole technique of correlating 
bond properties with any measure of “bond order” is too uncertain 
to admit any fruitful comparison; but the q,,’ are certainly no 
less satisfactory than the Py». 
sae H. Chirgwin and C. A. Coulson, Proc. Roy. Soc. (London) A201, 196 


?P. Léwdin, J. Chem. Phys. 18, 365 (1950). | 
3R. McWeeny, Acta Cryst. (1951) (to be published). 





Erratum: Errata: The Dielectric Constant of Water 
and the Saturation Effect 
[J. Chem. Phys. 19, 1327 (1951)] 
F. Boot 
Department of Theoretical Physics, King’s College, London, England 


HE publishers regret that the wrong figure was printed with 
the above Errata. The correct curve is printed herewith. 
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Fic. 1. The dielectric constant « of water at 300°C, as a function of the 
field strength E (in 107 volts per cm). Curve 1, Eq. (3.15), paper I. Curve 2, 
from Eqs. (1) and (2). 





















































